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INDICATION OF LANDING COURSES INDEPENDENT 
OF WEATHER CONDITIONS 


by K. F. NIESSEN 

: 621.396.933.23 
Summary ` "E 
Straight landing courses with a small angle of elevation and inde- 
pendent of changes in-the electric constants of the ground (as 
produced, for instance, by rain and snow fall) are indicated. In the 
first part we consider only infinite dipoles at unequal heights. 
Résumé 


Traité de trajectoires d'atterrissage rectilignes à faible angle d'éléva- 
tion et indépendantes de variations des propriétés électriques du sol 
(par exemple, des variations dues a la chute de pluie ou de neige), 
Dans la première partie on considère des dipdles hertziens situés 
a des hauteurs differentes. i 


Introduction 


A straight line in space can be indicated, for instance, by means of two 
planes. Therefore, a straight landing course could be determined by the 
intersection of a vertical plane F, and a second plane F, perpendicular to 
F,, The first plane, F}, may be fixed in a well-known manner by means of 
two vertical emitters 4, and 4, (fig. 1) identical in power, wavelength and 
form, and at the same height above the ground. If these emitters radiate 
in counter-phase, then the medium plane perpendicular to A,A,, which 
may serve as F}, can be found experimentally by the condition of vanishing 

field strength as a consequence of the interference of the two emitters. 
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Fig. I. Indication of a landing course by means of two planes F, and F,, of which the 
vertical one is determined by two emitters A, and As. 
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If the emitters 4, and A, are modulated differently and received sepa- 
rately, this plane F, can be found as one of equal field strengths. ' l 

In both cases the plane given by the experiment is the medium plane 
of 4,4,, and therefore determined independently of the physical condi- 
tions of the soil, 

The remaining problem therefore will be to find a second plane, also 
located independently of conditions of soil and weather, in order to indi- 
cate the landing course in an invariable manner. 

In free space (i.e. if the earth were absent) an indication of such a second 
plane could be given by two parallel horizontal antennae B, and B, of the 
same strength and form (fig. 2), whose medium plane would bea Wists of 
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Fig. 2. Determination of the second plane (F,) by two horizontal antennae, neglecting 
the influence of the earth. 


vanishing field strength (if B, and B, were coherent and driven in opposite 
phase), or a plane of equal field strengths (if B, and B; were modulated 
differently). But on account of the presence of the earth, points of 
vanishing or equal field strengths do no longer lie in the medium plane of 
B,B,. In the case of an ideal earth of infinite conductance, for instance, 
points of vanishing field strength are only to be found on the surface of the 
earth, the images of the horizontal dipoles being in counter-phase with, 
and of the same strength as, the original dipoles (fig. 3). 

We therefore have to find out quite another method for the “deter- 
mination of the second plane. In what follows this second plane will not 
be a flat surface but the surface of a cone, whose axis lies in Fi. The 
straight lines common to F} and this conical surface are the wanted 
landing courses. E 


Earth g zoo 


= 
7 S, 57829 . 
Fig. 3."Influence'of an infinitely conducting earth on the location of F, in the case of fig. 2. 
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` PART I. EMITTERS AT UNEQUAL HEIGHTS 


We consider two vertical dipoles C, and C, of infinitesimal léngth on 
the same vertical line and situated at heights h, and hy, respectively, 
above the earth (fig. 4). The moments of these dipoles are supposed to 
be equal (m, = m, = m), but the dipoles themselves are modulated 
differently so that their radiation is received separately. 
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Fig. 4. Two vertical mathematical dipoles'of the same moment and frequency but modu- 
lated differently, situated at different heights above the earth. 


Since the distance between the aeroplane and the emitters is very large 
with respect to A and to h, and h,, the field strength of the radiation from 
C, may be calculated by means of the well-known reflection formula, and 
will thus be proportional to l 
e LK ai 


n n 


m cos? a 


, (1) 


where a is the angle of elevation of the line of sight above the horizon, 
rı and r; the distances from the aeroplane to C, respectively, the image 
of C,, with respect to the surface of the earth, and ky, = 2n/4. The factor 
cos*a appears from the application of well-known formulae valid for 
distances from the emitter great compared with the wavelength. Its 
appearance instead of cos a may be understood if we consider for a moment 
a free vertical dipole. One factor cos a, then, is based upon the radiation of 


4 i K. F. NIESSEN 


a dipole being maximal in the equatorial plane, and a second factor cos a 
is related tó the projection of the electric force (being perpendicular to 
the line of sight) onto the antenna of the aeroplane (being vertical). 

Further, K is the complex reflection coefficient for plane waves with 
the electric vector in the plane of incidence and falling at an angle of 
incidence @ = x/2 — a upon the surface of the earth. 

The formula (1) is called the reflection formula, and for the region where 
it holds we refer to a former paper !). We suppose the aeroplane to be in. 
that region. 

K is a function of 4, O, the dielectric constant e, and the conductance o 
of the earth; K is complex since during the reflection the incident wave 
undergoes a change in intensity as well as in phase. We have 


K = Re^. 


R and A are real and do not depend on h, and h, this reflection coef- 
ficient K being defined for plane waves. In the denominators of (1) we 
may take r, = rj, but not in the exponential factors. There we have to 
substitute 

rj — r; = 2h, cos O. 


Thus we obtain for small angles a: 


field strength 

4. 
originating (m + R exp] (Aen 4a) = 
from C, n 


- ai 4 R? + 2R cos (ehm? y 4) Q) 
1 


In receiving the radiation from C, we have to do with the same values 
of R and A as when receiving C, since on account of the large distance of 
the aeroplane we have O, = O, Therefore, 


field strength 

4r h e 
originating ce a Ji J- R? + 2R cos (a + 4 . (3) 
from C, Ta ; 


According to (2) and (3), and with the approximation T, = Ta the two 

. émitters will be received with equal intensity in those directions O which 

obey the equation 

f '4 9 4 e) 

aes ( zhon +4) = cos ( 7t t 

i.e., in the directions obeying 
Am h, cos © — 4m hy cos O 

d. 00 LM 


+4), 


3px (p=0,+1, +2,...) 
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as well as in those obeying 


4 ; A [o] 
En B 4 jason c MR freos A — A+ 2ga. (q = 0, +1, 32,...) 


These conditions may be written in the form 


(hs — M) cos © = 4 p 0 & 


(+ hjesO=F(q+1-) ^» — € 

Treating in this first part emitters at unequal heights, we suppose in 
the first group of directions p > 0, i.e., ho > h, (a matter of definition !), 
and in order to keep h, — h, as small as possible we take p = 1. Now, the 
required elevation of the landing course is given. Let it be ay (for example, 
a = 3°). To establish that course by means of a beacon based on condition 
(A) we have to take 


A 
h,— h = ———, 6 
2? 1" 2 cos Oy (6) 
where 
t 
9, — 5 — to 


Thanks to this difference in height the two dipoles are equally strong 
received on the surface of a cone whose half-opening equals @,. But there 
are still other cones on whose surface the two field strengths appear to be 
equal when for h, — h, the value (6) is chosen, namely those cones whose 
half-opening © fulfils the relation : 


(h, — hy) cos O = 2p. (p = 2, 3, 4,...) 
Substitution of (6) gives 
cos © = p cos O,. > (p = 2, 3, 4,...) (7) 


An illustration of the corresponding cones is given in fig. 5. 
Their location in space is independent of the physical constitution of the 
soil since the constants ¢ and o do not appear in (6) and (7). The inter- 
. section of such a cone with the plane F, mentioned in the beginning, gives 
straight lines of invariable direction in space, independent of possible 
changes in the constants of the soil, due, for example, to rain or snow fall. 
Of these lines we can only use that with € = ©, as a landing course, the 
elevation of the other ones (corresponding to p = 2, 3, 4,...) being too 
large for a landing. 
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We now consider the second group of directions of equal field strengths, 
that is, those contained in 


DM TT NM (s T. 1-5. ped uldE.) W 
2 n l 


ha 


7 77 
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| 
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k C3 
^ Fig. 5. Conical surfaces on which the ve tical dipoles C, and C, of fig. 4 are received with 
equal intensities. : 

` 


In the condition (B) a quantity (namely 4) appears that depends on 
e and ø, so that the corresponding directions will vary with the physical 
constitution of the ground. In principle we therefore should not use such 
cones as a.second surface F,, but in practice we may do it sometimes as 
will be seen later on. 
. The condition (B) can be used for two different purposes: We may 
ask how to choose the heights h, and hs so that the corresponding value O’ 
equals the desired value O, of the landing course. It is advisable, then, 
to take q = 0, in order to avoid large heights. But we may also ask what 
values Ó', i.e., what other cones of equal field strength, are to be expected 
still if we have prescribed the values of h, and h,; and it is this last way 
we now will go. . D 
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. Choosing h; — h, = 4/2 cos @, we obtain a fixed cone @, and some 
other fixed ones with @ obeying cos © = p cos O, (p = 2, 3,...), and 
we now ask for the variable cones ©’ which still come into play on account 
of (8), using this same value of h, — h,. Thus far nothing has been said 


about h, + h, necessary for (8). So we have to choose h, and h, separately. . 
We take for a moment 


A 
h = 0, h =——, 
o Oe ha 2 cos Oo 
Then the condition to be fulfilled by O' reads as follows: 
` eos O’ A l 
Solel, (q=0, +1, 4$. 
duum o (q ) 


A, in its region @ < 4 < z, as well as the real reflection coefficient R, 
follows from f 


P4 


p 87 
Vs + r 
where 
k. : 
y= y E uid I 
k 

y= i cos a 
k2 
z = e + J2coÀ 

1 


(c — velocity of light; roots with positive real parts!). 
Considering only values of O’ lying near to 7/2, that is, assuming 


cos O' <1, 
we have for the usual values of k,/k, to do with 


. Yo < L; 

and therefore 

kdk 
Y1— (kijka) 


Reli = —1 + 2 Z2 = —1 + 2 cos 8 


Introducing n and y by means of 


2 


a straight-forward calculation gives: 
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R=1—6,, ` 
A = x—6, , 
with 
m = ( u 4 
ài sin 


F = cos Q9', (9) 
2 Ynt — 2n? cos y + 1 


where 
n? sin x 


A — arctan 


(o « |4| < z) 


n? cos y —1 


In the region cos O’ <1 the values of @’ therefore axe determined by 


q—. (q—0,1,2,3,...) 
m ` 


with the expression (9) for ô, this being a very small quantity. 

For q = 0 we find cos O' = 0, this being, however, meaningless for our 
purpose. Moreover we cannot take cos Ó' too small, since we accepted the 
reflection formula to be valid. 

For q = 1, 2,... we find (since 6, «& z) 


cos 0’ = q cos Oy. 


Since we assumed cos 0’ <1 we may only use here: 


q—1, ^ 3. < a 9 

For an actual landing course l/cos Ó, is about 20, so that g = 1, 2,3 
are permitted. 

The new cones @’ clearly fall together with some already found in the 
invariable group, and their dependence on the constants of the soil (essential 
for solution (B)) may be neglected. 

We recall how this coincidence was based upon 6, <x or A ~ x, which 
followed from v, <1, which on its turn was a consequence of cos O' <1 
and the finiteness of k,/k,. Contrarily to a perfectly conducting earth 
(where |ki|/k2 = co) we would have v, = 1 and A = 0. So we see how 
the above coincidence is a typical consequence of the fact that we have 
to take into account also the dielectric current when using frequencies 
belonging to the usual region for aeroplanes. 

The configuration we arrived at consisted of two vertical dipoles C, and C, 

' of different modulation, one on the surface of the earth (h, = 0), the other 
at the height hy = 4/2 cos Oy This pair is to be added to the antennae Ay 
and A, used for the determination of the plane F}. 
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But the assumption h, = 0 is not so favourable for the reflection formula 
to be valid for small angles of elevation (see reference above). We better 
take (fig. 6) 

i À 
2 cos Oo , 


hal, h= h + 


to which again belong the invariable cones 


cos O = p cos Op, (p = 1,2,3,...) 


based upon condition (A), and those based upon (B), of which also the 
widest ones are practically invariable. Substitution of the value of h, in 
(B) gives for these widest cones of (B): 


— e 
1 4h, cos O, 
A 
. 1 : 
with q= l, 2,... <a A They thus no longer fall exactly together with 


Fig. 6 Fig. 6a 


` Fig. 6. A configuration of infinitesimal dipoles according to condition (A). 
Fig. 6a. A configuration of finite antennae according to condition (A). 
V 
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the widest ones‘ of (A). This coincidence took place only for h, = 0, 
but the slight difference occurring for h, =~ A may be i E since 
4h,/A cos O, «& 1. 

The whole configuration, indicated in fig. 6, is called **configuration A” 
since its construction was based on condition (A). | 

In the above a method was developed for an indication of the landing 
course (with an invariable elevation ap), based on the condition (A), 

— h being taken in accordance with (6) and h, ~ A, and it was shown 
that the additional cones following from (B) and inherent to the chosen 
values hg and h, did not give any trouble. ' 

We shall now construct a configuration that is entirely based upon 
condition (B). 

By choosing 


we make it quite impossible to fulfl condition (4), so that the required 
value ©, of the landing course has to be given by condition (B) (with 
= 6) 
A reasoning as above teaches that; for cos 9 <1, 1 — A/z is practically 
zero, and condition (B) may ‘be written: 


(= 12. <5) 


In order to keep ^, and hg as low as possible we choose g = 1 and wish 
to base the indication of Oy on 


A 
ho ec ES P 


À 
h h, = —————. 10 
LIE (10) 
Taking further 
A 
lh 5 


in order to avoid cones based on (A), we arrive at: 


Ay 1 
n= s, i) 


' ay 1 
CEPI EE 


(11) 


This configuration of vertical dipoles C, and C, in addition to the 
antennae A, and A, for the determination of F} is very useful if we wish 
to diminish the total height of the beacon. This height was in configuration 
(A) at least : 


H 


LANDING COURSES INDEPENDENT OF WEATHER CONDITIONS . ^1l 
ver mc a ee bu fusil RN NND e 


i A 


2 cos Oy 


and is now reduced to about half its value. be Sh . 
Substituting the chosen heights (11) in (10) we find the other cones Ó' 
of equal field strength (at least the widest ones) from 


N 


l Li 
9 = Geos Or. | (g = 2. 
cos q cos Og. iq cm 2 à 
. The corresponding elevations are all much larger than a, (—3?) and 
will not disturb that (a) we found with q=1. ` 


In the configuration above a cone of equal intensity based upon condi- 
tion (4) was made impossible, but it would not give any trouble if at the 
same time such a cone of equal field strength was possible, say, with 
O — 80?, an angle ofelevation of 10? being much too large for a landing course. 

This would occur if we would choose 

À 
ha =h ~~ 2 cos 80? 


This, together with (10), would then lead to: 


= about 34. 


À A 
h, = 3. 
?' 4 cos Oo tT 2 
A. desde 
' ac 4 cos O 2. . 
a configuration giving the same cones cos Ó' = q cos O, as above (since 
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Fig. 7 Fig. 7a : 
Fig. 7. A configuration of infinitesimal dipoles according to condition (B). 
Fig. 7a. A configuration of finite antennae according to condition (B). 
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ha + h, remained constant) and giving further under condition (A) some 
additional cones with @ < 80° which neither interest nor trouble us. 
This configuration (containing also the emitters A, and A,, and indicated 
‘in fig. 7) will be called “configuration B" since its,construction was based 
on condition (B). 

The total height in (B) is somewhat larger than in (11), yet (B) is to be 
preferred to (11) since the two polar diagrams of (B) (one originating 
from the dipole C, at ko, the other from C, at h,) will be more different 
in shape than those of (11) where h,—h, is rather small. In the case 
ha — h, = 0, for instance, the polar diagrams would have been identical. 

The more different these diagrams are, the easier it will be for the pilot 
to find exactly places of equal intensities. 


Eindhoven, September 1947 


(To be continued) 
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INDUCED GRID NOISE AND TOTAL-EMISSION NOISE 


by A. van der ZIEL and A. VERSNEL 


i 621.385.3:621.396.822 
Summary 

In space-charge-limited triodes the fluctuátions in the number of 
electrons that have sufficient energy to pass the potential minimum 
give rise, by electric induction, to a noise current flowing to the grid; 
the fluctuations in the number of the electrons returning in front 
of the potential minimum -give rise, by electric induction, to a noise 
current flowing from cathode to grid.The first noise current is generally 
called “induced grid noise" and the latter “total-emission noise”. 
Measurements. are given -of the noise resonance curve of the input 
circuit of pentodes at 7°25 m wavelength. It is shown that the asym- 
metry of the noise resonance curve of the input circuit of pentodes at 
u.h.f. is due to the phase relation between the induced grid noise and 
the normal shot-effect noise. 

Further, it is shown that for diodes in the cut-off region at 7-25 m 
wavelength the total-emission noise may be described by assuming 
that the equivalent noise temperature of the "'total-emission con- 
ductance" is equal to the cathode temperature. 


Résumé 


Dans les triodes limités par charge spatiale, les fluctuations dans le 
nombre d'électrons possédant suffisamment d'énergie pour passer le 
potentiel minimum, donnent lieu, par induction électrique, à un 
courant de soufflement vers la grille, alors que les fluctuations dans 
le nombre d'électrons retournant en face de ce potentiel minimum, 
provoquent, par induction électrique, un courant de soufflement 
de la cathode à la grille. Le premier courant est appelé ,,soufflement 
induit de grille" et le second ,,soufflement d'émission totale”. 
L'article donne des mesures de la courbe de résonance du bruit de 
fond du cireuit d'entrée de pentodes pour une longueur d'onde de 
7,25 m et établit que l'asymétrie de cette courbe en U.H.F. est due au 
déphasage entre le soufflement induit de grille et l'effet de grenaille 
normal, 4 
On montre ensuite que, pour des diodes dans la région du cut-off, sur 
7,25 m de longueur d'onde, le soufflement d'émission totale peut être 
décrit en admettant que la température équivalente de soufflement 
de la ,,conductance-d’émission totale" est égale à la température de 
Ja cathode. 


1. Introduction 


In a space-charge-limited triode some of the electrons have sufficient 
energy to pass the potential minimum in front of the cathode, and these 
give rise to the anode current Ig. The great majority (e.g. 99%) of the 
electrons, however, return in front of the potential minimum to the cathode. 

Supposing the input and the output of the valve short-circuited we can 
distinguish between the following kinds of noise currents. 

The fluctuations in the number of the electrons that pass the grid and: 


A 
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arrive at the anode give rise to a noise current in the anode circuit, which 

is called “shot-effect noise”. By electric induction these fluctuations also 

_ give rise to a noise current flowing into the grid circuit, which is called 
“induced grid noise”. l 

The fluctuations in the number of the electrons that return in front of 
the potential minimum give rise, by electric induction, to a noise current 
flowing from the cathode to the grid; this noise current is called “total- 
'emission noise", because the total emission of the cathode contributes 
to this noise current. These electrons also give rise to an additional input 
conductance, which is called “total-emission conductance” 1). 

Induced grid noise and total-emission noise are both transit-time effects, 
and occur at v.h.f. and u.h.f. only. It is very difficult to distinguish 
between these two noise currents. Under normal conditions induced grid 
noise is the most important effect. For valves in the cut-off region, in 
which hardly any electrons arrive at the anode, however, induced grid 
noise is absent whereas total-emission noise is still an important effect, 
in particular on the shortest wavelengths. Total-emission noise also occurs 
in diodes; the best way to measure this effect is to use a diode in the 
cut-off region (total-emission noise is one of the chief causes of the poor 
signal-to-noise ratio of diode frequency changers for microwaves). 

Total-emission noise was first mentioned by Smyth !), whilst measure- 
ments have been carried out by the authors?). It is practically uncorrel- 
ated to shot-effect noise and induced grid noise. 

Induced grid noise was discovered by Bakker?) and independently 
by North and Ferris 4). Strutt and Van der Ziel 5) pointed out the impor- 
tance of the correlation between induced grid noise and shot-effect noise. 
As induced grid noise is 90 degrees out of phase with respect to shot-effect 
noise, a suitable detuning of the input circuit might give rise to a noise 
voltage between grid and cathode such that the shot-effect noise in the 
output circuit would be partly suppressed. This was experimentally 
verified by Kleen 9). 

It is the object of this paper to give additional evidence for the phase 
relation between shot-effect noise and induced grid noise, and to give 
measurements of total-emission noise. 

Some time ago we built a linear noise amplifier with thermo-couple 
detector at 725 m wavelength for the measurement of signal-to-noise 
ratios. The tuned impedance of the input circuit had to be obtained from 
the “noise resonance curve”, in which the output of the thermo-couple 
was plotted against the calibrated capacity C of the tuning condenser of 
the input circuit. We found asymmetric noise resonance curves at’7-25 m 
wavelength. This asymmetry, too, is caused by the correlation between 
‘induced grid noise and shot-effect noise. Since shot-effect noise in the 


" 
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output circuit-of the first amplifier stage might be partly suppressed by a 
suitable detuning of the input circuit, it is obvious that the shot-effect 
noise in the output circuit will be enhanced by a detuning in the opposite 
direction, because the noise voltage across the input circuit will then attain 
opposite phase. We were able to show that the asymmetry was really due 
io induced grid noise and not to other causes; for by allowing à large 
saturated-diode noise current to flow into the input circuit the noise 
resonance curve of the input circuit became perfectly symmetric, as was 
to be expected. . 

We shall show here that the observed asymmetry of the noise resonance 
curve may be quantitatively explained by the above phase relation between 
induced grid noise and shot-effect noise. We finally succeeded in designing 
the first stage of the amplifier in such a way that the asymmetry dis- 
appeared. We were then able to measure total-emission noise of large diodea 
at 7-25 m wavelength. 


2. Phase relation between induced grid noise and shot-effect noise 


In the first stage of our amplifier we used a pentode. For a better under- 
standing of the measurements we shall first give a short summary of the 
u.h.f. valve theory 5) 8). 

When in a pentode a signal voltage V; is applied to the grid it will give 
rise to a current Sọ Vz flowing from cathode to grid, a current S, V; flowing 
from grid to screen grid, a current flowing from screen grid to suppressor 
grid, and a current Sa V; flowing from suppressor grid to anode. Owing to 
the transit time of the electrons these currents will be delayed in phase 
with respect to Vg; S, V, is more delayed than S,V;, and S, V, still more. 

The noise in pentodes consists of three independent parts. 

(a) Total-emission noise; this noise current is flowing from cathode to grid. 
As the input circuit is- inserted between cathode and grid, the thermal 
noise of the input circuit and the total-emission noise can be treated in 
the same way. : 

(b) Shot-effect noise; this gives rise-to a noise current iy flowing from ca- 
thode to grid, a noise current i, flowing from grid.to screen grid, a noise 
current flowing from screen grid to suppressor grid, and a noise current ig 
flowing from suppressor grid to anode. Owing to the transit time of the 
electrons, i, is delayed in phase with respect to ij, and i4 is still more 
delayed. As a consequence of the Fourier analysis of shot effect the noise 
currents will be distributed between the various electrodes in practically 
the same way as the signal currents. of the same frequency. Hence, we 
have in good approximation: 


= Q) 


ata 
Sı a 
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The phase relation between ig, i,, and ig is shown in fig. 1. Owing to the 
phase difference between i, and i, a noise current (t)—i,) is flowing to 
the grid. This is the induced-grid-noise current, which is about 90 degrees 
advanced in phase with respect to i, as already mentioned. 


b-i) 


57633 


Fig. 1. Phase relation between shot-effect{currents ip, 4, and i, flowing, respectively, from 
cathode to grid, from grid to screen grid, and from suppressor grid to anode. 

Owing to the phase difference between i, and i,, a noise current iy—i, is flowing to the grid 
(induced grid noise). 


(c) Partition-current fluctuations ip, caused by the irregular distribution 
of the individual electrons between screen grid and anode (these fluctuations 
flow from screen grid to anode and do not occur in the cathode lead). l 
The fact that i; and ip are independent means that the two noise currents ` 
have to be added quadratically. : 

We now turn to the equivalent input circuit of the first amplifier stage 
(fig. 2). Let R denote the total tuned input impedance (circuit ~- valve 
input) and C the detuning of the input circuit (C — 0 means that the 
input circuit is tuned). The noise output of the amplifier is directly propor- 
tional to the mean-square value i? of the total noise current in the lead 
short-circuiting the output of the first stage. i? consists of three parts. 

. (a) A part due to the partition-noise current ip. This part is ip?. 


. 


zer SV 
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Fig. 2. Equivalent circuit of the first amplifier stage; the output is short-circuited. ig; i4, 
and i, have the same meaning as in fig. 1, ip denotes the partition-noise current, i, des- 
cribes the thermal noise of the input circuit, R denotes the total tuned impedance of the 
input circuit (circuit + valve input), and C denotes the detuning of the input circuit. 
The noise current ij—i, flowing to the grid gives rise to a noise voltage v across the input 
circuit and hence to a noise current Sav in the anode lead. 
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(b) À part due to the thermal noise of the input circuit and the total- 
emission noise. Let these noises be denoted by the noise current i, flowing 
into the input circuit; then we have for this part: 
' Ea 2 2 


TT CR e 


(c) A part due to the shot-effect current i, and the induced-grid-noise 
current (ij—i,). The latter gives rise to a noise voltage between grid and 
cathode f 


R 
= — (ih) —__-—_ , 3 
v (io) 14-joCR (3) 
and hence to an output noise current l 
R Sa 
don MEL RE 3 
(i—i) 1-FjoCR (3a) 


which has to be added to the shot-effect current ig. Hence we obtain for 
the third part: 


. (ig—i,)R Sal? 5g jae? P 
ig — —————| = —- = 
"o 1-cjeCR 1+ joCR 
i (a? + 2a sin p) — i$ . oCR . 2a cos 9 


= i 
in which (compare (1)) 


(i—i) R Sa __ iih) RS, rw (i53)? R? ISP 


(L + w°C?R?) y @) 


jae? = 5 (4a) 
ia i . u 
The total mean-square noise current becomes: / 
LEE NE i? R? [Sa + ig (a? + 2a sin p) —i$ .wCR . 2a cos p 
| D a aa eee T mm (5) 
Hence the output of the amplifier is of the general form 
A,—A,wCR 
2 3 (6) 


: 7 1+ wR?” 
in which 4), 4,, and A, are independent of C. 
We shall now turn to our measurements and show that our asymmetric 
resonance curves are of the general form (6). ; : f 
Fig. 3 shows the noise resonance curve obtained with an EF 50 pentode. 
The measured points are denoted by crosses; thé full-drawn curve is the 
best fitting theoretical curve (6), which is obtained by suitably chosen 
values of A,, A, and A,. An arrow shows the value of the tuning capacity 


DI 
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for which wCR = 0 (input circuit tuned). This value and the tuned imped- 
ance R were obtained with an external noise signal from a saturated diode. 
According to fig. 3 the measured noise resonance curve is, within the experi- 
mental error, represented by an equation of the type (6). This must be 
considered as a definite proof that the assumed phase relation between 
induced grid noise and shot-effect noise really exists. 

Fig. 3 also show the dashed curve 


A, 4- A 
Alith ] (62) 
l -H w? CR? 
in which A, and A, are those of the full-drawn curve. It gives the 
resonance curve for an external signal when noise is ignored. By dividing 


equation (6) by (6a) we obtain the noise-to-signal ratio of the amplifier 
in relative units: : 


A, + Ay + A; w?C?R?— A, WCR 
(Aq + As) 


(6b) 
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Fig. 3. Noise resonance curve for an EF 50 pentode at 7°25 m wavelength (mV output 
versus tuning capacity; one scale division of the abscissa corresponds to 0'171 pF). 
Measured points are denoted by crosses, the full-drawn curve is the best fitting theoretical 
curve (6), which is obtained by choosing 


A, = (845, Aa = 1285, 4, = 0:685. 

The deviation between the curve and the measured points at both ends of the scale is due 
to the non-linearity of the tuning condenser there (compare also fig. 4). 

An arrow shows that value of the tuning capacity for which the input circuit is tuned 
(wCR = 0). The dashed curve (equation (6a)) represents the input signal as a function of 
the tuning capacity of the input circuit in relative units;.it was measured with an external 
noise signal. From the full-drawn curve and the dashed curve the noise-to-signal ratio of 
the amplifier may be obtained in relative units. 
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Hence it follows from equation (6b) that, if the noise-to-signal ratio is 
measured as a function of the tuning capacity, we obtain a minimum value 
when wCR = 4A,/A,. Introducing the measured values of A, and A, 
of fig. 3, we obtain a maximum decrease of 6% with respect to the value 


for C= 0. For a larger value of 


the induced-grid-noise current a much 


larger decrease in noise-to-signal ratio might have been obtained. 


Equation (6b), which is obtained 


without making any specified assump- 


tion about shot-effect noise and induced grid noise, is valid for a very wide 
frequency range. It shows that the noise-to-signal ratio is a quadratic 


function of the tuning capacity. 


An experimental noise-to-signal-ratio 


curve at 1 m wavelength was published by Kleen 9). It shows a deviation 
from the quadratic law (6b), which is most probably due to small experi- 


mental errors. 
A very important improvement 


in symmetry was obtained by using a 


push-pull pentode EFF 50, with the two systems connected in parallel, 
instead of an EF 50 pentode. According to fig. 4 the noise resonance curve is 


practically symmetric. This is to b 


e expected theoretically, because most 


terms in (5) are proportional to the square of the transconductance. For 
the EFF 50 in parallel connection the transconductance is about three 
times as large as for the EF 50. Hence the constant A, is increased by 


about a factor 9 and the constant 


A; only by a factor 3, so that the last 
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Fig. 4. Noise resonance curve for an EFF 50 pentode with the two systems connected.in 


parallel. The resonance curve is practicall 
line is the symmetric theoretical curve. 


y symmetric. Crosses measured; the full-drawn 


x 


20 A. van der ZIEL and A. VERSNEL 


term of (6) becomes relatively unimportant. The tuned impedance of the 
input circuit may then be obtained in the normal way. A small asymmetry 
does not greatly affect the half-value width of the resonance curve. 


3. Total-emission noise 


Total-emission noise was measured for large diodes. These measurements 
were made in two parts. 

(a) Measurement of the input conductance 1/R of the diode (total- 
emission conductance). 

(b) Measurement of the equivalent saturated current Ie which is 
defined such that the noise current of the diode is equal to the noise current 
of a saturated diode having an anode current I,. The method of measure- 
ment has already been described in a previous paper 7). 

Denoting normal room temperature by T, Boltzmann's constant by k, 
and the noise ratio of the diode by a, we have "): 


a= = 207,R = TdT. (7) 


2kT à ! / 

(I, in A, R in Q). As a is a noise ratio, it may be written as a ratio of two 
equivalent noise temperatures T; and T, T, being the noise temperature 
of the diode and T' again normal room temperature. 

Measurements were carried out at 7-25 m wavelength on a diode?) 
having an emitting cathode area of 10 cm? and an anode-cathode distance 
of 0-1 em. The results are shown in figs 5 and 6. In fig. 5 1/R is plotted 
against the anode voltage Va, in fig. 6 Te is plotted against Va for a heater 
voltage Vr = 12 V as well as for Vf = 8 V. According to fig. 6 the equi- 
valent current I, is much larger than the anode current Iq. The relation 


Ie = Ig 


‘would be expected for diodes in the cut-off region at long a 
the increase in I, at 7°25 m is due to total-emission noise. 

The saturation currents for Vr = 12 V and Vy — 8 V differed by a Fotir 
50, whereas, for the same value of Va, I, and 1/R only differ by a factor 3. 
Hence, 1/R and I, are only slightly dependent upon the saturation current. 

1/R and I, are approximately proportional to V; ?. This is shown by the 
dashed curves C V, in figs 5 and 6 in which the values of the constant C 

,are chosen such that each dashed curve coincides with the corresponding 
full-drawn curve at V, = —1:0 V (the curves of figs 5 and 6 are not cor- 
rected for contact potentials). 

Fig. 6 also shows the noise ratio a = T,/T. As T = 290 °K we Bos 
approximately, according to fig. 6: 
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V; — 12 V, T, = 1200 °K; 
Vj— 8V, T,= 900*K. 


rj 


This almost coincides with the actual cathode temperature, so that the 
total-emission noise may be described by assuming that the equivalent 
noise temperature T, of the total-emission conductance 1/R is equal to the 
actual cathode temperature. 

This relation certainly holds for the cut-off region if the influence of 
space-charge upon the potential distribution between cathode and anode ' 
(or between cathode and grid in a triode) is negligible, as will be shown in a 
subsequent paper. 

The following theoretical argument may be put forward for its general 
validity. 

It is well known that at long wavelengths (no total-emission noise) the 
equivalent noise temperature of a diode in the exponential part of its charac- 
teristic is equal to 4 Te, if Te denotes the cathode temperature. The reason 


— wm» 
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why the equivalent noise temperature of the diode is not equalto the cathode 
temperature Te, is that — owing to the existence of the anode current 
I, — the diode is not a resistance R in the normal sense. It would behave 
as an ordinary resistance R if not only a current I, arrived at the anode, but 
also a saturated current I, were emitted by the anode in the opposite 
direction (as long as this does not cause a potential minimum between 
cathode and anode, the internal resistance R will not be changed). The 
mean-squaré value of the current fluctuations is then doubled, because: 
both currents give rise to independent current fluctuations of the same 
mean-square value, and hence the equivalent noise temperature of 
the new diode is equal to T,. The total current being zero, the diode 
behaves in every respect as a resistance at cathode temperature T,. 
From a thermodynamical point of view we should also expect the equi- 
valent noise temperature of this diode to be equal to the cathode tem- 
perature Te ?). 

The above reasoning should also hold for higher frequencies. Of course, 


8 
Ig 
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Fig. 6. L,, Ia and T,/T as a function of V, for heater voltages Vy of 12 V and 8 V. 
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the internalresistance of this diode may be changed (owing to total-emission 
conductance *)) and its equivalent diode current I,’ may be changed too 
(due to total-emission noise), but there is no reason whatever why the 
equivalent noise temperature of this diode should differ from the cathode 
temperature (except perhaps at very high frequencies, for which the transit 
time of the electrons is great in comparison with the period of the oscil- 
lations). 

Turning again toa normal diode, having an anode current I, and not 
showing anode emission, we find that the equivalent diode current becomes 
I, = I, — Iq instead of I,', because the equivalent diode current of the 
anode emission was equal to Tą. Since the internal resistance of the diode is 
practically independent of the anode emission, we should expect an equi- 
valent noise temperature of 


Ij—1I5 I, 


T,————.T,—-——. 
° Ij ° hls 


T. (8) 
If Ie > Iq this is practically equal to the cathode temperature Te. 


Eindhoven, June 1947 
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THE DETERMINATION OF THE 
INTEGRATION CONSTANTS WHEN CALCULATING 
TRONS END PHENOMENA *) 


by B. D. H. TELLEGEN 


621.392.1:537.311.5 :517.941 
Summary : 


i 

À network is considered containing a voltage source v under the 
influence of which a current i flows in a certain branch. A method is 
given for calculating from the differential equation connecting i and v 
the discontinuities in i and its derivatives resulting from disconti- 
nuities in v and its derivatives. The method is applied to the calcul- 
ation of periodic phenomena caused by periodic sources containing 
discontinuities. 

Résumé 


On cousidére un circuit contenant une source de tension v poussant 
un courant į dans une certaine branche et on donne une méthode pour 
calculer, à partir de l'équation différentielle relative à i et v, les 
discontinuités dans £ et ses dérivées, résultant des discontinuités 
dans v et ses dérivées. La méthode est appliquée au calcul de phéno- 
ménes périodiques provoqués par des sources périodiques présentant 
des discontinuités. 


l. The problem 


If a voltage source v, when acting upon a network composed of linear, 
constant elements, produces a current i in a certain branch of this network, 
the connection between 7 and v will be expressed by an ordinary linear 
differential equation with constant coefficients of the type 

(aD + aD ... + a4) i = (bD" + D"? +... 4+ bn) v. (1) 
Here D is the differential operator d/dt, and the a’s and 6’s are determined 
by the numerical magnitude of the elements composing the network; 
some of the a’s and b’s may be zero. 

Ifv is of sinusoidal wave form with angular frequency w, there will exist a 
sinusoidal solution for i with the same angular frequency w. This solution 
is obtained by replacing D in (1) by jw, and i and v by their complex 
values I and V; this gives 


b(jo)" + boy" Tac bn V. 
T aljo + aljo) ... + as 


Conversely, if (2) is known we may deduce the differential equation from 
it by multiplying by the denominator and replacing jw by D, and I and V 


(2) 


*) Published in Dutch in Tijdschr. Ned. Radiogenootschap 11, 173, 1946. 
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by their instantaneous values i and v; frequently this is a simpler way to 
deduce the differential equation than its direct derivation from the network 
diagram. . 

If v and, with it, the right-hand side of equation (1) are prescribed 
functions of the time, i will have to satisfy a non-homogeneous differential 
equation with constant coefficients. According to common theory, the 
general solution of such an equation is obtained by adding the general 
solution of the corresponding homogeneous equation to a particular solution 
of the non-homogeneous equation, so that i will in general be 


t= E Ape" + particular solution, ^ (3) 


where the pis are the roots of 
agp" + ap"? + ... +a, = 0, (4) 


and the A;,’s are a set of n integration constants. How to determine these 
integration constants, will be the problem discussed in this paper. 

If from a certain instant, t = 0, onwards v is a given function of time, 
the currents and voltages in the network will be determined, provided the 
energy distribution in the network at t — ( is known, or, what comes to 
the same thing, provided we know the initial direction and magnitude of 
the voltages across the condensers and of the currents tbrough the coils. 
These are the initial conditions, and the number of integration constants 
will consequently be equal to the number of independent data necessary to 
determine the energy distribution at the initial point t = 0. This number 
will never exceed the sum of the number of condensers and the number of 
coils in the network, but it may be smaller; for instance, if the network 
comprises three condensers in delta connection or three coils in star 
connection, two independent data will suffice to determine the energy 
distribution in each of these three-element sets. l ` 

Insread of computing the current in a certain branch we may be asked 
to compute the voltage on a certain branch, and instead of a voltage source 
the network miay contain a current source. The differential equations 
needed for these purposes are analogous to (2) so that all arguments will 
also apply to them. 


2. First method j , 


A first method for determining the integration constants consists in 
expressing the voltages across the condensers and the currents through 
the coils in the current sought, i, in the prescribed.voltage, v, and in their 
derivatives. As-a rule this can be carried out from the network diagram 
without having to perform integrations. Substituting for in the expressions 
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_ obtained its value according to (3), and then putting t = 0, we shall be led 
to n independent linear equations from which the integration constants 
may be computed. 

Let us illustrate this method by a simple example: we are asked to find 
the current i produced by the voltage source v in the network of fig. 1. 
The A.C. calculus easily yields 


000 joCR, +1 6) 
~ joCR,R, +R + Ry ' 


` so that the corresponding differential equation will be 
(CR,R; D + R, + R) i = (CR, D +1)». (6) 
The general solution of this equation is 


where a = (R, + R,)/CR,R, and f(t) is a particular solution. 


Fig. 1. Simple network diagram. 


To find A we have now to express the voltage across the condenser, Ve, 
in i and v and substitute for i its value according to (7). From fig. 1 we 
thus obtain | 

ve = v — Ri = v — AR“ — Rf). 


which for t = 0 reduces to " 
veo = Vo — AR, — R,f(0). 


where vep and vo represent the voltages v, and v at time t = 0. For A we 
thus have i 

A = Tu -f0. | (8) 
s 1 , 

3. A second method 


A second method of determining the integration constants consists in 
expressing i and its first n—1 derivatives in terms of the voltages across the 
condensers, the currents through the coils, v and derivatives of v. Again 
these calculations can in general be carried out from the network diagram 
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valvas additional integrations. By substituting the resultant expressions 
in (3) and in-the equations obtained from (3) by differentiating (n—1) 
times with respect to t, and by then putting t= 0, we arrive, as before, at a 
set of n independent linear equations from which the integration constants 
may be computed. 

Applying this method to the example discussed above we have at once 
from fig. 1 
v—ve 


R, 


i = 


If this is substituted in (7) and t is put equal to zero we obtain 


Vo — Veg 
—— =A 0), 

RO -Af0) 
which is the same equation as (8). : 

There will be a more pronounced difference between the first method 
and the second when they are applied to networks leading to differential 
equations of higher order. 


4. A third method 


In both the methods outlined above we have to compute n quantities 
from the network diagram, and this may be a laborious procedure. We 
shall now show that in many cases the differential equation contains 
all the data necessary for computing the integration constants from the 
initial conditions, and on this principle we shall base a third method for 
computing these constants. In following this practice we need no longer 
consider the network diagram once the differential equation has been 
obtained, and consequently we are led to the desired end hy a shorter path. 

Let us first consider the case where the initial energy in the network is 

‘zero. To show that under these conditions the differential equation comple- 
tely determines the current i as a function of the time, we suppose that 
v has also been prescribed previous to t = 0, and in particular that in 
this interval v is constantly zero; likewise we suppose that previous to 
t = 0 the energy in the network and, with it, the current i were both zero. 
‘If now, at ¢= 0, v suddenly jumps to a value vo, then (except in a particular 
case, to which we shall return in section 4- 3) the energy immediately 
after this jump will still be zero, so that, for computing the current i in the 
interval following t — 0, we have again to solve our original problem. 
The current i will now have to satisfy the differential equation both for 
t < 0 and for t > 0; but at t = 0 there are discontinuities so that it cannot 
be stated that i satisfies the differential equation at this point. But if, 
instead of assuming a jump in v, we conceive v as changing gradually in a 
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short interval, which will be designated as the transition interval, i will 
also have to satisfy the differential equation during this transition interval; 
consequently, i will now satisfy one differential equation for every value 
of t. The initial conditionswill be that i = 0 for t < 0. The differential 
equation must now suffice to compute i for t > 0 without any further 
reference to the network diagram. By finally reducing the transition interval 
' to zero we arrive at the solution of our actual problem. 

If in the initial state the network does possess energy, and this energy is 
determined by the voltages across the condensers and the currents through 
the coils, we shall have to use the network diagram for computing the 
integration constants, as indicated in sections 2 and 3. Often, however, 
the problems actually to be solved are of a different nature: a voltage v, 
acting on a network and producing in a certain branch of this network an 
already known current i, makes a jump at t — 0, and we wish to calculate 
the future course of the current i. For instance, the closing of a switch will 
lead to such a jump, for a switch may be considered as a voltage source 
equal to the voltage across the switch, which suddenly drops to zero upon 
the switch being closed (the opening of a switch may better be considered 
as equivalent to a jump in a current source, for a switch may also be 
considered as.a.current.source equal.to the current through the switch, 
which suddenly drops to zero upon the switch being opened). If we assume 
the change in v to be a gradual one, taking place in a short interval, i will 
again have to satisfy a single differential equation, the initial conditions 
now being that for t < 0 i must be a known function of the time. As before, 
it must now be possible to evaluate the integration constants without 
referring to the network diagram. 

In a more general way these results may be stated as follows. If i and v 
are connected by a differential equation of the nth order in i, and if the 
prescribed value of v includes a jump at t — 0, the general expression 
for i will include n integration constants both for t < 0 and for t > 0. 
But if the jump in v is replaced by a gradual change within a short transit: 
ion interval, the general expression for i will include only one set of n 
integration constants. Hence, there will necessarily exist n relations between 
the integration constants valid for t < 0 and those valid for t > 0. We 
shall now put the problem of deducing these relations for the case when the 
transition interval is reduced to zero. , 


4-1. Requirements of continuity 


When the transition interval is reduced to zero, in v a jump will arise 
at t = 0 and v will thus become discontinuous at this point; f vdt, however, 
which for the sake of brevity will sometimes be designated as D~'v, will 
remain continuous, and the same will hold true for D^?v, D ?v, and so on. 


N 
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If we now first integrate (1) (n + 1) times with respect to the time for a 
finite transition interval and then reduce this interval to zero we obtain 


(ayD^ + aD" + ... 4+ ag) DT i = (baD -- b,D7? H ... -- b4,D77)v. (9) 


From the above arguments it follows that the right-hand side of this equa- 

tion is a continuous function of the time. On the left-hand side we may. 

consider D^"7 i as a new independent variable. From the theory of differen- 

tial equations we then know that if aj Z- 0 there will exist solutions of (9) 

that are continuous and possess n continuous derivatives, so that Di 

and its n derivatives will all be continuous functions of t. |: 
If we now write (1) in the form 


D" (agi—byv) + D^! (ayi—by) + ... + (ani—bsv) = 0, (10) 


integrate n times with respect to t for a finite transition interval, and then 
reduce this interval to zero, we have 


(agt—byu) + D™(a,i—byv) 4 ... + D (aribo) = 
Since in this equation we know all the terms except the first to be conti- 
nuous, the first term will be continuous too, so that 
(ayi—byv) will be continuous at t= 0. o (11) 


Therefore, if at t = 0 v makes a jump, e.g. increases by an amount Az, 
i will also make a jump at t= 0 and will increase by an amount Ai which 
may be computed from a,4i—b,dv = 0. 

Likewise, integrating (10) (n—1) times we obtain 


D(agi—bgv) + (ayi—byv) + ... + D^ *(asi—b,v) = 0. 


Since in this equation we know all terms, except the first two, to be con- 
tinuous, the sum of the first two terms will be continuous too, so that 


D(agi—byv) + (a,i—by) will be continuous at t = 0. (12) 


By integrating (10) respectively n, (n—1), (n—2), ..., 1 times, and applying 
the same arguments to each of the resultant expressions, we thus obtain 
relations of which the last one will be that 


D= (ah) T D"*(a,i—byv) + eee (ana t—by_w) 
will be continuous att = 0. (13) 


These are the n relations that we have been seeking. They will still remain 
valid when v is continuous and Dv discontinuous, or when v and Dv are 
both continuous but D*v discontinuous, and so on. This result may be 
summarized as follows. : 
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Let v and i be two functions of t that are connected by a linear differential 
equation of the form 


(a D^ + aD"! + ... + an) i = (boD + B,D" +... + bn) v. 


If v and i both pass through an infinite sequence of functions that tend toa 
limit function, the n quantities 


(agi—bgv), D(agi—byv) + (a3i—b,2), ... 
, D"! (ai—byo) + D" (adi—b,v) +... 4- (an cii—bn. 3v) 


computed for this limit will all be continuous, provided ay + 0 and [vdt remains 
continuous in the limit. 

If at t = 0 v or a derivative of v makes a jump, the corresponding dis- 
continuity in i will be computable from the condition that ‘“‘agi—byv is 
continuous"; next, from the condition that *D(agi—bgv) + ai—by is 
continuous”, the discontinuity in Di may be computed, and so on. If i is 
known for 1 « 0, the values of i and its first n—1 derivatives immediately 
after t = 0 may all be computed in this manner. In the particular case of a. 
voltage source connected at t = 0 to a network that contains no energy, 
the quantities agi—bgv, D(agi—byv) + ayi—byv, etc. will be zero imme- 
diately after t: = 0. By substituting the resulting values of i and its n—1 
derivatives for t = 0 in equation (3) and in the n—1 equations deduced 
from (3) by differentiation, and by making t — 0, we are again led to n 
independent linear equations for the integration constants. 

By applying this method to the circuit of fig. 1, for which according to 
(6) a, = CR,R, and b, = CR,, we find that CR,Rj—CR,v will be continuous 
for t = 0, so that Ai = Av/R,, a result that may also directly be read 
from fig. 1. 


4:2. Discontinuities of different order 


The significance of the differential equation for the transition interval 
may also be investigated in the following way. 

If in the transition interval v increases monotonically, Dv will show a 
sharp maximum, D?v a sharp maximum followed by a zero and a sharp . 
minimum, and so on (fig. 2). If the transition interval approaches zero these 
different curves will tend to discontinuities of different type: in v there will 
arise a jump; in Dv the maximum will become infinite whereas the area 
under the curve will remain finite, or, in other words, in the limit Dv will 
show a pulse; in D?v the discontinuity will be of a still more complicated 
type, which we shall designate as a discontinuity of the second order. Like- 
wise, a pulse will be called a discontinuity of the first order and a jump a 
discontinuity of order zero. Similar changes will take place in the current i: 
there will be a jump in i, a pulse in Di, and so on. 
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It will now be clear that in the differential equation written in the form 
(10) the highest-order discontinuities will be contained only in the first 
term. Ás these cannot be compensated by discontinuities of lower order, 
this term, ayi—b,v, will have to be continuous, for in that case D"(agi—byv) 
will possess a discontinuity of an order not higher than the (n—1)th. The 
highest discontinuities then remaining are those of the (n—1)th order, and 
these can only be due to the first two terms, which may be written as 


‘ pe iD (agi—bqv) a (a,i—byv)t . 
[4 ` ov | 


Fig. 2. Discontinuities of increasing order. 


Since these discontinuities of order (n—1) will have to cancel out, 
D(a,i—bv) + (a,i—b,v) will be continuous, and so on. We are thus led 
to the same conditions as were deduced above, and these may be inter- 
ae be as the conditions requiring that the discontinuities of order n, 
(n—1), ... shall successively cancel out. 


4°3. The case ag = 0 


If a, = 0 but by Æ 0, we put i = Dg, q thus being the electric charge that 
has passed through the particular branch under consideration. The dif- 
ferential equation then becomes: 


(a,D" + aD" + ... + anD) q = (bD" + bD + ... + bn) v. (14) 

For a, Æ 0 all the arguments given above still apply; we conclude that . 
a gu gi pply 

(a,qg—byv) will “be continuous, etc. (15) 


A jump in v will produce a jump in q and a pulse in i = Dg. . 

This will apply, for instance, to a network in which a voltage source v 
forms part of a mesh composed solely of condensers; a jump in v will cause 
jumps in the voltages across the condensers and pulses in the currents 
through the condensers. If the energy in the network was originally zero ' 
it will no longer be zero immediately after the jump in v. 

A simple example will be obtained by making R, — 0 in the network 
drawn in fig. 1. Putting i = Dg, (6) becomes: 


R, Dg = (CR, D +1)», - (16) 
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from which in virtue of (15) it follows that Raq — CR,v must be continuous 
at t = 0; hence Aq = Cv, a result that may also directly be deduced 
from. fig. 1. 

Analogous conditions will prevail if a current source forms part ofa a net- 
work such that every mesh containing the current source also contains a 
coil. An example is provided by the network of fig. 3, which will be dis- 
cussed in detail in section 5; a jump in the current source necessitates 
jumps in the currents through the coils and pulses in the voltages across 
the coils. If the energy in the network is at first zero, it will no longer he zero 
immediately after the jump in the current source. 


The case a, = 0, a, = 0, a, £0, b, 0 may be treated by putting i = D’s. 


4'4. A discontinuity in | vdt 


In case the discontinuity in v is not a jump but a pulse, also J vdt will 
be discontinuous. Putting v = Dg, 9 will make a jump and J pdt will 
be continuous; by substituting v = Dp in the differential equation we 
are led back to cases that have already been investigated above. 

Discontinuities of the second order in v may similarly be treated by 
putting v = D*y, f pdt now being continuous. 


5. Periodic voltage sources with discontinuities 


The methods adopted above may be used for computing the periodic 
currents in a network produced by a periodic voltage source comprising 
discontinuities. As an example we shall compute the current through one 
of two coils connected in parallel in the anode circuit of an amplifier tube 
having a saw-tooth voltage impressed upon its grid. The tube will be sup- 
posed to possess a transconductance S and a high internal resistance. After 
replacing the tube by a current source Sv we are faced with the circuit 
of fig. 3; L, and R, are the inductance and the resistance of the coil car- 

rying the current to be computed and L, and R, are the corresponding 
quantities for the second coil. 


` 


slo 


Fig. 3. À current source in parallel Tig. 4. Saw-tooth voltage. 
to two coils. 
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From the diagram we have - oe 
) I= — JolatR 

Jo (Ly + La) + R, + R, 

so that the differential equation reads _ 
. JU La)D + R, +Rti=(L,SD+4+RS)v. —— -(17) 


If the saw-tooth voltage varies as indicated in fig. 4, we have v = Eot/x . 
when —z < wt < x, and the general solution of the differential equation - 
will be l l i 


SF, 


+, R SE. LRL, SE 
= pupa. pg tu a 18 
i= AC LFL UA A o (EROS x w (18) 


as may be readily verified; Æ is the integration constant. 

There is a jump in v at wt = x, so that applying the theory developed 
above we conclude that (L; + L,)i—L,Sv will be continuous at this point. 
As "we require a periodic solution for i, the value of i directly after the 


jump in v at wt = x will be the same as the value of i at wt = —z; we are 
thus led to 
- (L + La) i—L, Sel ten = 14 + L) i—L, Bb ae (19) 
whence j ' 
RtR a R L,RL—LR, SE 
Ly + Ly) de BEE ——"_.. SE ee SE = 
Cat 2i ture j (cR m ! 
R+R, 2 R L,R,—L R SE 
= (L, + L,) JATE a — 5. SE ee Malaya SE. 
rus) Ri +R, . (Ri +R)? x i 
The integration constant will consequently be given by 
y L,R, — L,R, SE (20) 
(R, + Ra) (L, + Lo) sinh $ TR , =| 
L+, o 


6. The periodic opening and closing of a switch 


` We now proceed to apply our theory to the calculation of the periodic 
currents and voltages in a network comprising switches that are periodically 
opened and closed. This will be illustrated by a simple example for which 
the physical interpretation of the conditions for the integration constants 
can at once be understood from the network diagram. 

In fig. 5 the D.C. source E is connected to a circuit consisting of R, L, 
and C in series; C is shunted by a switch that is operated periodically. 
We suppose that the switch is closed att=0,t= T, : = 2T, etc., and 
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opened at t = aT,.(1 + a)T, (2 + a)T, etc. (0 a « 1). and we shall 
seek to compute the current through and the voltage across the switch. 
The differential equation connecting i and v is easily derived as being 


(CL D? ++ CRD -- 1)» + (LD +R)i= E. (21) 


In the interval 0 < t < aT the switch is closed; thus v = 0 and the dif- 
ferential equation is solved by 


i= Ac + E/R, (22) 


A being the integration constant and p = —R/L. 
When aT — t< T the switch is open; thus i = 0 and the differential 
equation is solved by un 

v = Bet +. Boe + E, (23) 


B, and B, being the two integration constants, and q, and q, being the 
roots of CLg? + CRq + 1 = 0. ej 


M aec L R ý 
rm ud LLL e 
IL | £ 
1 i C ET l 
Fig. 5. Network comprising a periodically opening and closing switch. 


. Att = aT the switch opens and thus i makes a jump. Since the right- 
hand side of the differential equation is continuous, in investigating the 
discontinuities we have only to consider the left-hand side. From it we 
deduce that CLv and CLDv + CRv + Li must both be continuous att— aT. - 
' The first of these conditions gives 


Nn DE Varo = 9, E (24) 
where the index aT + 0 indicates the moment immediately following and 
aT — 0 the moment immediately preceding the opening of the switch: 
Combining this result with the second condition we obtain 
00 s. s C (CDo + ro = (CDo + DENT 
from which . _ a RE "3 S 2. 

IMEEM ano | 088 
The expressions (24) and (25) allow a straight-forward physical inter- 
pretation; (24) expresses that the voltage across the condenser does not 
change when the switch opens and (25) expresses that the current through 
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the coil ‘does not change either, for this current will be i when the switch 
` is closed and CDv when the switch is open. Combining (24) and (25) with 
(22) and (23) we obtain ' E 


Bet? +. Bye? 4. B= 0 (26) 
C(q, Bye? + q,Byet^T) = Aet + E/R. (27) 


and 

Att = T the switch closes, so that v makes a jump. From the differential 
equation it follows that i will acquire a pulse, so that we put i = Dg. It 
may then be deduced that CL» + Lq and CLDv + CRv + LDq + Rq are 
both continuous at t = T. By multiplying the first of these expressions 
by R/L and subtracting it from the second one, q is eliminated, and we 
find that CLDv + LDq, or CDy + i, must be continuous at t = T. Hence 


ipto = CDog s. - (28) 


Analogous to (25) this equation expresses that the current through the 
coil does not change upon the closing of the switch. In order that the pheno- 
mena shall be periodic, i directly after £ = T must be equal to i directly 
after t — 0. It then follows from (28), (22); and (23) that 


A+ E/R = C(p Bet" + q BT).  Q29) 


From (26), (27), and (29) the integration constants may now be computed. 

. If the switch is a gas-filled triode in which a periodie grid voltage pro: 
duces periodic discharges, the interval during which the tube passes current 
is as a rule only a small fraction of the total period. To compute the volt- 
age across the condenser under these circumstances, in the equations 
for the integration constants a must be made to approach zero; at the same 
time, 4 may be eliminated. Thereby we obtain . 


B,+B,+E=0 (30) 
HB, + qB, = gB”? 4- qB. (31) 


Equation (30) states that the voltage will be zero immediately after the 
- discharge, that is, immediately after t = 0. Equation (31) may be deduced 
directly by observing that, under the conditions considered here, i acquires 
pulses at t = 0, t = T, etc., but is otherwise zero. We therefore substitute 
i — Dq in (21) and, just as above, deduce from this equation that CD» + i 
must be continuous at the moment of the discharge. Às i is zero both be- 
fore and after this point, Dv must be continuous. In physical terms this 
signifies that the current through the condenser, and hence the current 
through the coil, just before the discharge is equal to that just after the 
discharge. If the voltage is to be periodic, Dv must have the same value - 
just after t = 0 and just before t = T; this leads to (31). 


and 
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7. Final remarks , EE 


AH theories concerning the influence of discontinuities in voltage or current 
sources are only approximations of reality; this should always be borne 
in mind. Discontinuities in the sense of mathematics are excluded in actual 
phenomena; the transitions will always take place in finite intervals, and it 
will depend on the nature of the problems under investigation whether it is 
permissibleto approximatethesetransitions by mathematical discontinuities. 


E] b c 
A = | + 
Ü =t ` 3 7 —t 
Fig. 6. Approximation of a transition by a jump. 


For instance, when our voltage source varies as in fig. 6a we may try an 
approximation according to fig. 6b, and in so doing we disregard the 
diference between the two, represented in fig. 6c. If this is not allowed, 
the voltage of fig. 6c may be approximated by a discontinuity of the 
second order, which may be added to the jump of fig. 6b. 

If the voltage source varies as in fig. 7, then in reducing the transition inter- 
val to zero we may either keep the peak voltage constant, so that Jude will be 
continuous in the limit, or we may keep the area under the curve constant, 
so that in the limit f v di will show a jump. It will depend on the nature of the 
problem which of these approximations is the more suitable, a jump or a jump 

' and a pulse. This raises the problem to what extent an arbitrary transition. 
may be approximated by the sumof aset of discontinuities of increasing order. 


j = | uH | | : 
: 0 —t a = Ü ~t 
Fig. 7. Approximation of another transition. 


The method developed in the paper is also applicable to differential 
equations whose coefficients are no longer constant but are continuous 
- functions of the time. In the neighbourhood of a discontinuity these coef- 
ficients can be regarded as constant. The deduction of the differential 
equation from the complex expressions by replaing jw by D is, of course, 
no longer possible in this case. 

If the coefficients of the differential equation vary discontinuously, at 
switching processes in the network, the method may be applied by regard- 
ing, as mentioned in section 4, the closing of a switch as a jump in a voltage 
source, and the opening of a switch as the jump in a current source. 


Eindhoven, March 1946 
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- THE MEASUREMENT OF PERMEABILITY AND 
MAGNETIC LOSSES OF NON-CONDUCTING FERRO- 
MAGNETIC MATERIAL AT HIGH FREQUENCIES 


by H. J. LINDENHOVIUS and J. C. van der BREGGEN 


Bundes 621.317.41:621.317.43:538.22] 

` A method is described for a rapid and accurate determination of the 
permeability and the magnetic losses of non-conducting ferromagnetic i 
material. 

For frequencies between 30 and 300 Mc/s this method makes use of a 
coaxial cavity resonator with end-capacitance, accurately tuned to 
the frequency of an oscillator to which itis coupled. Wemeasure the 
changes in the resonance frequency of this cavity resonator after 
suecessively inserting, concentrically with the inner conductor, a 
ring made of the ferromagnetic material to be tested and a ring of 
the same size made of a well-conducting metal. The susceptibility 
(y= u—1) of the ferromagnetic material equals the ratio of these 
two frequency changes. . 

The magnetic losses can easily be computed from the bandwidths 
of the cavity resonator with and without the ferromagnetic ring. 
For frequencies above 300 Mc/s we have used a coaxial Lecher system 
instead of the cavity resonator. À minor complication of a dielectric 
nature then arising is eliminated in a simple way. The equations are 
the same as for the cavity resonator. 

Some data obtained with compressed iron powder and with ferrox- 
cube arc given. i 


Résumé 

L'article décrit une méthode de détermination rapide et exacte de la 
perméabilité et des pertes magnétiques de matériaux ferromagnéti- 
ques nonconducteurs. - 
Pour les fréquences comprises entre 30 et 300 Mc/s cette méthode fait 
usage d'une cavité résonante coaxiale à capacité terminale, accordée 
exactement sur la fréquence d'un oscillateur aveclequelelle est couplée. 
On mesure successivement les changements de la fréquence de réso- 
"ance de cette cavité résultant de l'insertion, concentriquement au 
conducteur intérieur, d'un anneau de matériel ferromagnétique à 
examiner ét ensuite d'un anneau de forme identique mais en métal 
bon-conducteur. La susceptibilité (y = u—1) du matériel ferromagnéti- 
que est égale au rapport de ces deux changements de fréquence. 
Les pertes magnétiques peuvent être facilement déduites delargeurs de 
bande de la cavité de résonance avec et sans anneau ferromagnétique. 
Pour les fréquences supérieures à 300 Mc/s on utilise un systéme de 
Lecher au lieu d'une cavité de résonance. Une légère complication 
de nature diélectrique inhérente à l'emploi de ce systéme est éliminée 
de manière simple. Les équations sont les mêmes que pour la cavité 
de résonance. : 

L'article mentionne quelques chiffres obtenus avec du fer en forme 
de poudre comprimée et avec le ferroxcube. 


1. Introduction 


The permeability of non-conducting ferromagnetic material is usually 
determined by providing a ring of this material with a winding and then 
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measuring its-self-inductance in a bridge or a resonance circuit. The permea- 

bility relative to vacuum -will then be given by i 
109 Li 

| E= ag N20” E 

where L is the self-inductance in henries, N the nuniber of turns of the 

winding, and | and O the length and the cross-section of the magnetic 

circuit expressed in cm and em?, respectively. 

Likewise, the losses may be determined by measuring the resistance of 
the coil, again in a bridge or a resonance circuit. They will of course include 
the copper losses in the winding and the dielectric losses in the core, but 
these can be determined by separate experiments and then eliminated 
by subtraction. We shall not here describe these metbods in detail. 

The measurements outlined above can be performed from the lowest 
frequencies up to about 30 Mc/s, provided the number of turns of the 
winding is, particularly at higher frequencies, kept so low that the resonance 
frequency of the coil itself, as determined by its self-inductance and its 
distributed capacitance, lies far above the measuring frequency; otherwise 
the interpretation of the observations becomes too involved. 

There is, however, a limit below which the number of turns cannot be 
reduced, because the loose magnetic coupling between the turns would 
render equation (1) invalid; moreover, as by a decrease of the number of 
turns the self-inductance will be diminished, the disturbing influence of the 
self-inductance of the leads will increase in a corresponding degree. 

These considerations have induced us to look for some other method, 
not subject to the disadvantages referred to. It soon became evident that 
coaxial cavity resonators are very suitable for this purpose. In the range ` 
from 30 to 300 Mc/s we have used a coaxial cavity resonator with end- 
capacitance and at still higher frequencies one without end-capacitance. 
The former will briefly be called a cavity resonator and the latter a Lecher 
system. ` 


2. The measuring method for frequencies between 30 and 300 Mc/s 
A. Permeability 

It will be remembered that the cavity resonator can be regarded as a 
shortened, coaxial Lecher system with a lumped capacitance at the end; 
the self-inductance can be envisaged as being concentrated in the space 
between the inner and the outer conductor, and the capacitance as located 
between the two condenser plates. The magnetic lines of force are circles 
concentric with the inner conductor, and the strength of the magnetic 
field decreases in inverse proportion to the radius. If now, while keeping 
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the current constant, we place the ferromagnetic ring inside the resonator 
and concentrically with the inner conductor (fig. 1), nothing will change in 
the magnetic field of force, not even in the interior of the ring, ‘since eddy 
currents which would tend to alter the magnetic field within the ring are 
precluded by the non-conductivity of the ferromagnetic material. But the 
induction inside the ring will of course be u times as large as before and 
hence the self-inductance of the-circuit will increase. If the space occupied 
by the ring initially contributed an amount L, to the self-inductance, its 
contribution after insertion of the ring will be y Lọ and ker d the 
self-inductance will have increased by re 
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Fig. 1. Vertical and horizontal cross-sections through a coaxial cavity resonator with, 
on the bottom, the ferromagnetic ring whose permeability and losses have to be determined. 


Next we replace the non-conducting magnetic ring by a highly conducting 
metallic ring of the same dimensions. Again, the magnetic ficld will be 
unchanged except, however, inside the ring, where it will be completely 
nullified by eddy currents at the surface of the ring; hence this space will no 
longer contribute to the self-inductance of the circuit, which consequently 

‘ decreases by the amount Lọ. 

7 ‘Thus we see that the ratio of the increase in self-inductance produced by 
the ferromagnetic ring to the decrease produced by the metallic ring equals 
u—l. These changes in self-inductance can simply and accurately be mea- 
sured by determining the resonance frequency of the circuit, which can be 
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done very simply by exciting the circuit by means of an oscillator and ob- 
serving the frequency for which the voltage across the circuit reaches a 
maximum; or, alternatively, we may use the circuit as an oscillator and 
determine the frequency of its oscillations. 

Recalling that the change in frequency corresponding to a certain change 
in self-inductence is given by 


d dL à 
2m) (2) 
w L 
we may write 
dwp dfe 
— 1] = —— = — ; : 3 
# doc. dfe ( ) 


where df and df; represent the frequency changes produced by inserting 
the ferromagnetic and the metallic ring, respectively. From this it follows 
that, in performing the measurements indicated above, we do not need to 
know either the frequency of the circuit, or its self-inductance or capa- - 
citance; we only require to know the frequency changes, and even these 
only in relative measure. 


B. Losses 


Upon inserting the ferromagnetic ring, not only the self-inductance has 
undergone a change; the resistance is changed as well. Since the copper 
losses remain unchanged upon the insertion of the ring, because the current 
' distribution is not modified, the increase in resistance must be attributed 
to losses in the ferromagnetic material. 

Denoting by Re and Le the original resistance and self-inductance of the 
resonator, and by Rp and Lp the contributions to resistance and self- 
inductance. produced by.the ring, we have 


uL R RR. 
== 


ae MOL) 
u— 
Le + —— Ly 
H 
or, rearranged, i l 
Rp gR be =e E (5) 
i — HA L Ly L Le 
*) Neglecting the influence of losses, which is generally small, 
**) In the denominator we have written (u—1)/u as the space occupied by the ring con- 
tributes the amount Lr/p. to the self-inductance before the ring is introduced; the 
increase in self-inductance due to the insertion of the ring yil then be 
fae EIL. 
Bo oH 


` 


- 
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Thus we see that . Poe a, 
u—l Lc ` ox a . - 
tan 6p = —— tan 6 + — (tan 6 — tan &), (6) 
H 2 Ly m 
where 


R 
tan ô = ap etc. 


The ratio Le/Lp can be deduced from the amount of detuning of the 
circuit by the ring; since the increase in the self-inductance is 


-i 
AL = L— Ly, we have by (2) 
H 


2 dor _ s Ly 


(7) 


s e Hi p Le ! 
and consequently B 
Le A ee w 


s 8 
Lp E —24o0r ( ) 


Furthermore, remembering that for an arbitrary circuit tan 6 = fofo, 
where Aw designates the /2-bandwidth, which can easily be determined 
by the resonance method, we may write 


tan dex I ld | ul o [ouem (9) 
F L ow u —2 dwr w 
—1 (Aw, fvi 
or tan 6p = a n . (10) 


w —2Awp 


` Once again we see that frequency measurements are all that is required, 
and that we need not know any of the specific constants of the circuit. 

In the majority of cases the first term within the braces of (10) may be 
ignored in comparison with the second, so that this equation simplifies to 


—1 ww iwc 
mmi E an e - (1) 
n — —24or bas 


which, when u` 1, further simplifies to 


Ae Awe 


tan 6p = 232 
T F 


In these cases three frequency measurements will suffice. 
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3. The measuring method for frequencies higher than 300 Mc/s 


At frequencies above 300 Mc/s the'cavity resonator can no longer be 
applied because its size becomes too small; in this region we have used 
Lecher systems of one quarter wavelength and short-circuited at one end. 
In this case, too, a ferromagnetic ring is placed concentrically around the 
inner conductor (fig. 2), and the observations are carried out in precisely 
the same way as with the cavity resonator. 


7 


LO 
WAY 


MOMMA AAY 


SS 


WIS 


WN 
SS 


SS 


SS 


h 
Z 


NS 


SA 


Fig. 2: Vertical and horizontal cross-sections through a 4/4 Lecher system with the ferro- 
‘magnetic ring to be measured. Instead of on the bottom the ring can also be placed at 
some distance from the bottom, in order to í diminish the damping of the circuit by the 
losses in the ring. 


One point of difference, however, should be noted: in the Lecher system 
the strength of the magnetic field decreases with increasing distance from 
the bottom of the system, which is not the case in the cavity resonator; 
hence the magnetic coupling between the ring and the circuit may be 
loosened by placing the ring at a greater distance from the bottom. In the 
present instance this is a feature of practical importance because, when the 
ring rests on the bottom and the coupling is therefore at its maximum, the 
total resistance may become so high as to render the resonance method 
inapplicable. : H 


NON-CONDUCTING FERROMAGNETIC MATERIAL AT H.F. 43 


The placing of the ring at some distance from the bottom introduces, 
however, a further complication, since the electric ficld in the Lecher system 
increases as we move away from the bottom. Hence, the decrease in mag- 
netic coupling will be accompanied by an increase in electric coupling, 
and the detuning of the circuit by the insertion of the ring wil] be the result 
of simultaneous changes in self-inductance and capacitance, the ferro- 
magnetic material having a dielectric constant differing from unity. Be- 


` 


Fig. 3. To`avoid disturbing dielectric influences the ring is placed in an^ | open, cylindrical, 
screening box. 


sides, dielectric losses in the ferromagnetic material will add their quota 
to the increase in the resistance produced by the ring. 

These sources of error can be avoided by placing the ring inside a 
metallic shield in the shape of an open cylindrical box and forming part of 
the inner conductor, as indicated in fig. 3. For, inside this shield the elec- . 
tric field will be practically zero whereas the magnetic field will be un- 
changed. Hence, the observations can be made in exactly the same way as 
with the cavity resonator: we observe in succession the resonance fre- 
quency of the system without a ring, with a ferromagnetic ring, and with a 
metallic Hue inside the shield. 
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The conditions of the experiment are now essentially the same as those 
for the cavity resonator, and it can easily be shown *) that the formulae 
deduced for this case remain valid in the present instance. 


5/992 


Fig. 4. The arrangement of measurement. The cylindrical tube in the middle is the 4/4 
Lecher system mentioned in the text; the inner conductor with the screening box is 
separately shown to the left. The circuit voltage is measured by means of a crystal detector 
placed at the top of the inner conductor; it is read on the left meter. In front of this meter 
lie a ferromagnetic and a brass ring. The cylindrical tube to the right is the oscillator, 
also a 2/4 Lecher system; the oscillator voltage is read on the right meter. The frequency 
meter, which is of the heterodyne type, is not shown. 


*) The formulae applying to the Lecher system are almost identical with those deduced 

for the cavity resonator. Whereas in the cavity resonator the current is constant over 
the entire length of the inner conductor, this is not so for the Lecher system, and all 
resistances and self-inductances must be referred to the current at some fixed point, 
for which we ordinarily choose the bottom of the system. 
If the ring has been placed at a point where the current is a times the current at the 
bottom, its contributions to the resistance and the self-inductance will no longer 
be Rp and Lr but a?Rp and a?Lp instead. Under these circumstances equations (4) 
to (8) will still hold, provided we replace Rp and Lr by a?R p and aLr, respectively. 
It will be found, however, that by this substitution the final equations (9) to (12) are 
not altered at all; these equations are valid both for the cavity resonator and for the 
Lecher system. It hardly needs stating that this also holds for equation (3) used in 
determining the permeability. 
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It will also be understood that we may use $4 or $4 instead of 14 Lecher 
systems if this should be preferable for one reason or another; the same 
set of equations will still be applicable. 


4. Some observations 


While bringing these principles into practice we have experienced that 
this method for measuring the permeability or the losses at high frequencies 
requires less time than the same set of observations at low frequencies, 
whereas the observations are equally reliable. Besides, the apparatus 
needed is extremely simple. 

In the table some observations at 300 Mc/s and at 1 Mc/s have been 
compared: 


300 Me/s| 1 Mejs 300 Me/s| 1 Mejs 


tan Ó 


0°0011 
0:0109 


0:244. 
-F51 


Compressed iron powder 
*Ferroxcube I’ 


For iron powder the permeability slightly decreases with increasing 
frequency, whereas tan ô strongly increases, though not quite in proportion 
to the frequency. 

‘Ferroxcube I' shows a marked decrease in permeability and an increase 
in tan n ô, which is less’ ‘pronounced than for iron pow 


Eindhoven, November 1947 
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THE FLUORESCENCE OF HEXAVALENT 
URANIUM IN GLASS ' 


by F. A. KROGER, J. M. STEVELS and Th. P. J. BOTDEN 


Summary 535.371:546.791.6:666.313.791.6 


In glasses hexavalent uranium may be present as uranyl groups 
or as uranate groups. The uranyl groups give rise to fluorescence 
at room temperature, but both uranyl and uranate groups show 
fluorescence at low temperatures. It is shown that there is a direct 
relation between the emission bands and the absorption bands. 


Résumé 


Dans les verres il peut y avoir dé l'uranium hexavalent sous forme de 
groupes d'uranite ou d'uranate. Les groupes d'uranite provoquent la 
Buorescence à la température ambiante. Les deux groupes d'uranite 
et d'uranate présentent une fluorescence aux basses températures. 
On montre qu'il y a une relation entre les bandes d'émission et les 
bandes d’absorption, 


In uranium glasses prepared under oxidizing conditions the uranium is 
present in the hexavalent state. Dependent on the composition of the glass, 
the uranium predominantly acts as a network-former or as a network- 
modifier, in such a way that excess of basic oxides favours the first, excess 
of acid oxides the second situation; furthermore, uranium present in high 
concentrations seems to prefer the network-former. positions, while low 
concentrations favour the modifier positions. Uranium as a network- 
former may be considered to form uranate groups, while as a modifier it 
forms uranyl groups !) ?). According to Weyl c.s. only the uranyl groups 
cause luminescence. In the present investigation we have found this to be 
true at room temperature, but at low temperatures the uranate groups also 
give rise to luminescence. 

Table I shows the composition of an acid and a basic glass with low resp. 
high UO, concentration, prepared by fusing Na,CO,, SiO, and UO, in air 
at about 1300 °C. The acid glass is yellow, the basic glass orange. Fig. 1 
shows the absorption spectrum of the two glasses at room. temperature, 
together with the spectral distribution of the fluorescence at —180 °C. 


TABLE I 


UO, concentration 


weight % | mole/l 


Glass 


1) Na40 . 2 SiO, 
2) 15 Na,0.28i0, 


l5 0:126 
12 . l0 
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In agreement with the result of Colbert'and Kreidl *), for uranate glass 
the absorption extends towards longer wavelengths than for uranyl 
glass. Both absorption spectra show indications of a fine-strucure. The 
uranyl shows bands with maxima at 4150 A, 4700 A (?),4900 A and 5200 A; . 
the uranate shows increasing absorption beyond 4700 À and bands at 


“Absorption Molar Extinction (ca. et) 
Fluorescence Ey (arbitrary units) 


0 2 
4000 4500 5000 3500 6000 6500 o ` 


" — À in A 
Hg5461À 
51853 
Fig. 1. Absorption at 25 °C: (1) for a uranyl glass and (2) for a uranate glass. f 
Fluorescence at —180 °C: (I) for the uranyl glass, excited by A = 3650 A; (II) for the 
uranate glass, excited by 4 = 3650 A; (III) for the uranate glass, excited by A= 
4047 + 4358 A; and (IV) for the uranate glass, excited by å = 5461 A. 

The absorption is expressed in the usual way in the molar extinction; the fluorescence is 
expressed in arbitrary units, so normalized that the maxima of the spectral energy distri- 

butions are represented by the same figure (100). l 


4900 A, 5400 À and 6400 À. The fluorescence of the uranyl glass takes 
place in a band between 5000 and 6500 À; the band shows a fine-structure, 
indicating that it consists of some equidistant sub-bands as is normal for ` 
uranyl fluorescence. The emission spectrum is practically independent of 
the wavelength of the exciting radiation (A < 5300 A), small differences 
being due to self-absorption. The emission for excitation by 1 = 3650 A 
is shown in figure 1, curve I. The basic glass shows different fluorescence 
dependent on the wavelength of the exciting radiation. Excitation by 
À « 5300 A in the region in which the absorption bands of uranate and 
uranyl overlap gives rise to a broad emission which is a superposition of 
bands due to uranyl groups present in this glass (emission between 5000- 
5500 A) and two new bands which are probably due to uranate groups. 
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For excitation by 4 = 3650 À the latter two bands are not resolved 
(curve II). The emission excited by Hg 4 = 4047 + 4359 A, however, shows 
maxima at 5700 A and 6150 A (curve III). 

Excitation by 4 = 5461 A in the long-wave uranate absorption band 
(curve IV) produces the long-wave emission band alone. Hence there seems 
to be a direct relation between the various absorption and emission bands 
of the uranate, which is such that the absorption band at 5400 A and the 
emission at 6150 A are based on the same electronic transition, while the 
absorption at 4900 A and the emission at 5700 A correspond in a similar 
way. The displacement of the emission towards the long-wave side with 
respect to the absorption can be accounted for on the basis of the Franck- 
Condon principle. 

. Similar uranate emission bands have been observed with the tungstates 
of cadmium, magnesium and zinc, activated with uranium ?). 


Eindhoven, July 1947 
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THE HEAT DISSIPATION 


i IN THE ANODE OF AN X-RAY TUBE*) 


BI VAM SUSTBRESMS 621.386.1.032.22:536.212.1 


I. “INTRODUCTION; LOADS OF SHORT DURATION APPLIED 
TO STATIONARY ANODES 


Summary 


: The life of an X-ray tube is often determined by the rate of evap- 
oration of the target, and hence by the maximum temperature 

` occurring during an exposure. For a given inflow of heat through the 
focus the temperature of the target may be computed from the 
equations of heat conduction. The requisite general equations are 
developed and are then applied to the problem of loads of short 
duration in tubes with stationary anodes. The problems connected 
with rotating anodes and with continuous loads will be treated in 
two further papers shortly to be published in this journal. 


Résumé . 


La vie d'un tube à rayons X dépend d'ordinaire de la rapidité avec 
laquelle l'anticathode s’épuise et, par suite, du maximum de tempé- 
rature atteint pendant son exposition au faisceau cathodique. Pour 
un apport donné de chaleur par le foyer, la température de l'anti- 
cathode peut être déduite de l'équation de la conduction calorifique. 
Les équations générales nécessaires sont développées et appliquées 
ensuite au probléme de charges bréves dans des tubes à anode fixe. 
Les problémes relatifs aux anodes tournantes et aux charges continues 
seront traités dans deux articles qui paraitront d'ici peu de temps. 


l. Introduction 


The anode of an X-ray tube is shown diagrammatically in fig. 1; a 
tungsten target slightly larger than the focal spot is embedded in the front 
face of a copper anode, the cooling of which is effected by means of a large 
radiating body appended to it. The copper anode is also fitted with a ring 
for sealing to the glass envelope of the tube. i 

When a load is applied a beam of high-velocity electrons will strike the 
target, but only a small fraction of the total energy contained in this beam 
will be emitted as X-rays, the remainder being. almost entirely converted 
into heat. The ensuing temperature, increase limits the rating capacity, 
that is, the highest load at which the tube has an acceptable life. 

` As soon as its temperature rises above 2000 °K the target will be able to 


emit electrons in a measurable quantity, and when the tube is operated on 


*) Slightly abridged and modified translation of Chapter II of the author's thesis originally 
published in 1939 +4), o» 
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A.C. an electronic current will be drawn from the anode to the cathode in 
the inverse phase. Thé consequent electron bombardment causes an increase 
in the temperature, and hence in the emission, of the cathode filament, 
which in turn leads to a further increase in the temperature of the target, 
and so on. This unstable condition, known as “inverse emission”, rapidly 
ends in the burning out of the filament. The temperature of the target in an 
A.C.-driven X-ray tube should therefore never rise above 2000 °K during 
the inverse phase. 


T — : "enm. 


l 51854 
Fig. 1. Sectional view of an anode, with coordinate system; F = focus, T = tungsten target. 


However, most tubes are operated on D.C., and higher temperatures can 
then be permitted, until evaporation of the tungsten becomes appreciable. 
. Owing to different orientations of the tungsten crystals and local differ- 
ences in temperature, the rate of evaporation will not be uniform and the 
surface 'of the target will gradually become roughened. This causes 
absorption of part of the emitted X-rays in the anode itself, and hence a 
decrease in output. 

In.practice a total amount of evaporation of about 100 mg per cm’, 
corresponding to a layer of 0:05 mm, can be permitted, and on this basis 
` the life of an X-ray tube is represented in fig. 2 as a function of the target 
.temperature. If we require a life-time of, say, 10 000 exposures of 0-1.sec 

each, the total time of exposure is not more than 16 minutes and the temper- p 
ature may run up to 3200 °K; for 10 000 exposures of 10 sec the total 
. time of exposure is 100 times as long and the maximum temperature lies 
in the neighbourhood of 2800 °K. For continuous loads, where a life of 
1000 hours is usually demanded, the maximum temperature should not 
exceed 2600 ^K. l 
Too high temperatures may limit the life of a tube in other ways; for 
instance, by causing gas eruptions, or by melting ofthe tungsten target or the 
copper behind it; these are accidents, however, that, with tubes of proper 
design, only occur as a result of faulty operation. Also, a heavy load may 
give rise to such pronounced temperature gradients that the target or the 
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copper backing gets cracked by the resultant stresses; by the use of suitable 
technological measures this can usually be avoided, and as a rule it is only 
observed in special types of tubes designed to withstand exceptionally 
heavy loads. - l 


. $7855 ` 
Fig. 2. Life-time of a tungsten target as a function of the temperature in °K for a total 
evaporation of 100 mg cm, 


In all the common types of tube the useful life as far as this is affected 
by temperature effects, is determined either by inverse emission or by 
the rate of evaporation, and we shall direct our attention mainly to the 
temperature limits set by these phenomena. 


2. The equation of heat conduction 


The temperature distribution in the anode during an exposure will be 
described by the equation of Fourier: 


OT , a?q 
a AT——+4+—=0, 1 
ot + k . q 
in combination with the appropriate boundary conditions, where: 
T — temperature, 
t = time, 
a? = k/e = thermometric conductivity, 


k = thermal conductivity, 
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= thermal capacity per unit volume, 

'q = internal heat gained or lost per unit volume in unit time, 

° 3 o? o? da> 
A = Laplace’s operator = — + -z t-z: 

ox? oy? o 

As heat is not generated within the anode but only dissipated at the 
boundary, the last term on the left-hand side is zero and the equation 
reduces to 

or 


2 AT—— cs. 2 
a? AT ^ (2) 


In solving this equation we shall make two essential assumptions, viz: 

(a) That the inflow of heat into the anode takes place only through the 
focal spot. This is not quite correct since the greater part of the secondary 
electrons dislodged in the focus returns to the anode outside the focal area, 
carrying with them an energy that, according to Seeman and Schotzky *), 
may amount to 20% of the primary energy; the actual temperatures will 
then be lower than the calculated temperatures so that we err on the safe 
' side in making this assumption. 

(b) That the thermal properties of the anode materials are independent 
of temperature. This assumption may give errors of about 10% in the results 
of our calculations. 

We shall discuss solutions of equation (2) in two particular cases, viz: 
Loads of short duration, such that all the heat generated in the focus during 
one exposure is stored up in the anode, practically no heat being dissip- 
ated. This condition holds in medical radiography. 

Continuous loads, leading to a state of equilibrium between the heat sup- 
„plied and the heat dissipated. This is a condition that nearly always holds 
in therapeutical and technical X-ray applications. 

Intermediate conditions, where energy is partly stored in the anode 
and partly dissipated at its boundary, are encountered in medical fluoro- 
scopy and in some technical applications. Under these circumstances the 
solution of (2) grows too complex for simple treatment, but insight into 
the temperature distribution can be obtained from the solutions for the 
two cases mentioned above. 

It may incidentally be noted that the dissipation of heat by the anode 
can be brought about in various ways. For small loads this is generally 
effected by using a cooling body, as shown in fig: 1, mounted in air or 
immersed in oil; for heavy loads it is, however, necessary to cool the anode 
by a forced stream of air or by a flow of liquid (water or oil). In addition 
to this, cooling by radiation is applied:in medical tubes with rotating 
anodes and occasionally in other tubes too. "5 
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In the remainder of the present article we shall discuss the problems. 
arising when loads of short duration are applied to stationary anodes. À 
considerable increase in output can be achieved by using rotating anodes, as 
the inflow of heat is then spread out over a larger area; the problems of 
short loads applied to a rotating anode will be treated in a second article, 
whilst in a third paper we shall discuss continuous loads in combination 
with stationary and with rotating anodes. 


3. Loads of short duration applied to stationary anodes 
A. General solution of equation (2) 


Ás the dimensions of the focal spot are considerably smaller than the 
diameter of the anode, we may safely assume that the latter extends to 
infinity in both the x- and the y-direction *). . 

Moreover, our definition of “loads of short duration” implies that during 
one exposure no heat is conducted away at the boundary of the anode or 
the cooling body appended to it. Consequently the temperature of the 
anode at a certain distance from the focal spot remains substantially con- 
stant, so that in the z-direction, too, the anode can be assumed to extend 
to infinity. 2a Rs 

The load W may be inhomogeneously distributed over the focal area 
and may vary with time; hence we shall suppose that the specific load W, 
which will be expressed in watts/cm?, is a function of x, y and t. We shall 
also suppose that at time t = 0 the anode has a temperature T' = 0. 

Since the amount of energy lost as thermal radiation or in the form of 
X-rays may be ignored in comparison with the energy supplied, the appro- 
priate boundary conditions will be as follows: 


oT w 
— = — — in the focus, 
oz k s 

z= 0: j 
d 
z~ 0 outside the focus, : (3) 

z 
and t=0: T-—0. 


Let us first solve equation (2) for a homogeneous isotropic anode. This 
may be done by a consistent application of the superposition principle, 
which holds in virtue of the linearity of the differential equation: the tem- 
perature field under the influence of any number of sources of energy is 
equal to the sum of the temperature fields brought about by each source 


*) This does not hold for a Ine focus but in that case only a negligible »mount of heat 
` willbe conveyed in the y-direction. Hence T will be independent of » and the problem 
reduces from three to two dimensions. . 
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- separately. From this it follows at once that the temperature at any point 
and at any time will be proportional to- the load W. In solving (2) two 
different cases will be considered. 

a) The focal spot has finite dimensions both in the x- and in the y- 
direction. 

If at time t = 0 an amount of energy dE is supplied to a point insidé a 
' homogeneous and isotropic body the consequent temperature rise at time v 
and at distance r is known to be ?) 


dT = ue en. (4) 


The temperature distribution will be symmetrical with respect to a 
plane through the point source, and there will be no heat transport through 
such a plane. Hence it is possible to apply expression (4) to our present 
' problem; to that purpose we have only to repace dE by 2W dF dv, where 
dF is a surface element of the focus, and to integrate over the focal area 
and over the interval during which the load is applied. This yields 

t 
1 "Y 
. an Acc ho I | th e m dui. (5) 
0 F 
where r is now the distance between the point for which the temperature 
is computed and the focus element dF. This expression gives the tempera- 
ture for any point in the anode and after any time of exposure. 

b) The focus extends to infinity in the y-direction and has a width of 26 
in the x-direction; we shall call this a line focus of width 26. 

The temperature will now be independent of x, and the solution of (2) 
may be derived from the two-dimensional analogue of (4), viz: 


r* 


E 
dT — ad e Tar. l (6) 


Agcht 


This equation expresses the relation between the energy dE supplied to a 
line focus per unit length at time t = 0, and the rise in temperature thereby 
- produced in a. point at a distance r and the time t. 
Substituting 2W dx drt for dE as before, and integrating over the focal 
width and the time of exposures we obtain 
t +ô 


E nc deli, (7) 
9 -6 


which gives the temperature in any point of the anode at the end of an 
exposure. This equation may also be deduced from (5) by a single inte- 
gration. 
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4 


We now proceed to calculate the temperature field from equations 
(5) and (7) in a few practical cases. The temperature will of course be 
highest at the centre of the focal spot, and to this point we shall mainly 
direct our attention. 


B. A circular. focus of radius R and homogeneously distributed load 


From the general equation (5) we find for the temperature Tm at the 


centre of the focus 
WW "ds t Li à 
— — 4a’ - 
2kayz | v^ : = 
0 0 


m = 


m i A ur ae "+ aya 31 — B(a)l] , 
where 2 l 
rS R ` 
ST 2ayt 


and $ denotes the error integral *) which may be taken from tables ?). 
Putting 
Pla) = 1—6* + afz 1 — (a), 


this equation becomes 


WR 1 
PT. Pia). (8) 


Two particular cases may be distinguished: 
1) Exposures of such short duration that 


Tn = —— 


-R 
a = —-Ll5. 


2ayt 


Then Y(a) = 1, and consequently 


(9) 


ake 


from which we see that the temperature at the centre of the focal spot is 
proportional to the square root of the time of exposure and independent of 
the diameter of the focus. 


* 2 f 
) a qut 
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If we assume that the focal spot extends to infinity both in the x- and in 
the y-direction, heat conduction will take place solely in the z-direction, 
and equation (T) transforms into 


E i JE A dr, (10) 
zke 


which for z = 0 yields 


° 


ud n 
n l jum re a E 
0 

an expression identical with (9). It may be noted that equation (9) applies 
to focal spots of any shape provided f/Aayt > l'5, where f is the smallest 
dimension of the focus; under these conditions an appreciable transfer of 
heat takes place in the z-direction only, as during one exposure no heat 
penetrates into the anode to a depth of the same order of magnitude as the 
dimensions of the focus, so that lateral dissipation of heat does not yet 
play a part. ` : 

Such conditions prevail in tubes with a homogeneous copper or tung- 
sten anode when the exposures last 0:005 sec or less. With a bimetallic 
anode this holds for even longer exposures, up to 0°05 sec, if the thermal 
conductivity of the target material (f.i. tungsten) is considerably lower than 
that of the basis metal (copper), as will be explained more fully in part D 
of this section. 

2) Long exposures for which 


= 0: 
Ja ir « 05; 
then Y(a) = ayr, and we obtain: : 
- WR 
TUER, S, (12) 


Thus we see that for these long exposures the maximum temperature in 
the focus decreases — and consequently the specific rating capacity per 
mm? increases — with decreasing focal dimensions; this results from the 
influence of lateral heat dissipation. This equation will be deduced in a 
different and very simple way in our third paper, where we shall deal with: 
continuous loads. . 

It should be noted that the long exposures we are here considering still; - 
belong to the class of loads of short duration as defined in section 2. 
Equation (12) shows that under these conditions the maximum tempera-. 
ture is independent of the time of exposure. 
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For a copper anode and a circular focus of 6 mm diameter the quantity: 
kTm/W computed from equations (12) and (9) has been plotted in fig. 3. 
against the time of exposure, curves I and II respectively. By comparing 
these curves it becomes apparent at what time of exposure the lateral heat. 

‘dissipation begins to take effect. : 


0001 — f goi ai 10 10 sec. 


Fig. 3. kT m/W as a function of the time of exposure for an isotropic copper anode and a 
homogeneous distribution of the load over the focal spot. 

Curve I: a circular focus of 6 mm diameter. 

Curve II: a focus of arbitrary shape if the time of exposure is very short (equation (9)). 
Curve III: an infinite line focus of a width of 3 sum. 

Curve IV: a finite line focus of 3 X 9 mm?. 


C. A homogeneously loaded line focus of width 26 . 


In this case equation (7) yields for the maximum temperature at the 
centre of the focus: 


Wàf 1 
m m.s (a)da (13) 
Rar 


where (a) is the error integral as before; kTm/W computed from this 
expression for a copper anode and 3 mm focal width is represented b 
curve III of fig. 3. e^ ox (7 
For a finite line focus of 3 x 9 mm?, having about the same area as the: 
circular focus of 6 mm diameter, the maximum temperature at the centre 
has been computed in an analogous manner and is represented in fig. 3, 
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curve IV. For long exposures the difference in rating capacity is approxim- 
ately 10% in favour of the line focus, but this is only a secondary advant- 
age. As is well known, the major advantage is that a focus of 3 x: 9 mm? 
when projected at an angle of 19° into a square of 3 x 3 mm? gives: 
abrightness about thrce times that in a perpendicular direction, owing to the 
fact that the X-rays are emitted with uniform intensity in all directions. 


D. Discussion of practical data 


We have seen above that the permissible maximum. specific load is 
proportional to T'/kc and to Tk for short and for long exposures respec- 
tively, where T' is the permissible maximum temperature of the target 
material. The ratio of the energy radiated as X-rays to the heat dissipated 
in the anode is proportional to the atomie number Z, and consequently 
the maximum X-ray output obtainable per unit area will be determined 
by the product ZT yke for short and ZTk for long exposures. For the metals 
generally used as target materials the data determining the maximum 
output have been collected in table I., 


TABLE I- 


Thermal data for various target metals 


T Ykc ZT Ykc 


Cu 29 39 | 35 1080 40 x 108 | 1:2 x 105 | 4:2 x 103 | 1:2 x 105 


Ag 4T 42 2:5 960 3-1 x 108 | 15x105| 4:0 x 109 | 1:9 x 105 
Ta 73 0:53 2:4 3000 3:4 x 109 | 2:5 x 105 | L6 x 10? | L2 x 105 


wW 74 160 | 27 3350 7-0 X 108 | 5-2 x 105 | 5:42 10? | 40 X 105 . 
3 2:5 x 105 | 1-9 x 105 | 1'2 x 109 | 0:9 x 105 
2:0 x 108 | 23» 105 | 31 x 10° | 2:4 x 105 


k = thermal conductivity in watts em! °C-4; 

c = heat capacity per unit volume in watts sec cm ?C- 
T Vkc is expressed in watts sec’: em~? : 

Tk is expressed in watts cm. 


Since the vapour pressures of these metals are not known with suf- 
ficient accuracy, the melting points have been used to indicate the 
maximum temperatures that can be permitted; the temperature limit set 
by evaporation lies as a rule from 20 to 30% below the melting point; 
this suffices since in drawing conclusions from these data a high accuracy 
will not be required. 

Tungsten is by far the best target metal owing to its high atomic 
‘number, its high maximum temperature, and its comparatively good 
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thermal conductivity. As the thermal conductivity of copper is far higher 
still, a considerable improvement can be effected by embedding a thin 
tungsten target in a solid copper anode. The optimum thickness of the tung- 
sten will then be that thickness for which the tungsten and the copper 
simultaneously reach their permissible maximum temperatures. 

For short exposures and a fixed maximum temperature the specific 
load is inversely proportional to the square root of the time of exposure, 
and the temperature gradient in the z-direction will vary in the same 
way, whereas the depth of thermal penetration will be directly propor- 
tional to the square root of the time of exposure. For long exposures 
the rate of decrease of the specific load with time will be slower owing 
to the lateral dissipation of heat. It will be evident that the optimum 
thickness of the tungsten target will vary with the time of exposure in 
a similar way. For exposures of l sec — an average value in medical 
diagnostics — the optimum thickness for stationary anodes is 2 mm 
according to Bouwers *). ` 

The temperature distribution in such a bimetallic anode can be com- 
puted in much the same way as for a homogeneous anode. Since the lines of 
flow of heat will be refracted from the normal in the ratio of the thermal 
conductivities, the divergence in the tungsten will be less than in a homo- 
geneous copper anode. Hence the rating capacity remains iadependent of 
the focal dimensions up to higher values of the time of exposure than in 
the case of a homogeneous copper anode. 


Eindhoven, January 1948 
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TRANSFER FUNCTIONS 
WITH SPECIFIED PROPERTIES 


by’ J. F. KLINKHAMER 


PART I 
Summary of part I and part II ' 


- A method is described for determining wave-filter transfer functions 


2(A) = e,/ez with specified properties by means of measurements in 
an electrolytic tank, e, being the output voltage, e; the iuput volt- 
age, and 4 the complex frequency parameter. At the same time other 
functions are discussed which are equally useful in calculating the 
filter-network performance (the “characteristic functions” of Piloty). 
The position of the transmission bands, the permissible variation of 
the attenuation within these bands, and the position and the minimum 
attenuation of the attenuation bands are supposed to be given. Ás 
the method is applicable to filters with several transmission and 
attenuation bands not necessarily equal in attenuation qualities, 
the new method is more general than that of Cauer, though it bears 
a close relation to the latter. In the case of one transmission band 


- and one attenuation band, and, in the case of several transmission 
and attenuation bands with equal attenuation qualities, the results 


of the two methods are identical. The paper concludes with a list of 
manipulations to be carried out for the actual determination of a 
transfer function. 


Résumé 


L'article décrit une méthode de détermination des fonctions de 
transfert z(4) = e,/e,, à propriétés déterminées, d'un filtre d'ondes, 
au moyen de mesures effectuées dans une cuve électrolytique; e, 
est la tension de sortie, e; la tension d'entrée et 2 le paramètre 
complexe de fréquence. D'autres fonctions, également utilisables 
pour le calcul des propriétés d'un circuit filtrant („fonctions carac- 
téristiques” de Piloty) sont également examinées. La position des 
bandes de transmission, la variation d'atténuation admissible dans 
ces bandes, et la position des bandes d'atténuation et leur atténuation 
minimum sont supposées étre données. La nouvelle méthode 
étant applicable à des filtres à plusieurs bandes de transmission et 
d'atténuation, mais n'ayant pas nécessairement les mémes qualités 
d'atténuation, elle est plus générale que celle de Cauer, quoiqv'elle 
soit en relation trés étroite avec cette derniére. Dans le cas d'une seule 
bande de transmission et d'une seule bande d'atténuation, et dans le 
cas de plusieurs bandes de transmission et d'atténuation ayant les 
mémes qualités d'atténuation, les résultats des deux méthodes sont 
identiques. L'article se termine sur une liste des opérations à effectuer 
pour déterminer une fonction de transfert. 


CONTENTS OF PART I 


1. Introduction 

ll. Solution of a simple problem by Cauer’s method 

1:2. Solution of the same problem by the method developed in the 
present paper g 


621.392.52: 621.317.729.1 
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L3. Field equations of the electrolytic tank 

1:4. The differential equation of Laplace : 

15. Singularities 

l'6. Representation of the imaginary part of z(2) in the tank in which 
the real part is represented by the potential ' 

Determination of the transfer function 


. Statement of the problem 

. Deduction, from the transfer function fjg, of a function h/f | 
the poles and zeros of which lie on the w-axis 

2:3. Deduction of the requirements for h/f from those for g/f 

2:4. Non-rational auxiliary function F} 

2:5. Approximation of F, by a rational function A; the function F 

2:6. Finding the singularities of In|.A] 

2*7. Preventing the appearance of zeros of A in the attenuation 
bands or of poles of A in the transmission bands 


1. Introduction 


A practical problem, repeatedly presenting itself in communication 
engineering, is how to construct a filter that transmits one or more given 
frequency bands and attenuates other bands, each to a given extent. 

This problem may be attacked by Zobel’s well-known method leading 
to a network consisting of a series of sections with matched image imped- 
ances. This manner of approach, however, is not the most economical 
one, the price of a filter in mass production being roughly proportional to 
the number of coils involved. : 

A more general way of attack, which leads to the minimum number of 
coils, may be found immediately by remembering that the transfer 
functions of a finite network consisting of lumped impedances can only 
be rational functions of 4 with real coefficients, where 2 denotes the 
frequency parameter x + jw; = damping constant, w, = frequency *). 

The problem may then be split into two parts: 

(1) How to find a rational function of 4 with real coefficients, and with 

a modulus meeting the conditions: 

(a) The minimum attenuation in all "transmission bands" D}, 
Da... Dy,... is the same; the attenuation in the transmission 
band D, does not depart from the minimum value by more than 
a given maximum value 2/a,. ; 

(b) The attenuation in the “attenuation bands” G,, G,,..., Gy, ... 
is greater than the minimum attenuation in the tesndndsofon 
bands plus a given attenuation a, dp, .'. ., Ops ... (in our case 
a different a, for each band G, may be given). 


*) An alternating current with frequency parameter À = x + jo is represented by the 
function i(t) = ig exp (xt + jwt). A real-valued alternating current of frequency w 
with an amplitude increasing as |i] = |ig| exp (xt) therefore consists of a component 
3 liol exp (zt + jwt) and a component $ iof exp (xt — jot). . 
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(2) How to construct a four-pole with a transfer function that is equal 
to the rational function given by (1). - 

In this paper we shall consider only the fixst part of the roban. The 
second part is dealt with by Bader !) and others; we intend to return to it 
in another paper. The method we shall discuss for the solution of the first 
part was derived from a method given by Cauer *). Yet, it is more general 
than Cauer’s method and, as we believe, more adapted to practice. In 
fact, it reduces the determination of the rational function to the deter- 
mination of its poles and zeros, which are found as the points of inter- 
section of two sets of equipotentials in an electrolytic tank. 

By way of introduction, we shall discuss the solution of a simple problem, 
first by Cauer's method, then by that described in the present paper (sec- 
tions l'I and 12). 

The second part of our introduction deals with the analogy between the 
potential distribution in a flat electrolytic tank and the real part of an 
analytic function in the complex plane (sections 1:3 to 1-6). 


1-1. Solution of a simple problem by Cauer's method 

We put the following conditions **): 

(1) The attenuation of the filter between the frequencies 0 and 1 (the 
transmission band) shall lie between 0 and 0:097 neper. 

This means that the modulus of the rational function of A representing 
the ratio ejfe, of the input to the output voltage has to lie between the 
‘values 1 and 1:1 for 4 = jw (0 < o< + 1). 

(2) The rational function shall have no poles except the multiple one 
at A= co. 

This means that our rational function reduces to a polynomial. (The 
reason for putting this condition is that it makes the calculation as simple 
as possible.) 

(3) The filter shall consist of a third-order network. This implies that 
the polynomial mentioned under (2) is of the third degree. 

Condition (3) limits the number of extrema of the attenuation curve, 
In|e;/e,| = f(w) where A — jw, to five. From (2) and (3) it follows in fact 
that the polynomial 


eje = ag 23 + a, 2? + aå -+ a4— P 
has (for 4 = jw) the modulus 

Va, w? + a, w)? + (—a, o? + ay)’, 
"whose derivative is given by 


*) Reference *), pp. 258-263, 410-428. 
**) As an illustration of conditions (1) - (7), see fig. 1. 
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2 (~a; eX? + a) (—3 az w? + a4) +-2 (—a w? + ay) (2a, w) 
2 y (—a; &? + a, w)? + (—a; w + a)? 


which is zero at no more than five real values of c. . 

Not every rational function of 4 is realizable by a passive network. Con- 
ditions for the possibility of realization are: 

(4) The coefficients ofthe polynomialsi in the numerator and denominator 
of the function must be real. 

The function will thus have conjugate-complex values for conjugate- 
complex 4’s. Therefore the band 0 < œw < +1 in which (1) is valid can 
be extended to —1 < w < +1. 

(5) The numerator polynomial of eife, must be a Hurwitz polynomial. 

This means that the real part of any of its zeros must be negative *). 

Now, Cauer puts two additional conditions: 

(6) The attenuation curve shall contain the maximum possible — 
of extrema, all extrema lying in the transmission band. 

(7) The minima shall all be equal (for example, attenuation is zero); 
the maxima shall all be equal, and equal to the attenuation at œ = 1 (in 
our case the attenuation is 0-097 neper). 

Cauer showed that this is possible in one way only, and that at the same 
time this way gives the maximum possible attenuation outside the trans- 
mission band **). ` 

The method of Cauer for obtaining the required function now follows. 

The function |e;/e,| must oscillate between two extremum values, 1 and 
L1, in the band —1 < c < +1. Now [ei/e,| is the square root of an even 
sixth-degree polynomial in w, as follows from condition (3). This poly- 
nomial, therefore, must oscillate between 1? and 1°12. 

We know an even polynomial of the sixth degree that oscillates between 
the values +1 for —1 < œw < +1; namely, the Chebyshev polynomial 


A = cos (6 arcsin w) = 1—2 sin? (3 arcsin œw) = 1—2w? (3—4o?y.. 


The function (1—A)/2 varies between 0 and for —1 < c < +1, and it 
increases to -|- co for values of o "oitside this band. We can constrict a 
polynomial that meets our fequirements, by multiplying (1—4)/2 by 
1:1:—1 and adding 1 to it. It becomes 


B ~ 1 + 02 e?*(3—4o?). 
We now have found a suitable expression for |eile,[? but not yet for 


*) The zeros of the numerator polynomial of ej/e, represent the free oscillations of the 
network, i.e., if P has a zero x -+ jw the network has a free oscillation e, = cup exp (xt) 
cos ct. A positive x means a free oscillation of increasing amplitude, which is impossible 

: in a passive network. 
**) Reference *), pp. 371-402. 
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eie, = P. The latter may be found as follows. Às c is by definition a eal 
quantity, the function B has only a meaning along the w-axis. We can 
easily derive from it a function B that has a definite value at each point 
of the complex a- -plane by substituting —jA for w: 


B= 1 + 02(—jA)? [34 C32)39. 
: Along the w-axis B and B are identical since along this axis 4 = jo. 
As B coincides with l - 
. leieuE = (ag o? + ay)? o? + (~a œ? + a)”, 
B must coincide with . 


E (as A + a)? 2 + (ag 2 + ag)? = 
— [as 32 + ay + Alag 12 + a,)]. Lag 32 + ao — Alag 22 + @)] = P(A) P(A). 
To derive from the known function B = P(A) P(—A) the unknown 
P(A), we split P(A) into factors (A—A,) (4--45) (A—Ag) in which 24, Ag, Ag. 
are the roots of the equation P(A) = 0. 
As P(—A) follows from P(A) by substituting —A for 4, the zeros of 
P(—A) are —4,, —A,, —A, and therefore B may be written as follows: 


m (4 — Ai) (4 + A) (Av Ag) (4 c Ag) (A— As) (a + As) x 


The way to evaluate P(A) is clear now: by solving the sixth-degree 
equation B = 0, we find six roots A,, —A, Ag, —Ag, Ag, —À- 

As P has to fulfil the condition (5), the real part of any of its roots has 
to be negative. 

From each of the three pairs of roots + 4,, + g, + 43 we have therefore 
to select the one with the negative real part to construct the polynomial 


P(A) = (3—2) (4—7) (7—7) - 
In our numerical example the roots of B are those of the equation 
| 5 — 97224 4 — 1635 = 0, 
-or Ay = + 0:538, A, = + (0:268 — 0:983j), ta = adu + 0:983j) . 
Therefore P becomes 
(A + 06:538) (A +- 0:268 -H 0:9837) (A + 0:268 — 0:983j) . 
The attenuation curve in decibels, 20 log |P|, is given in fig. 1. 


1-2. Solution of the same problem by the method developed in the present 
paper 
The procedure according to the method to be described in this paper is as 
follows. f 
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t 51909 
Fig. 1. Attenuation curve satisfying conditions (1) - (7). The frequency w is plotted along 
the horizontal axis. Along the vertical axis are plotted the damping constant x as well 
as the attenuation in db. The three crosses. represent the zeros of eile, in the complex 
plane of À = x + jo. l 


A flat electrolytic tank gives a representation of the-complex A-plane. 
A band-shaped electrode A is inserted lying along the w-axis between 
—l «o < Ll. Another band-shaped electrode B, running in a large 
circle around the point 4 = 0, represents the point 4 == co. The potential 
of A is made zero; B is fed with a current of three units (the unit current is 
a constant of the apparatus). That equipotential f (fig. 2) is traced, where 
the potential is equal to V = —4 In (0:097/2) potential units *). The poten- 
tial unit must be so chosen as to yield a potential at each point of the tank 
equal to the natural logarithm of the modulus of the function that is 
represented. Electrodes A and B are then removed, and two electrodes C 
and D are inserted along the w-axis: C from œ = —co to œ = —1 and D 
from w = +1 to œ = +o. o 
E. is put at zero potential and D at potential V,. Those points 24, A; 


*) A first-order pole of a function is represented in the tank by a needle-shaped electrode 
‘that feeds a unit current into the electrolyte. A first-order zero is represented by.a 

needle-shaped electrode taking a unit current from the electrolyte. F 
Thus we may determine the potential unit, for example, by putting two needle-shaped 
electrodes into the tank at the points A = + 1; the one fed with a positive, the other 
with a negative current unit. The potential difference between the points + !/,, mea- 

sured in potential units, then must be 
| i-l —-ictl. 

1 = i n EP = 2 In3. 
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~ 


Ag Ag, Àg, Ag of D where the potential is equal to V,/6, V,/2 and 5V,/6 
are traced. The three points 4, Ag, A; lying in the negative half-plane repre- 
sent the zeros of the polynomial that gives the required transfer function. 

In this simple case the functions that are used in constructing the trans- 
fer function are trigonometric (in the Chebyshev function). Cauer, in the 
more general case of one transmission and one attenuation condition, needs 


elliptic functions. 


| 31340 | 

kK 
Fig. 2. Equipotentials in the electrolytic tank. The electrode is inserted along the heavy line 
from w = —1 tow = +1 and gives an equipotential f bearing the potential —}In (0097/2). 
Then the electrode is replaced by two electrodes from œw = —co tow = —1 and from 
d = +1 to w = +0, producing the equipotentials y. The points of intersection of B 
and y give the roots Àj, «+», Ag. 


If we put several different attenuation conditions we come to hyper- 
elliptic functions for the construction of the transfer function. In these 
complicated cases the use of the electrolytic tank continues to give a 
relatively simple way of determining the transfer functions. 


L:3. Field equations of the electrolytic tank 


As our method is mainly based on the correspondence between the real, 

(or the imaginary) component of an analytic function and the potential , 
field in a flat electrolytic tank, it may be useful to give a brief review of 

that correspondence (sections 1:3 to 1:6) before going into the main 
problem. 

We shall first recall the field equation of the electrolytic tank. Let us 
consider a volume element of the electrolyte (fig. 3). If no electrode is 
present, the sum of the currents passing through the sides of the element 
must, in the stationary state, be zero; therefore BM 


dig Ob, 


dit . i : , 
— = d ri=0Q0 la): 
>é p € ivi l (la) 
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where i "denotes the current-density vector, and £, 7, ¢ rectangular 
cartesian coordinates. . 

In the proximity of an infinitesimal electrode, feeding a finite current I 
into the electrolyte, the left side of equation (la) becomes meaningless. 
(la) may be replaced in this case by 


fi.dS=I . (1b) 


The left-hand side of (1b) is a surface integral of i over a closed surface 
surrounding the electrode. i 


Fig. 3. Volume element of the electrolyte. 


The electric field strength F in the stationary state will have the same 
direction as the current-density vector, and will be given by 


F= oi, @) 


where o is the specific resistance of the electrolyte. 
The electrostatic potential V is defined by 


oV 

E ES 

oy oc : 

— = —F,) or grad V = —F.. . 
07 : 

oV 

MET 

at s 
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a 


V. V V 7 
BO WE 73 = 0 if no electrode is present, (4a) 


(1/2) f grad V. dS = —I if an electrode is present carrying the current I. (4b) 


The correspondence between these equations and the electrostatic and - 
hydrodynamic field equations has led to the use of the electrolytic tank 
in many experiments. 


1:4. The differential equation of "Laplace 


We shall now consider the analytic function 


2(A) = x(2) + jy (4) = x(x, w) + jy Ge @)- (5) 


The independent variable is designated by 4 = x + jo and the depen- 
dent variable by z = x + jy. In the case of networks, À represents the 
frequency parameter, w the frequency, the damping constant, and z the 
ratio of either two currents, or two voltages, or a voltage and a current. 

From the condition that the differential quotient at any point shall be . 
independent of the direction of då, the two differential equations of 
Cauchy-Riemann follow, viz. 


— = km ` l 6 
Ox dw Í (6a) 


2 2 2 
LR ME 
x dw dx ðw 
which must be valid in all except the singular points of the A-plane. 

As (7) corresponds to the two-dimensional case of (4a), it is possible, by 
satisfying the boundary conditions, to represent one of the components 
x or y in a part of the A-plane by the potential V in a flat electrolytic 
tank with vertical cylindrical electrodes. 

The correspondence between a component of an analytic function and 
the hydrodynamic potential of a two-dimensional fluid motion has often 
been used. Klein ?) applied the electric current in closed surface layers of 
‘conducting material as an illustration for considerations regarding the 
theory of functions. Kleynen *) used the analogy between the electrostatic 
potential in the two-dimensional case and the height ‘of a rubber membrane 
(which also approximately satisfies the Laplace equation) for the deter- : 
mination of potentials and electron paths in electronic devices. Schouten 
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and Klute 5) used the analogy between a rubber or soap membrane and a 
component of an analytic function for considerations regarding the in- 
fluence of internal losses on the characteristic of a wave filter. 


1:5. Singularities 


So far we have considered orly those domains in which the function z(4) 
is aralytic. We skall now discuss the singular points. As our aim is to con- 
struct a transfer function that can be realized by a finite network of lumped 
impedances, and as this transfer function is a rational function of the 
frequency parameter A, we are interested in rational functions only. 

Now it is always possible to write a rational function z(4) in the follow- 
ing way 
(A= A) (= Bay) oo (Ling) 
(A= dy.) A — Ig) = 0— A) 


Ap,» ++» Àp, being the zeros of the numerator, and Án, +++ > An, those of 
the denominator. mE 

For our purpose it is convenient to consider the logaxithm of this function 
_ Which may be written as the sum of a series of terms: - 


z(4) = A 


(8) 


Inz= Ind + In(A—Az,) +... + n(A—Az,)—ln(A—Ay,)—--- In (A—Ay,) (9) 
This equation can be separated into 
In|z| == In] 4] + In| 4à—47, | + ... 4-1n|A—Az,|—1n|A—A,|—...—1n|A—A;,|. (10a) 


arg z — arg A + arg (7n) +... + arg (A-Ap,) — arg (A—Ay,) — 
— arg TN (10b) 


|z| being the absolute salie of z, arg z the argument, arctan (y/x), of z, etc. 

Consider one of the terms In|A—A,,|; it represents the logarithm of the 
distance | ÀA—45,| from the point å to the zero A7, in the 2-plane. Upon repres- 
enting the 4- -plane- by the flat electrolytic tank we can obtain a potential 
proportional to the logarithm of the distance between the point under 
consideration 2 and a fixed point Ar, by putting a ncedle-shaped electrode 
at the point År, giving a current I to the electrolyte, and placing another 
electrode at A — co taking a current I from the electrolyte. 

- In the vicinity of Ap, the equipotentials are small circles around this . 
point; therefore we may use a small electrode of circular cross-section 
(radius 6) and of finite potential instead of an infinitesimally thin one - 
with potential co, without essentially deforming the potential field (except, 
of course, in the area covered by the cross-section of the finite electrode). 
The electrode at 4 = oo may in our case be represented by a band-shaped 
electrode running in a large circle of radius 1/5 around the point 4 = 0. 
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If |4r,| «& 1/ó the deformation of the field by this approximation will be 
small. 

From (4b) we further see that, if the current I in the electrode is changed 
into uI, the potential V(A) at any point 4 will increase by a factor m. 
From (4) there also follows the well-known law of additivity of the poten- 
tial field, which says that the field caused by a combination of two or more - 
infinitesimal electrodes equals the sum of the fields caused by the single 
electrodes, provided each of them carries the same current as in the com- 
bined case. 

Therefore, if we put electrodes carrying currents —2z/p at 4 = dp, 
Ap, -.. and others carrying currents J-2z/o at A = Aw, Ay, -.. (while 
an electrode at 2 = oo absorbs the diference) u we get a potential field 
described by 


V = ln|A—Ag,] +... + In| Aap, | — Inf A—Ay, | — -. — 1n [Aap | (11) 


(A—Ap,) «+» (4—år,) 
(A—Ay,) +» (Aang) 


which gives the required representation of the logarithm of the modulus of 
a rational function in the tank. This reasoning is correct only if we take 
infinitesimal electrodes and a surrounding circle of infinite radius, but it 
holds fairly well approximately if we take finite electrodes of small radius 
ô and a surrounding circle of large radius 1/6 *). 


V= (12) 


1:6. Representation of the imaginary part of z(4) in the tank in which the 
real part is represented by the potential 


If the potential in the electrolytic tank represents the real part x of 
an analytic function z(4), the imaginary part y may be represented in the 
tank in the following way. The field strength F at the point 4 represents 
the variation of x per unit of length in the direction perpendicular to the 
equipotential, According to Cauchy-Riemann this is equal to the variation 
of y per unit of length along the equipotential, and according to (2) it is 


*) Generalizing this to an infinite number of infinitesimal electrodes carrying positive or 
negative infinitesimal currents of the same absolute value, we get 


V(Ag) = J m(A) In|ay—A] dS , (13) 
m(A) being the number of electrodes carrying a positive current per unit area of the 
tank minus the number of electrodes carrying a negative current in the same unit 
area, and dS being the surface element. 
This is the analogue of the electrostatic equation 


V(r) - [d ) dv 
in three dimensions, where o(r) is the charge density and dv the volume element, 


* 


4 
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equal to gi, that is, ọ times the current per unit of length of the equi- ` 
potential. The difference y(4,) — y(4,) for two points on the same equi- 
potential (fig. 4) is therefore equal to the integral of ot along the interme- 
diate part of the equipotential, that is, ọ times the current paras be- 
tween these two points. 


43 


Ag 31942 
Fig. 4. Equipotentials and gradient curves in the electrolyte. 


If we pass from A, to 2, along a gradient curve, the imaginary part does 
not change. Therefore, the difference between y, and y, at two random 
points A, and A, is represented by the current flowing through the Faraday: 
tube whose two boundaries pass through A, and 44. 


2. Determination of the transfer function 


2:1. Statement ar the problem 


We shall now proceed to our main problem, the determination of the 
transfer function. i 

Let it be required to construct a filter with a number of transmission 
bands D,, D,,..., Dn along the frequency axis in which the attenuation 
is allowed to vary between the minimum a, and ay +- 24a, ag + 2425, . .., 
ag + 2Aan (doy, 405,..., Aan being given quantities smaller than, say, 
1 db). Further it is supposed that we want a number of attenuation 
bands G,, G,,..., Gm where the attenuation is allowed to vary between 
ao + Oy, Ay + z.e» Qo + am and ag + a + 24a,, ay + a, + 2405, ..., 
dg +- am + 2Åam (a4, 05, ..., Om being given quantities > 15 db and fa, 
Aa,,..., Aag given variations of attenuation, ranging from 0 to co). 
The poblema is to find a rational function of which the poles and zeros lie 
in the negative half of the A-plane, and of which the logarithm of the 
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modulus represents on the w-axis a curve corresponding to the requirements 
given above (see fig. 5) *). 


Though it is possible to realize transfer functions with zeros in the positive half-plane, 
we have included the condition that the zeros shall lie in the negative half-plane, as this 
leads to less complicated networks. 

The method may be extended without difficulty to the case where also the minimum 
attenuations in the different transmission bands are different. This, however, seems to ‘be 
of no practical importance. 


Fig. 5. Filter curve satisfying the conditions of section 2:1. 


To solve this problem we shall discuss in section 2-4 an electrode con- 
figuration for the electrolytic tank that furnishes a potential distribution 


In[F,| with the property that on the w-axis Ye + | £,|? answers to the 
requirements for the modulus of the reciprocal of the transfer function. 
The function F,, however, is equivalent, mathematically, to a non- 
rational complex function. Therefore, in section 2°5 we shall derive a rational 
function that-is a close approximation to the function F|. 
This rational function we call h/f, h and f being polynomials in 4 sid 
real coefficients. The difference between h/f and the original function F, 


is made sufficiently small to warrant that also ye + [h/f] answers the 
requirements for the modulus of the reciprocal transfer function. 

h/f will turn out to have poles and zeros on the w-axis only. The function 
e+ [h/f ? appears to be rational and real-valued on the w-axis. Its zeros are 
lying symmetrically to the w-axis. From this function there can be derived a 
rational function g/f, the zeros of g being the zeros of £^ + |h/fP that are 
to the left of the w-axis. Then g/f answers the requirements mentioned 
above, and g/f can be realized as the transfer function of a four-pole. 

*) In fig. 5, at all maxima and minima of the attenuation curve in each of the bands, the 
attenuation reaches one of the limits ag, a, + 241a» or dy + ap, Qo -H a + 2dap which 


it may not surpass in virtue of the mentioned conditions. 
In section 4°7 it will be made plausible that this leads to the minimum numbers of coils. 
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As the evaluation of g/f from h/f amounts to solving an algebraic 
equation of high degree (which may be done, for instance, by Graeffe’s 
method 5)) we may then consider our problem as solved in principle. 

More efficient methods are discussed in sections 3:6, 3-7, and 3:8. As 
only the requirements of |g/f| are given we shall follow the above reasoning 
in the opposite direction by deriving from g/f the requirements for h/f 
(sections 2:2 and 2:3) and Fy. 


2:2. Deduction, from the izatisich function g/f. of a function h/f the TM 
and zeros of which lie on the w-axis 


We denote the transfer function by f/g, in which f and g are polynomials 
in À with real coefficients, having | ie zeros f, fo. ..., Jm» and g,, 
B2» ***9 Suse l 

Now, staal of by f/g, the filter may be characterized by a function of fjg. . 

From the conditions for the transfer function we now want to deduce 
those for a rational function h/f, the poles and zeros of which all lie on the 
c-axis. 

We shall follow here a reasoning of Piloty **). [g/f|? — «°” will tend to zero 
in the transmission band. Now |g/f|? = (g/f)k + (g/f)}, if (g/f)p denotes 
the real and (g/f); the imaginary part of g/f. Along the w-axis the real 
part coincides with the even part, and the imaginary part with —j times 
the odd part. 

Therefore, on the w-axis we can write 


UCM MO 
Iff (elf) GPS — [elf s+ (rifv Ls (elf = 555 


(This result also is evident from the fact that g(4)/f(4) and g(—4)/f (—4) 
are conjugate complex if å is imaginary.) 

To every pole or zero 4 = dg of g(1)/f (4) there belongs a pole or zero 
A = —2a of g(—A)/f(—A). Therefore g(4)8(—4) and f(A)f(—2) may be 
written as a product of factors 


(A—Ag) (A+ Ag) = 4—2; (15) 
so, g(A)g(—A)/f(A) f(—2) is a rational function of 22, 


*)If f and g are polynomials of different degrees v, and vg, the quotient fjg will tend to 
A. as A tends to ©, and therefore the point 4 = co is a zero of degree v,—», or a pole 
of degree vy—v, of the. quotient. As all other zeros of the quotient are zeros of f and all 
other poles are zeros of g, the total number of zeros of f/g is equal to its total number 
of poles (a zero (pole) of degree n may be understood as the limit case of n zeros (poles) 
at intermediate distances that tend to 0). For simplicity we will speak of these zeros or 
poles at A = œ as additional zeros of f or g respectively. In this way of expression f and 
g have an equal number », or 7, of zeros, 


**) Reference ?), pp. 389-402. 


(14) 
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‘Therefore we can write 


FA) F(A) 


in which R is a rational function of 2? that may be written as 


(22—Ay,2) (12—Ap,2) ... 

(2—Ay,2) (B—dy 2) 

(An) (AA) = (AE Any) (A+ Aag) - 
(Ine) GÀ) AF Ar) AF Am) +e 


In general, different functions S(A) are possible. 

In the actual construction of the network, the function h(A)/ f (4) = S(4) 
(see below) turns up, and there it is necessary to use an h(A) with real 
coefficients. This means that to every zero Ap, of h there should be a 
conjugate-complex root Až, 

There remains, however, freedom to choose out of pairs of zeros + Aq, 
an arbitrary one for h(A), the other then being a root of h(—4). If h(A) 
has to have n, complex zeros and n, real ones, there are therefore 2+"? 
different h(A)’s possible. If the zeros of h(A) are all lying on the o-axis 
this arbitrariness disappears. Any zero Az, of h(A) then coincides with a 
zero —A*, of h(—A), and, of course, its conjugate Aj, coincides with —A,, 
of h(—A). 

On the w-axis R is equal to |g/f|?— 2. The poles of S are those of g/f; 
therefore S may be written as h/f, in which k and f are polynomials, and 
our equation ultimately becomes 


EOS MPO 
AOSD FOIE 


We will assume for the moment that the zeros of f are already situated on 
the w-axis (this means that the attenuation in the attenuation bands 
oscillates between the minimum attenuation of the band and oo). Later on, 

‘in section 3:9, we shall discuss the cases in which the zeros of f are not 
on the w-axis. 

The zeros of h on the w-axis are the points in which |g/f| = £^, and there- 
fore, according to the conditions of section 2:1, the points where g/f reaches 
its minimum. . 

Making allowance for the conditions of section 2-1, we may give |g/f| 
such shape as to bring all zeros of h on the w-axis by giving it a number of 
minima, |g/f | = et, in the transmission bands equal to the number of 
zeros of g, and therefore it is possible to use h/f as a function characterizing 


R= A? 


= S(2) S(—a). (7) 


(18) 
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the filter, with poles and zeros on the w-axis *). In agreement with Caner 
and Piloty we shall call h/f the characteristic function. 


2:3. Deduction of the requirements for h/f from those for g/f 


The requirements for the attenuation curve given in section 2:1 may be 
transformed into those which the function h/f has to satisfy if some small 
approximations are allowed. 

If we assume the minimum attenuation in the attenuation bands to be 
always more than 15 db, we find in-these bands 


e^jglf|- Vi000, so sm jalf > 30. 


Therefore, according to (18), 


leif — h/f P 
[h/t P 


IFP ~ |e/fP. 
the relative error in |A/f|* will be smaller than +y, which corresponds to 
0:17 neper = 0°15 db. 
In the transmission band D, . 

e^ |glf| — è, 
6 here being a small number varying between the values 0 and 24a, 
(da, is the attenuation variation mentioned in section 2:1, measured in 
nepers). 

The value of £^ |g/f[? then is approximately equal to 1 n 2ô, and 
thus, according to (18), the value of £7" [h/f |? varies between 0 and 44a; 
so In|h/f|—a, varies between —co and In 2 + 4 In Aap. If we assume Aap 

| to be always smaller than 0:1 neper, the error in & ?*|g/] |? is less than 0:09; 
so the relative error in the maximum value of [h/t] is less than 
$. 009/04 = 11:2 %, corresponding to 0°15 neper = 1 db. 

We find that, apart from the approximations we have introduced, the 
requirements of 2-1 are transformed into the following requirements for h/f: 


z9- 


Thus, if we put 


in the transmission band D,, In|h/f|—ay must be X In 2 4- $ In dap, (19) 


in the attenuation band Gy, lu |h/f|— ao must be = aj, (20) 


*) In the case of a purely reactive network, if a, = 0, the function In (g/h) is identical with 
the reflection function defined by Cauer and Piloty (reference ?), p. 397), and the equa- 
F(A) f(A) | h(A) h( 2) 


8) s) © g(a) 8-2) 
transmitted power + reflected power = inflected power. 


` tion (18) then can be written as 1 = which means that 


16 J. F. ELINKHAMER ^ 


2-4. Non-rational auxiliary function F, 


In the preceding section. we found the conditions that must be fulfilled 
by h/f in order that g/f may fulfil the conditions of section 2:1. We have 
yet to find a function h/f that actually fulfils these conditions. To this end 
we first discuss an auxiliary function, F}, which is non-rational and fulfils 
the requirements (19) and (20), using the correspondence between the 
real part of an analytic function and the potential in a flat electrolytic 
tank as described in sections 1:3-1:6. 

A non-rational function F, satisfying to (19) and (20) is easily found. 
At every point of the transmission band D, we make ln |F;| = In 2 + 
4In Aay, and everywhere in the attenuation band G, we make In |F,| = ay *). 

We may now find the values of the function In |F,| at other points by 
putting in a tank, representing the A-plane, a number of band-shaped 
electrodes along the transmission and attenuation bands on the w-axis, 
having potentials proportional to the attenuation constants mentioned. 
If the point at infinity is not included in the transmission or attenuation 
bands, no special measures have to be taken for that point. If it is, it might 
be taken into account by-giving to a large circular electrode around the 
origin the potential of the transmission or attenuation band that is passing 
through infinity. A special tank; ‘ii which the point at infinity is trans- 
formed into a definite point in the electrolyte, will be described later. 

The potential at an arbitrary point of the A-plane will then be propor- 
tional to In |F,| at that point; so we may, if it should be desired, find 
experimentally the value of In |F,| at every point of the A-plane. 


2:5. Approximation of F, by a rational function 4 ; the function F 


Using the electrode configuration discussed in the preceding section we 
-may express the potential at an arbitrary point Ap by equation (13) (foot- 
note). Here we can replace the surface integral by a linear integral along 
the electrodes, as only along these electrodes current is flowing into or 
out of the electrolyte. 
We find therefore 


2% f i 
y-— | i(4) In |45—2| aa, (21) 
0 


where i(4) means the current per unit of length of each band electrode 
flowing out of the electrolyte (where the current is flowing i in the opposite 
' direction we use the — sign). 

We may divide each band electrode by a number of points a, b, c, ... 
(fig. 6) so chosen that the currents flowing from the electrode into the 


*) We have dropped here the constant a, as being quite muse for the calculation; 
it may always be introduced again at the end. 
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-electrolyte between any pair of adjoining points are equal, while the first 
and the last of the points coincide with the two edges of the electrode. 
The integral (21) may be written as 

b 3 € ` 

f i(4) In |45—4| da + f i(4) ln |Ap—A| dA +... . 

a b 
Now, if the distance ab is small compared with lAp—A|, the variation of- 
|Ap—4| along the traject ab will be small, and we obtain a good approxim- 
ation if we replace the integral 


fiam apa] da by bioa fi (a) aa, 


where A is so chosen that the current entering aA is equal to that entering 


Ab (fig. 6). 


Fig. 6. The heavy line represents a band éleápudis In the region ab the same amount of 
current is fed into the electrolyte as in be, cd, de, ef. The band electrode is replaced by 
needle electrodes at 4, B, C, D, E. The potential distribution remains, to a fair degree 
of approximation, the same at points not too close to af. 


This particular subdivision leads to a transfer function in which the 
extrema of the attenuation of each kind in each band all are equal, as 
will be shown in section 3:4. In section 4'7 it will be seen to be the most 
economie transfer function (maximum attenuation a, and minimum 
variation of attenuation Ja, with, a given number of we 

We may extend this procedure to all trajects ab, bc,... . The modified 
formula (21) is 


rete fiO ue DE (1) dà 4- ..., (22) 


which gives us the potential distribution that would be caused by a number 
of needleshaped electrodes at the points .4, B,..., each carrying a cur- 


rent l i(A) ) dà. 


pot to (12), tbis electrode configuration corresponds to a rational 
function ; ` 


(Ap—A4) (Ap—Az) «+ 
( )( )-- Z" 


or to any power of it. (À constant factor in 4 amounts to a constant 


A= 
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additional term in V. As this term is of no importancé to the procedure, 
it will be omitted.) Here the factors in the numerator correspond to the 
needle electrodes taking current from the electrode; those in the denom- 
inator to the ones that give current. We can now alter the number of 
points a, b, c, d, ete., until the current that is to be fed to the needle 
electrodes replacing the band electrodes in order to acquire the desired 
potential distribution, is plus or minus a unit of current (the relation 
between the unit of current and the ünit of potential is given in section 
1:1). Provided the number of needle electrodes needed in each band is an 
integral number, the new function becomes a purely rational function. 
This function is a good approximation of F} at all points of the A-plane 
except at those where the distances to two adjoining needle electrodes 
are about equal to, or less than, the distance between those two elec- 
trodes. Ín practice this means that in the vicinity of the transmission 
and attenuation bands the difference between In|A| and In|F,| becomes 
perceptible. 

Along the transmission’ or attenuation bands in which the needles are 
Situated, the mean potential is equal to the potential of the band-shaped 
electrode. Now, the potentials of the needles will tend to infinity as their 
cross-sections are reduced to zero. At the needles of small cross-section 
the potentials are higher than the potential of the band-shaped electrode, 
and, therefore, at the minima between the needles the potential will be lower. 
As will be discussed in section 3:4 the difference between the minimum 
and the mean potential amounts to In 2. Therefore, in actual determination 
of h/f we have to use a function F given by In|F| = In|F;|-1n2 in the 
transmission bands and In |F| = In| F;| + 1n2 in the attenuation bands. 


2-6. Finding the singularities of In | 4| 

Except for the difference between A and h/f mentioned at the end 
of the preceding section, our problem now is reduced to finding a 
distribution of needle-shaped electrodes along the different attenuation 
and transmission bands in which every electrode will feed or take an equal 
amount of current, and which produces a mean potential distribution 
approximating that of the band-shaped electrodes mentioned in 
section 2'4. 

We can find such a distribution if we start by putting band-shaped elec- 
trodes into the tank along the different bands and on the desired potentials, 
then measuring the distribution of current along these electrodes. If 
afterwards we replace every band electrode by a series of identical needle- 
shaped electrodes, making everywhere the number of needles per cm 
proportional to the measured current per cm, we can feed each needle with 
the same amount of current. At some distance from the electrodes the 
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current distribution will then be approximately equal to the one that was 
generated by the original band-shaped electrode, and therefore the potentials 
in both cases will also be the same. 
. In principle we may find the distribution of current along the band- 
shaped electrodes by tracing an equipotential curve running very close 
to the electrode. The distance between an arbitrary point of this curve and 
the electrode is then proportional to the current per cm at that point. — 
However, in section 3 a method will be discussed for finding the 
positions of the needle electrodes, based on the same principles but allowing 
a more accurate formulation. and a more accurate result. 


2-1. Preventing the appearance of zeros of A in the attenuation bands or of Boles of A in the 
transmission hands 


In those parts of the band-shaped electrodes which feed current into the electrolyte, the 
function A will have poles, while in parts of the electrodes that take current, the function 
has zeros. 

Now it may happen that the attenuation requirements lead to a configuration in which 
current is taken at some parts of the attenuation bands. In the more general situation 
where there are several transmission bands, all with different attenuations and/or atten- 
uation variations, the reverse case, ie., when current is given in the transmission bands, 
may also occur. This means that the function 4 will then have zeros in the attenuation 
bands or poles in the transmission bands. 

Now, if we remove a zero from A the value of A in the vicinity of that zero will increase, 
which means, according to section 2°3, that the attenuation of the filter will increase. 
Therefore, by removing a zero from an attenuation band we are improving the filter. 
So, if there are in the attenuation bands band electrodes entirely or partially taking current, 
we may remove them, or shorten them, until the remaining part is giving current over the 
whole of its length. In the transmission bands the same goes for electrodes partially or 
entirely giving current. > 


— w sss 


Fig. 7. The system of fig. Tb satisfies the same attenuation conditions as that of 


fig. 7a, but leads to a transfer function with a smaller number of poles and zeros. 
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In fig. 7 we have given an example of what will happen to the attenuation characteristics 
if one removes the electrodes taking current from the attenuation bands. In the ranges 
G,, Gz, Gy, Gy the required attenuations are à, dg, (ts, G4. When the auxiliary function In |F;] 
is made constant in these ranges, the shape of the attenuation characteristic is approxim- 
ately as shown in fig. 7a. The attenuation in the proximity of G, here turns out to be 
higher than at G; itself, If, therfore, we leave the function undefined at G, and only fix 
it by means of the remaining electrodes, the attenuation at G, will be higher, and the 
characteristic will be better. The electrode in G, may be shortened until at the left-hand 
extremity the curzent taken per cm is zero Then, the gradient of the potential there must 
also be zero; the potential iznction. therefore, must match smoothely with the horizontal 
part. The modified curve is given in fig Tb. - 

- As will become evident in section 3°4, the same reasoning holds if we read In|F| for In| F,| 


and h/f for A. 
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THE GYRATOR, 
A NEW ELECTRIC NETWORK ELEMENT 


by B. D. H. TELLEGEN 
538.55:621.392 


Summary 


Besides the capacitor, the resistor, the inductor, and the ideal trans- 
former a fifth, linear, constant, passive network element is conceiva- 
ble which violates the reciprocity relation and which is defined by 
(10). We have denoted it by the name of “ideal gyrator". By its intro- 
duction the system of network elements is completed and network 
synthesis is much simplified. The gyrator can be realized by means of a 
medium consisting of particles carrying both permanent electrie and 
permanent magnetic dipoles or by means of a gyromagnetic effect of a 
ferromagnetic medium. 


Résumé 


A côté de la capacité, de la résistance, de l'inductance et du transfor- 
mateur idéal on peut concevoir un cinquième élément de circuit, 
linéaire, constant et passif, qui transgresse la relation de réciprocité 
et qui est défini par (10). Nous l'avons appelé ,,gyrateur idéal". En 
lintroduisant, le système d'éléments de circuit est complété et la 
synthèse de circuits s'en trouve très simplifiée. Le gyrateur peut être 
réalisé à Paide d'un milieu composé de particles portant à la fois des 
dipóles électriques permanents et des dipdles magnétiques permanents 
ou au moyen d'un effet gyromagnétique d'un milieu ferromagnétique. 


1. Introduction 


The physical investigation of electric phenomena led to the creation 
of several devices which afterwards were used in engineering for the 
construction of electric networks. ! 

From electrostatics resulted the capacitor, whose properties are described by 


i dv / 
— i= C— 1 I 
* | db OF 
V where i is the current and vthe voltage. The coefficient V 
C is called the capacitance and is always positive. 
= From the investigation of currents in conductors ` — 
S298 . " 412/99 
Fig. 1. resulted the resistor, described by Fig. 2. 


Capacitor. v= Ri. (2) Resistor. 
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The coefficient R is called the resistance and is always positive. 
From electromagnetism resulted the inductor or coil, des- 


_eribed by 


di i 
v= L—. (3) 
v $2200 d 
Fig. 3. Coi. The coefficient L is called the self-inductance and is always 
positive. 
h b Two coupled coils are described by a set of two 
T =; equations 
| di di 
4 pes a u= L- -+ M, 
a de dt’ 
= E ‘ (4) 
2201 di E 
42201 v = = Me 1 DU a 


Fig. 4. Two coupled coils. 


The coefficient M is called the mutual inductance and is restricted by 
M? & LL, 

Further development of physics has not resulted in the creation of other 
similar devices and coefficients. Engineering has taken these devices into 
use as network elements, and we shall begin by recalling broadly what has 
been done with them. 


11. The network elements 


As to the network elements themselves, many types of capacitor, resistor 
and inductor are constructed for different purposes, with different values, 
for different currents and voltages, fixed and variable. It was soon dis- 
covered that elements whose properties are given by (1), (2), and (3) 
must be considered as ideal elements, which in practice can only be 
approximated; every capacitor, for instance, has some losses and some 
inductance, and similar remarks hold for resistors and inductors. 

n A : From the system of two coupled coils a more 
TÉ ^E radical development started. By making the coupling 

coefficient M?/L,L, as nearly as possible equal to 1, 


Ys Ma the transformer was created, whose properties in the 
E: n ideal state are described by 

52202 . . ty m — uis, ? 5 

Fig. 5. v= uù. ( ) 


Ideal transformer. 
The coefficient u is called the transformation ratio. 
For general considerations on networks we can better regard this ideal 
transformer as being the fourth network element rather ‘than the general 
system of two coupled coils. 
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As to energy relations: an ideal capacitor and an ideal inductor can 
only store energy; an ideal resistor éan only dissipate energy; an ideal 
transformer, however, can neither store nor dissipate energy but can 
only transfer energy, for, by (5), the absorbed power is always zero: 


iu dd cod. | © (6 
1:2. The networks pP 


By connecting the four types of network element together, networks 
can be constructed which give rise to several problems. In the first place, 
when given voltage or current sources are connected to a given network 
one may ask for the voltages and currents of the various branches of 
the network. These problems are denoted by the name of network analysis 
and may be considered generally solved. 

For engineexing purposes networks are often not given, but it may be 
asked to construct networks with specified properties. "The problems 
arising therefrom are denoted by the name of network synthesis, .and 
we shall go into them in some detail. 

To solve these problems the networks are classified in several ways. 
In the first place the networks are classified by the number of terminals, 
which we shall suppose always to be combined in pairs such that the 
current entering the network by one terminal of a pair is always equal 

to the current leaving the network by the other terminal of the same pair. 
` Thus we distinguish between two-poles, four-poles, six-poles,..., 2n-poles 
when a network has 1, 2, 3,..., n terminal pairs, respectively. In the 
second place the networks are classified as resistanceless networks and as 
networks with resistance. In the third place the networks are classified, 

according to the order of the differential equation to which they 


—d give rise, as networks of zeroth order, first order, second order, 
+ and so on. 
y A two-pole is characterized by a relation between the voltage 
and the current of the terminals, which may be written in com- 
— plex form, for instance, as 
$2203 
Fig. 6. V=ZI. (7) 


Two-pole; The two-pole parameter Z is the impedance of 


the two-pole and is a function of frequency. 

A four-pole is characterized by two relations 
between the voltages and the currents of the 
terminals, which may be written in complex form, 
for instance, as 


tap tat 


n + Iys ? 
Fig. 7. Four-pole. Vz = Za Ty + Za I- 
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The four-pole parameters Z4; Zi», Zə Zə are functions of frequency. 

A 2n-pole is thus characterized by n similar relations between the volt- 
ages and the currents of the terminals. The corresponding parameters 
of two 2n-poles with different networks may be equal functions of fre- 
quency. Such 2n-poles are said to be equivalent. 

The problem of network synthesis may be stated as the problem of 
finding the necessary and sufficient conditions for a system of functions 
of frequency in order that these may represent the parameters of a 2n-pole 
composed of the above-mentioned four types of network element; and 
further as the problem of indicating for each such set of parameters 
at least one way to construct a corresponding network. However, when it 
is required to construct a 2n-pole with specified properties, as a rule its 
parameters cannot be considered as given but must first be found. Now, 
in general, the more complicated we are prepared to make the network, 
the better we shall be able to satisfy given requirements. As the classi- 
fication of networks by their order is essentially a classification by their 
complexity, the problem of network synthesis may also be stated as the 
problem of finding the parameters of the most general 2n-poles of a certain 
order that are realizable with the help of the four types of network 
element, and of indicating for each such set of parameters at least one 
way to construct a corresponding network 1). 

The synthesis problem is solved in both senses for resistanceless two- | 
poles, for resistanceless four-poles, and for two-poles with resistance. 
For four-poles with resistance it is only solved in the first sense. 

The synthesis of resistanceless two-poles was accomplished by Foster *). 
The result, for the zeroth to the fourth order, is given by fig. 8. For every 
order there are two types of two-pole. Fig. 8 contains all those two-pole 
networks of these orders composed of L's and C's for which the sum of 
the numbers of L/s and C's is equal to the order of the two-pole. For the 
third order both types of two-pole can be realized by two such equi- 
valent networks, for the fourth order by four. 

The synthesis of resistanceless four-poles of a certain order was accom- 
plished by the author!). Apart from order zero there are four types of 
four-pole of odd order and five types of even order. 

The synthesis of two-poles with resistance was accomplished by Brune ?). 
For the Oth, Ist, 2nd, 3rd, and 4th onders there are, respectively, 1, 2, 
5, 12, and 29 types of two-pole. 

The synthesis of four-poles with resistance was studied by Gewertz 4), 
who succeeded in finding necessary and sufficient conditions for the four- 
pole parameters. He did not, however, tackle the problem of finding all four- - 
pole parameters of a certain order; so we might try to solve this problem 
and to construct the simplest corresponding networks. This problem is not 
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an academic one, as four-poles are most extensively used in engineering. 
However, we have seen above that the synthesis both of resistanceless 
four-poles and of two-poles with resistance is more complicated than that 
of resistanceless two-poles, and we must therefore expect the synthesis 
of four-poles with resistance to be still more complicated. 
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Fig. 8. Synthesis of resistanceless two-poles from the zeroth to the fourth order. 


2. Statement of the problem — the ideal gyrator 


For these reasons, before starting to try solving this problem, let us 
stop for a moment and look backwards. What are we doing as a matter 
of fact? Our four network elements have their origin in physics, and 
engineering has taken them for granted. It is worth while asking whether 
the system of four network elements is complete. The physicist has 
no reason to raise this question. He studies the phenomena of nature as 
they present themselves to him. For the technician, who wants to create 
useful systems, this question is of the utmost importance, and so we 
ask: “Besides the four known network elements are other, similar elements 
conceivable?” 

At first this question seems rather vague: what is similar? — what 
is conceivable? However, the question appears to be a very definite one 
if we pay attention to the methods and results of network synthesis. 


" 
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These are based upon the finding, first, of a number of general properties 

of 2n-poles composed of the four known network elements, and then 

trying to construct any 2n-pole possessing these properties by means of 

these elements. These properties are: 

(a) the relation between the voltages and the currents of the terminals 
is formed by a system of ordinary linear differential equations, with 

(b) constant coefficients; 

(c) the 2n-pole is passive, i.e., it can deliver no energy; 

(d) the reciprocity relation. 

This last property is expressed by the equality of those coefficients of 
the four-pole equations that lie symmetrically with respect to the principal 
diagonal if these equations express both voltages in both currents, or 
vice versa — the voltages and currents being taken positive according 
to fig. 7. Thus in (8) Za = Zi», and also (4) shows an example of this 
form of the reciprocity relation. If, however, the current of one pair of 
terminals and the voltage of the other pair are expressed in the voltage of 
the first pair and the current of the second pair, the reciprocity relation is 
expressed by the opposite equality of the corresponding coefficients; for 
from (8) it follows that 


Ls Vi = (Ase) Lh. : (9) 
V, = (Za/Za) V1 + (Zaz — Zay Zn) T; - 


Equations (5) exhibit an example of this form of the reciprocity relation. 
The .above-mentioned investigations on network synthesis show that 
any two-pole and four-pole possessing these four properties can be realized 
by a network composed of the four elements. It seems very unlikely that 
this will be otherwise for 2n-poles with n > 2. Therefore, if we restrict 
ourselves to 2n-poles possessing the four mentioned properties the answer 
to our principal question is in the negative: no other similar network 
elements are conceivable. If we want to extend the possibilities we must 
drop one or more of the four properties. 
If we drop the first property, the linearity, the principle of superposition 
will no longer hold and the systems will become much more complicated. 
Consequently, we want to keep this property. i 
If we drop the second property, the coefficients may become functions of 
the time, for instance periodic functions. Frequency conversion may then 
arise and this also complicates the system considerably, so that we want 
to keep the second property too. i 
If we drop the third property, the system must contain some source 
of energy. Amplifier valves, for instance, whose properties when dealing 
with small alternating voltages and currents are described by linear 
equations with constant coefficients, need D.C. sources of energy and thus 
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constitute elements more complicated than those passive elements consi- 
dered so far. Consequently, we want to keep. also the third property. 

` As to the fourth property, the reciprocity, however, compared with the 
former three properties this is of much less importance. A 2n-pole pos- 
sessing the first three properties but lacking the fourth may very well be 
termed similar to the 2n-poles composed of the four normal network 
elements. Therefore it seems worth while to investigate what it will lead 
to if we maintain the first three properties but drop the fourth. 

We shall need some new type of network element to realize these 2n-poles, 
in particular an element violating the reciprocity relation. This require- 
ment has no significance for a two-pole element, such as C, R and L, 
so we must look for a new four-pole element. The simplest types of four- 
pole are the resistanceless ones of order zero. These are types for which 
1,0, + iW = 0, as this expresses that energy can neither be dissipated 
nor stored in the four-pole. The ideal transformer, whose equations are 
given by (5): 
- i = —U i, ) (5) 
v= Uy, 


is an example of such a four-pole satisfying the reciprocity relation. 
Another such four-pole, but violating the reciprocity relation, is described by 


VQ = —S ly, 
10 

Vg — She en 
In fact, from (10) it follows that iy, + igv, = 0 whereas the coefficients in 
(10) are not equal, as the reciprocity relation requires, but oppositely equal. 
' For reasons given below we shall denote such a four-pole by the name of 
ideal gyrator. We shall consider the ideal gyrator as a fifth network element. 


3. Properties of the ideal gyrator 


nof 2. 
` The ideal gyrator has the property that it + * 
*gyrates" a current into a voltage, and vice versa. W i 
The coefficient s, which has the dimension of a 
resistance, we shall call the gyration resistance, = = 


whilst 1/s we shall call the gyration conductance. en 
In circuit diagrams we shall represent the ideal 
gyrator by the symbol of fig. 9. 

The following properties of the ideal pada are ʻe easily derived from (10). 

If we leave the secondary terminals open, i, = 0, the primary ter- 
minals are short-circuited, v} = 0, and vice versa. If we connect the 
secondary terminals by an inductance L, between the primary terminals 
we find a capacitance C = L[s?. Conversely, if we connect the secondary 


Fig. 9. Proposed symbol 
tor the ideal gyrator. 
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terminals by a capacitance C, between the primary terminals we find an 
inductance L — s?C. Generally, if we connect the secondary terminals by 
an impedance Z we find between the primary terminals an impedance | 
s?/Z. An impedance Z in series with or in parallel to the secondary ter- 
'minals is equivalent to an impedance s?/Z in parallel to respectively in 
series with the primary terminals, and vice versa (fig. 10). 


PEA 


52207 
Fig. 10. An impedance in series with one pair of terminals of an ideal gyrator is equivalent 
to another impedance in parallel to the other pair of terminals. 2 


Two ideal gyrators in cascade constitute an ideal transformer; an ideal 
gyrator and an ideal transformer in cascade constitute another ideal gyrator. 


4, Networks with ideal gyrators 


: If ideal gyrators were available we could investigate anew all network 
problems arising in engineering, and since the extension of the system 
of four network elements to five is a relatively large one, we may expect 
considerably improved solutions to be possible for most network pro- 
blems. As an example we may mention the system of two equal, critically 
coupled, tuned circuits such as are commonly used in the intermediate- 
frequency stages of superheterodyne radio receivers. If the circuits are 
coupled in an appropriate way by a gyrator and a resistance, the ampli- 
fication per stage, compared with that obtained with inductively or capa- 
citively coupled circuits under similar conditions, can be made larger by a 
factor 1 +- VZ. Further details will be given in a subsequent paper. ` 

Before investigating how an ideal gyrator might be realized or approxim- 
ated, we shall first devote attention to the theory of networks that máy 
contain ideal gyrators. As the reciprocity relation is of only subordinate 
importance in the methods of network analysis, this part of network theory 
is not much influenced by the introduction of the gyrator. Network 
synthesis, however, is influenced by it to a great extent and proves to 
be much simplified. 

The synthesis of resistanceless two-poles does not change by the intro- 
duction of the gyrator. We may add that, by connecting them to an ideal 
gyrator, the two types of two-pole of a certain order are transformed one 
into the other, as mentioned above for the two-poles of the first order, 
the L and the C. 
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The synthesis of resistanceless four-poles is much simplified by the intro- 
duction of the gyrator. For every order there are two types, which can be 
transformed one into the other by connecting an ideal gyrator to any one 
of their terminal pairs. 

As to the synthesis of two-poles with resistance, the addition of the 
gyrator does not create new possibilities, for the properties of a two-pole 
do not depend upon the reciprocity relation. However, the number of 
networks necessary for the realization of the most general two-pole of a 
certain order can be reduced to one by the use of ideal gyrators. We can 
construct this general type of two-pole of a certain order by taking any 
one of the two types of resistanceless four-pole of the same order and 
connecting any one of its two pairs of terminals by a resistance, whereby 
the four-pole changes into a two-pole. 

The same simplicity is expected to hold for 2n-poles. For every order of a 
resistanceless 2n-pole there are probably two types, which can be trans- 
formed one into the other by connecting a gyrator to any one of their 
terminal pairs. For every order of a 2(n—1)-pole with resistance there is 
probably one type, which can be constructed by taking any one of the 
two types of resistanceless 2n-pole of the same order and connecting any 
one of its n pairs of terminals by a resistance. 

These results of network synthesis will be fully dealt with in subse- 
quent papers. They show how much network synthesis is simplified 
by the introduction of the ideal gyrator, and demonstrate that it is only 
by adding the ideal gyrator to the four known network elements that a 
complete set of elements arises. 


5. Related problems in mechanics and electromechanies 


Before turning to the problem of realizing the gyrator we shall give a 
short survey of related problems in mechanics and électromechanics. 

Systems whose properties are described by a set of ordinary linear 
differential equations with constant coefficients were first studied in 
mechanics under the theory of small vibrations. A full account of these 
studies is given by Thomson and Tait in their “Treatise on natural philo- 
sophy”. In these equations special terms may occur, called by those au- 
thors “gyroscopic” or “gyrostatic” terms, “because they occur when 
fly-wheels each given in a state of rapid rotation form part of the system 
by being mounted on frictionless bearings connected through framework 
with other parts of the system; and because they occur when the motion 
considered is. motion of the given system relatively to a rigid body revólv- 
ing with a constrainedly constant angular velocity round a fixed axis” 5). 

As an example let us consider a system described by 
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dy dy, 
aus Cantu Xs 
diy "M (11) 
2 1 
ug Parce 
In these equations y, and y, denote two general coordinates of the 
System, W, and W, the corresponding general forces; a, and a, are the 
general masses, c, and c, the general stiffnesses. The terms — b dy,/dt 
and b dy,/dt, whose coefficients are oppositely equal, are called gyro- 
static terms. 
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Fig. 11. Two circuits coupled by an ideal gyrator. 


Let us compare with such a mechanical system the electrical system 
of fig. 11 in which two tuned circuits, L,-C, and L,-C,, incorporating 
e.m.f.'s v, and vs, respectively, are coupled by an ideal gyrator with gyra- 
tion resistance s. The pu" of this system are 


di, 
b+ idt — s i = %4, 
di 1 gu 
2 ] , À 
ha G, iadt + s i, = Ug. 
If we put i, = dQ,/dt and i, = dQ,/dt, we come to 
ag, 1 dQ, 
‘ae ge ae (13) 
dQ, , 1 dQ, 
h tat ea me 


which is of quite the same form as (11). The gyrostatic terms of (11) 
correspond to the terms of (13) arising from the gyrator, and it is because 
of this correspondence that we have chosen the name of gyrator for the 
new network element. Recently Bloch 9) devised an ideal gyroscopic 
coupler which is the exact mechanical equivalent of our gyrator. 

- Another field where gyrostatic terms arise is in the theory of electro- 
mechanical transducers. Poincaré, in his theory of the telephone 


LU 
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receiver ")8), deduced equations that in complex notation are of the form 
qu P ; 


V—ZI—AW, ? 


F=oAI+Z,W. (14) 


V, F,I, W are, respectively, the (complex) voltage, force, current, velocity; 
Ze is the (complex) electrical and Zm the (complex) mechanical imped- 
ance; —4W and AI are the coupling terms, in which A is real. 

We can derive from (14) the equations of a corresponding mechanical 
system by replacing the voltage by a force and the current by a velocity. 
The coupling terms then become a pair of gyrostatic terms, and so in 
equation (14) they are also often called gyrostatic terms. 

Equations of the form (14) occur in the theory of magnetic or moving- 
coil transducers. In the theory of electrostatic or piezo-electric trans- 
ducers the coefficients of the coupling terms have equal signs). Thus, 
if a magnetic and an electrostatic transducer are connected in cascade, so 
that by the former electrical oscillations are transduced into mechanical 
oscillations and by the latter the mechanical oscillations are again trans- 

_duced into electrical oscillations, the resultant four-pole will violate the 
reciprocity relation of ordinary networks. This was explicitly stated by 
Jefferson ?) and by Mc. Millan +°). 

So we could try to approximate the ideal gyrator by some special 

electromechanical apparatus. However, if we want to develop a gyrator 
that can also be used in high-frequency networks we must remember 
that high-frequency oscillations in electromechanical systems are only 
possible by the use of resonance (such as in piezo-quartz oscillators), 
and so we could at most arrive at a gyrator for a very narrow frequency 
range, contrary to the ideal gyrator, which has an unlimited frequency 
range. Our object must therefore be to approximate the ideal gyrator 
by other than electromechanical means. 


6. The origin of the reciprocity relation 


As the gyrator violates the reciprocity relation of ordinary networks 
we begin by recalling the origin of this relation, in the expectation that 
this will show us how to dispense with it *). 

Let us first consider two insulated conductors l and 2 with potentials 
v, and v, and charges Q, and Q,. The charges are linear functions of the 
potentials of the form 

Q = Cu v + Cyr, (15) 
f : Qa = C v; + Cog va « 
*) As the ideal gyrator has no dissipation we restrict our investigation to systems without 


dissipation. The reciprocity relation of systems ‘with dissipation has been studied by 
Onsager !!). 
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To change the charges by amounts dQ, and dQ, there must be supplied 
an energy 


v dQ, + va dQa = (Cy vi + Coy va) dv, + (Cra v4 + Coe vq) dug. (16) 
As this must be a total differential dU, . 


Cy 91 + Cy vg = aU/ov, , (17) 
Cig v; + Coz v = 0U/ov; , 
from which we arrive at 


oU dU 


= Cis (18) 


an Ov, OU, ui 0v,00, 
the reciprocity relation of electrostatics. 

We may generalize this result (Ehrenfest 1?)). 

There are many more pairs.of quantities in physics, such as Q and v, 
whose product is an energy; e.g., magnetic flux Ø and current i, mechanical 
displacement s and force K, turning angle y and moment M, entropy S 
and temperature T. If a pair of such quantities characterizing the state 
of a system are slightly changed, the energy supplied to the system is 
equal to one of these quantities multiplied by the increment of the other 
quantity: 

vdQ, id®, Kds, Mdo, Tds. 


The quantities axe thereby divided into two classes: v, i, K, M, T belong 
to one class of quantities and Q, ©, s, p, S belong to the other class. 

Suppose now, we have a system whose state is characterized by two 
pairs of such quantities, denoted by x,, y, and x,, ys, and let a linear 
relationship exist between them such as 


Yı 033, 41 n 19 
Yo = 05 % F Ugg Xe 99) 


Then, if x, and x, belong to one class of quantities and therefore y, and y; 
to the other class, by a reasoning similar to that in the electrostatic case | 
we may deduce a,. = a,,. On the other hand, if x, and x, belong to dif- ' 
ferent classes of quantities we arrive at a. =: —45. 


7. The violation of the reciprocity relation 


The network equations, such as (8), are usually written with voltages 
and currents as variables. Now, these do not form a pair of quantities 
such as those mentioned above, for their product is not an energy but a . 
power. We can change from the former to the latter pairs of quantities ‘ 
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by differentiation with respect to the time. From the electrostatic equations 
(15) we thus come to 


~ 


: dv dv 

y= Cu + Cs Le 
dt dt (20) 
dv, dva ] 


tg = C. +C 
2 21 ap 2 dt 
a 
By comparing this with what has been written in section 2 we see that 
Cig = Cy corresponds to the reciprocity relation of networks. 


If we start from the equations of two coupled coils 


9, = La i + Lii) 


; É 21 
Dy = La ty + Dai, EM 


where the i's are the currents and the @’s are the fluxes through the 
coils, we arrive at L4, = La. By differentiation we come to 


di di 
VL L + Li zi 
22 
di, di, l ) 
Vg — Lad + Las P 


Here, too, the relation L, = L, corresponds to the reciprocity relation 
of networks. 

To come to a violation of the reciprocity relation of networks we must 
start from a system characterized by a pair of quantities Q}, v, and a 
pair of quantities Øz, i,. The equations will then take the form 


a 


mod de (3) 


where the two coefficients 4 will be equal. By differentiation we now 
arrive at 


E E yae dig 
dt di” (24) 
4 9 Loa, 

Ug = tL » 


which, according to section 2, violates the reciprocity relation of net- 
works if 40. 


The equations (24) bear much resemblance to the equations (4). The 
energy of the system is equal to 


U = f iv, dt + f iw dt =$ Coi -+ Avis HiL, (25) 
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. if we take this energy as zero when v, = 0 and i, = 0. As this energy can 
. never become negative in a passive System, C and L must be positive 
“and A is restricted by 4? X CL. 

In the same way as we can approximate the ideal transformer from 
the system described by (4), we can approximate the ideal gyrator from 
a system described by (24) by making the “coupling coefficient” A?/CL 
as nearly as possible equal to 1. ü 


3. The realization of the gyrator 


Our object, therefore, is to devise a system described by (23) with a 
coupling coefficient as nearly as possible equal to 1. To investigate how 
this can be done we first show how such a system could be constructed 
if a medium were available characterized by relations between the field 
vectors of the type 


A 
=yE+ uH, 


and with y?/cu nearly equal to 1. 
Let us consider the system of fig.12. 
This consists of two flat parallel 
electrodes the space between which 
is filled with a medium described 
by (26). Besides, there is a yoke of 
magnetic material, having a very Fig. 12. A construction of the gyrator. 
large permeability, on which a coil 
is wound. The electrodes constitute the terminals l of the system and 
the coil terminals constitute the terminals 2. 
Let the area of the electrodes and of the cross-section of the yoke be S, 
then the charge Q, on the electrodes will be *) 


Q,=SD=cSE+ySH (27) 


(26) 


and the flux D, through the coil will be 

: D, = nS B= ynS E -- unS H, (28) 
where n-is the number of turns of the coil. 
The field vectors in the medium will all be perpendicular to the electrodes. 


Let the distance between the electrodes be l, then the voltage v, be- 
tween the electrodes will be 


v, — lE (29) 
and the current i, through the coil will be 
ip = H ljn. (30) 


*) We use the rationalized Giorgi system of units. 
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Putting (29) and (30) in (27) and (28) we get 
es yns 
Q = FO uo" 


ns mS. 
Bet 

l ! 

This corresponds to (23) and shows that 4?/CL = y®/eu. Therefore, if 
y?/eu is nearly equal to-1, the same holds for A2/CL. . 


(31) 


8:1. The medium 


To investigate media as described by (26) we fixst introduce the electric 
polarization P and the magnetic polarization J by putting 


D=.c,E+P and B= mH +J 


and further putting € — &j = x and 4 — ug = x. 
By substituting this in (26) we get 


penne 
J=yE+4+ 7H. 


Now, what does this represent ? The coefficients x and y are ordinary electric 
and magnetic susceptibilities, the coefficient y is something new. The 
term yE expresses that when the medium is exposed to an electric field 
it will become magnetically polarized; the term yH expresses that when 
the medium is exposed to a magnetic field it will become electrically 
polarized. 

How can we get a medium with such properties? When a material 
medium is placed in a field, polarization of the medium may result from 
two different causes. Firstly, the elements of the medium, e.g. the mole- 
cules or the atoms, can acquire a dipole moment by the action of the 
field, i.e., they are polarizable; and, secondly, the elements of the medium 
can be permanently polarized and are oriented by the action of the field. 

It is difficult to imagine how magnetic and electric polarizations due 
to the first cause can be coupled to each other in such a way that a 
medium with a coefficient y results. When we consider polarization due to 
the second cause, however, we see immediately that our purpose can be 
attained if the elements of the medium bear both permanent electric 
and permanent magnetic dipoles, and if in all elements these dipoles are 
parallel or are anti-parallel. If we place such a medium in an electric 
field the electric dipoles will be oriented and thus the magnetic dipoles 
will be oriented at the same time, and the same will take place if the 
medium is placed in a magnetic field. The magnetic and the electric polariz- 
ations will then be proportional to each other. This means that P/J 


(32) 
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will be independent of E and H, from which we deduce by (23) that 
x[|y = y[x or y?|«y = 1. If, besides bearing permanent dipoles, the 
elements of the medium have some polarizability, x and y will in general 
become larger, so that y*/xy X 1. 

As mentioned above, y?/eu should be. nearly equal to 1. Now 


2 2 


EPEE RES 
ee (6o X) (Uo + X) 
So we see that to reach this end we must make x 2» & and x 2» Ho, whilst 


these large susceptibilities must exclusively result from the orientation 
of permanent dipoles. 


< <1. 


Media with large permanent, orientable, electric dipoles exist in abund- 
ance, e.g. water, which maintains its great electric susceptibility up to 
very high frequencies. . 

Media with permanent, orientable, magnetic dipoles are the para- 
magnetic media, whose magnetic susceptibility, however, is small com- 
pared with x and thus does not comply with the requirements just men- 
tioned. In ferromagnetic media the susceptibility is due to the orientation 
of the electron spins, but it is hard to imagine how these could he directly 
coupled to a permanent electric dipole. We can, however, imagine a 
medium consisting of small ferromagnetic particles with permanent 
moments, small permanent magnets, suspended in some appropriate liquid. 

We made some preliminary experiments in this direction by grinding 
some magnet steel and sifting out the smallest particles, which under a 
microscope were found to have dimensions of about one micron. From 
this a stable suspension was made which was put into a test-tube carrying 
a coil, and the self-inductance of the coil was measured. Then the sus- 
pension was magnetized by pouring it between the poles of a permanent 
magnet, after which it was again put into the test-tube. The self-induct- 
ance was increased by a factor 1:3. However, it is rather difficult to 
achieve a suspension that is stable during a long time, and one calls for 
very small magnetized particles. 


: 9. Another realization of the gyrator 


As experiments in this direction seem to be rather difficult it was 
considered worth while first to investigate whether there are conceivable 
fundamentally different possibilities of realizing the gyrator. Since the ideal 
transformer shows some analogy to the ideal gyrator we may include 
this in these investigations. 

From the point of view of network theory the ideal transformer and the 
ideal gyràtor are network elements defined by the equations (5) and 
(10), irrespective of any method of realizing them physically. To investigate 
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how this could be done we first turn our attention to the terminals. Any 
terminal pair consists of two terminals situated closely together, so that even 
at very high frequencies we can speak of the voltage between the ter” 
minals. From such a terminal pair there start two wires of well-conducting 
material connecting the terminals with the element proper. Within the 
element these wires may be separated or connected. If the wires are separated 
we can deform the ends of them into two parallel electrodes. 1f we supply 
a voltage to the terminals, an electric charge Q will flow to the electrodes, 
and thus a current i = dQ/dé will arise. If the wires are connected we can 

. deform them into a coil. If we supply a current to the terminals, a magnetic 
flux @ will flow through the coil, and thus a voltage v = dó/dt will arise. 
Therefore, we shall refer to the first type of terminal pair as the electric 
type and to the second as the magnetic type. According to the types of 
terminal pair of a four-pole element we shall refer to it as a double- 
electric, a double-magnetic, or an electromagnetic type. We could. try 
to realize the transformer and the gyrator by means of each of these three 
types. 


9-1. The general medium 


Between the electrodes of an electric pair of terminals and within the 
coil of a magnetic pair of terminals we may now introduce some material 
medium. The type of four-pole that then results will depend to a large 
extent upon the properties of the medium. Therefore we ask what are the 
most general, linear relations by which the electric and magnetic pro- 
perties of a medium can be phenomenologically described. These relations 
will consist of relations between the electric and magnetic polarizations 
P and J and the electric and magnetic field strengths E and H through 
which these polarizations may arise. 

An example of relations of this kind is presented by the equations (32), 
but these do not constitute the most general form these relations can 
take. In the first place the medium may be anisotropic. For such a medium 
the equations must take a form wherein the three components of P and the 
three components of J along the directions of some rectangular system 
of coordinates are expressed in the three components of E and the three 
components of H along the same directions. In the second place we can 
suppose all components to vary sinusoidally with time with the same 
angular frequency w. Then the components can be represented by com- 
plex quantities whereby the amplitude and the phase of each component 
can be expressed. We thus arrive at a system of six linear, homogeneous 
equations between twelve complex quantities and with complex coef- 
ficients. 

As the ideal transformer and the ideal gyrator have no dissipation, we 
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shall confine our conderations to media without dissipation. For such a 
medium some properties of the above-mentioned coefficients are deduced 
in the appendix. The equations for a medium without dissipation may 
thus be written in full as: 


Py ttxxEx+ (xy +j Axy)Ey+ (20+ J Ax) Ezt (Yj xx) Het (Yay T ôxy)Hy+ (Yas tj Óxz) 
Py (y  JÀny) Ex yy Eye (rye tj dys) EF (pyx T Joya) Het (yy +i 8yy) By + (Yys+jðya) 
P= (xzx—jâzx) Ex+ (syz—JAyz) Ey + zz Ez+ (Vox T-Jézx) Hy4- (Yzy +jôzy)Hy+ (Yes +j6zz) 
Jx— (Yax—JOxx) Ex (Yya—J yx) By + (Yzx—JOzx) E, + Xxx Hx4- (Yay Oxy) y+ (Xx +j zx) 
` Jy= (Pxy—J Oxy) Ex+ (Yyy ôyy)Ey + (Yzy—jôzy) Ez + (tay J bay) Hx + xyyHy+ (xyz+j Cyz) 
Ja = (Yxz—JOxz) Ex t+ (vyz—jbyz) Ey + (yaz—]022) Ez + (tz —j bax) Hat (xyzs—jtyz) Hy + X22 


The coefficients in the principal diagonal are real; the coefficients lying 3 


symmetrically with respect to this diagonal are conjugate complex. 

The coefficients consist of six groups of quantities, denoted by x, 2, y, 6, y; 
¢, representing six different properties of the medium. If the terminal 
pairs of a four-pole are coupled to each other by means of one of these 
properties of the medium constituting the four-pole, this four-pole will 
be of a certain type. 

In the first place this four-pole will or will not satisfy the reciprocity 
relation. To investigate this we differentiate the equations (33) with 
respect to £. The left-hand sides will then become dP,/dé, etc. and dJ ,/dt, 
etc., and the right-hand sides we may multiply by jw. Now dP/dt is a part 
of a current, dJ/dt is a part of a voltage, E is a part of a voltage, and H 
is a part of a current. So, bearing in mind what has been said in section 2 
about the way the reciprocity relation is expressed by equality or opposite 
equality of certain four-pole coefficients, we see that those four-poles 
of which the terminal pairs are coupled to each other by means of the 
property of the medium represented by x, ô, or y, respectively by A, y, 
or ¢, will, respectively will not, satisfy the reciprocity relation of net- 
works. 

Furthermore, P and E are related to electric pairs of terminals and J 
and H to magnetic pairs. Therefore, if a transformer or a gyrator could be 
realized by coupling two terminal pairs by means of one of the above- 
mentioned six properties of a medium, coupling by 
x could lead only to a double-electric transformer, 


A . to a double-electric gyrator, 

y to- an electromagnetic gyrator, 

ô to an electromagnetic transformer, 
X to a double-magnetic transformer, 
ü to a double-magnetic gyrator. 
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Thus we see that both for the transformer and for the gyrator there are 
three fundamentally different ways in which we could try to realize them. 

Let us examine the properties of the medium more closely. The x's 
represent the electric susceptibility, which in the general, anisotropic 
case has the form of a symmetric tensor, characterized by six components. 
Likewise, the y's represent the magnetic susceptibility. The y’s are the . 
generalizations of the coefficient y discussed in section 8:1, where we pointed 
out the experimental difficulties to be overcome in realizing a medium 
with y- “properties. The A's and £s show two other ways of realizing the 
gyrator. 

As previously mentioned, the A's can only lead to a double-electric 
gyrator. Double-electric elements depend on the properties of the electric 
field. Now the electric field, because of curl E — 0, has limited possibilities: 
a voltage step-up is impossible in a dielectric. As a consequence the only 
ideal transformer realizable by means of a dielectric is a transformer with 
a one-to-one ratio, which hardly deserves the name of transformer. As 
similar limitations may be expected when trying to realize an ideal gyrator 
by means of a dielectric with a Z-property, we shall not go into the ques- 
tions what this A-property represents and how a medium with such a 
property could be achieved. 

Thus we are left with the problem of investigating the ¢-property of a 
medium and the realization of a gyrator by means of it. To investigate the 
C-property we suppose the medium to be characterized by y's and ¢’s 
only, the ~’s, 4’s, y’s, and ó's being zero. The equations (33) then reduce 
to three, expressing the components of J in the components of H. Instead 
of studying these equations it is simpler to study the inverse equations 
by which the components of H are expressed in the components of J. 
If in these equations we replace j by (1/w)d/dt we arrive at equations 
of the form 


Hy = Exe Jx+ (xy — nz d/dt) Jy + (zx + ny d/dt) Jz, l 
Hy = (xy + z d/dt) Je + Eyy Jy + (Ey — nx d/dt) Jz, > (34) 
Hz = (E — Ny d/dt) Jx + (Eyz + 9 d/dt) Jy + Ezz Jz. f 


The Z's constitute an inverse susceptibility. It is the terms with 4 in 
which we are particularly interested. The equations show that these terms 
give a contribution to the field that may be written in vector notation as 


H =% x >, (35) 


! > 
where X denotes the vector product and the components of 7 are nx, 
Nys New 
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This shows that the 1’s describe some transverse effect in the medium: 
a rate of change of the magnetic polarization of the medium, dJ/dt, has to 
give rise to a component of the magnetic field, H’, at right angles to it. 
Such an effect can be expected in a ferromagnetic medium when this is. 
magnetized to saturation in a certain direction, e.g. by placing it in a suf- 
ficiently strong constant magnetic field. The spins of the electrons contri- 
buting to the ferromagnetism will then all be parallel to one another. When 
the magnetization changes in a direction perpendicular to the direction of 
saturation the spins will turn. As the electrons carry not only a magnetic 
moment but also an angular momentum, there is a tendency for the 
spins to deviate in a transverse direction, perpendicular to the direction 
of the saturation and the direction in which we want them to turn. 
This tendency is equivalent to the action of a magnetic-field component 
in that direction and can thus be balanced by a component in the . 
opposite direction. This effect is related to the various known types of gyro- 
magnetic effect. In a subsequent paper we shall show how this effect 
enables us to realize the gyrator. | 


10. Appendix 


The mean dissipated energy in a medium per unit of time and per unit 
of volume is equal to the real Es of 
dc 
dt 
where the asterisk denotes the conjugate complex value and the dot 


the scalar product. For a medium without dissipation this energy must 
be zero, so we come to 


Re (E* . jo D + H* . jwB) = 0. 
Substituting D = e, + P and B = uH + J, we get 
Im (E*.P + H*.J) — 0. (36) 


Let us suppose first that H^ — 0 and that E has only a component E,. 
Then (36) becomes 
Im (Ej* Px) = 0. (37) 


In this case the equation for P4 reduces to an equation of the form 


Substituting this in (37) we arrive at Axx — 0. Thus the coefficient of E; 
in the equation for P, is real. By similar reasoning we may show that also 
the coefficient of Ey in the equation for Py, etc., and the coefficient of IT, 
in the equation for Jx, etc., are real. 
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Let us now suppose that H = 0 and that E has only components Ey and 
Ey. Then (36) becomes 


Im (Ex* P, + Ey* Py) — 0. (39) 
In this case the equations for P4 and Py reduce to equations of the form 


Ps = nay Ex + (tay + jaxy) ~ 


i 40 
P, = (yx + JÀya) Ex 4- Xyy Ey, ( ) 


the coefficient of Ej in the first equation and the coefficient of Ey in the 
second equation being real on account of what has just been proved. 
Substituting this in (39) we get 


Im } (xay + jday) Ex* Ey + (xys + jdyx) Ex Ey" = 
As Re(E,Ey*) = Re(E,*Ey) and Im(E,E,*) — —Im(E,*E,), we get 


Ás this must be true for every value of Es* Ey, we finally get 
yx = xy and Ay, = — Axy - 


Thus the coefficient of Ey in the equation for P; and the coefficient of Ey 
in the equation for P, are conjugate complex. By similar reasoning we 
may show that many other analogous pairs of coefficients are conjugate 
complex. 


Eindhoven, September 1947 
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ON THE THEORY OF SPHERICALLY SYMMETRIC 

INHOMOGENEOUS WAVE GUIDES, IN CONNECTION 

WITH TROPOSPHERIC RADIO PROPAGATION AND 
UNDER-WATER ACOUSTIC PROPAGATION 


by H. BREMMER 538.566.5:334.221.1:621.392 


Summary 


The conception of the atmosphere as a curved wave guide consisting 
of an inhomogeneous medium through which radio waves and acoustic 
waves can be propagated, is worked out. The guiding effect is 
compared with that occurring in the propagation of acoustic waves. 
through oceans. The properties of these two types of spherical wave 
guide are in many respects interrelated, but there are some essential 
differences which are brought to the fore. These differences are due 
- to the fact that the product rp (r = distance to the centre of the earth, 
u(r) = index of refraction) shows at least one minimum in the case 
of atmospheric propagation and one maximum in the case of oceanic 
propagation. Ás a consequence there is a difference, for instance, in 
the distribution of the times of arrival of consecutive rays originating 
from a point source: in the first case the intervals between these times 
are smallest. for the rays coming latest, in the second case they are 
smallest for the rays arriving earliest. 
Some general remarks are made with respect to arbitrary spherically 
symmetric wave guides. For example, the concept of cut-off fre- 
quency is discussed from the point of view of the modes as well as 
from that of geometric optics. 


Résumé 
On considère ici l’atmosphére comme un guide d'ondes courbé, 
formé par une couche non-homogéne, dans laquelle se propagent des 
ondes électromagnétiques et acoustiques. D'une maniére analogue 
on traite le probléme de la propagation des ondes acoustiques dans 
un océan. Ces deux types de guides d'ondes montrent, d'autre part, 
des différences essentielles dues à l'existence d'un minimum de rp(r) 
dans le premier cas, et d'un maximum de la méme fonction dans le 
` second cas (r = distance au centre de la terre, u(r) = indice de 
réfraction). Par exemple, la répartition des temps d’arrivé des rayons 
successifs provenant d'une source ponctuelle: dans le premier cas le 
nombre de rayons arrivant par unité de temps devient de plus en plus 
grand, dans le second cas ce nombre devient de plus en plus petit. 
Le probléme résumé mine à quelques remarques générales concer- 
nant les guides d'ondes à symétrie sphérique.. Par exemple, on étudie 
la longueur d'onde de coupure du point de vue des fonctions propres 
que de celui de l'optique géometrique. 


1. Introduction 


The theory of ordinary wave guides consisting of a homogeneous medium 
enclosed by sharply defined walls has been investigated in detail. Next, 
the guided transmission of radio waves through the atmosphere, enabling 
these waves to overcome the curvature of the earth’s surface, led to the 
concept of a wave guide consisting of an inhomogeneous infinite medium, 
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` This wave guide has a sharply defined boundary at one side only, namely 
at the earth's surface. In connection with the guiding effect, particularly 
the ionized layers of the atmosphere (ionosphere) and the inhomogeneous 
region immediately above the earth (troposphere) are active, though only 
the latter is predominant for micro-waves (tropospheric super-refraction). 
For sound waves the role of the ionosphere is taken over by the high- 
temperature region near the upper boundary of the stratosphere. 

In all these cases we have to do with spherically curved inhomogeneous 
wave guides possessing only a single sharply defined boundary. They may 
therefore be contrasted, e.g., with the propagation of sound waves over 
great distances through the ocean, indicated by the abbreviation ‘Sofar’ 
(sound fixing and ranging). Here we have an inhomogeneous spherical wave 
guide where propagation takes place between two sharply defined bound. 
aries (the surface and the bottom of the ocean). In what follows we shall 
investigate in detail the general character of such spherical inhomogeneous 
wave guides; they are wholly determined by their refractive index as a 
function of the distance r to the centre of the earth if we neglect local 
inhomogeneities in the horizontal direction. In particular we shall consider 
the cases of tropospheric super-refraction and Sofar; these constitute 
illustrative exaimples of properties that are opposite in many respects. 
Moreover, these two examples are relatively simple since (a) the influence 
of dispersion is negligible, (b) the function u may be approximated by a 
parabolic one throughout the whole space (the same is not applicable when 
considering the guiding effect of the ionosphere, whose layers are separated 
from the earth by a nearly homogeneous space). 


2. General geometric-optical considerations 


In a geometric-optical *) treatment the course of the rays within a 
spherically symmetric inhomogeneous medium is determined by Snellius's 
law, which may be written in the form: 


ru sin 7 = constant = C, (1) 


t being the angle between the tangent of the ray and the vertical. 

The effect of the curvature is clear from the occurrence of the product 
ru rather than u. Special attention should be paid to the sign of the slope of 
ru. As a matter of fact, a ray horizontally directed (dr/d@ = 0) at some 
point P, will have its lowest point at P if P lies in a region for which 
d(rz)/dr > 0, and a highest point at P if d(ru)/dr < 0. 

As regards the function ru a fundamental difference exists between 
trophospheric radio propagation (referred to further on by T) and sound 


*) We shall use this term for acoustic problems also. : 
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propagation through the ocean (abbreviated by O). In the first case, owing 
to exceptional meteorologic condictions, the refractive index yu of the air 
decreases so rapidly with height that also the product rj does decrease 
notwithstanding the increasing factor r. At greater heights, however, the 
influence of u, being very near to 1, becomes so small that ru increases 
almost proportionally to r. As a consequence a transition level r = ro 
exists, where ru has a minimum; under normal weather conditions 
the increase of this quantity starts right at the earth's surface (r = a). 
In the case O, however, the acoustical index of refraction « of the sea- 
water first increases with increasing depth below the surface, owing to a 
decrease of the temperature of the water; finally, when a nearly constant 
temperature of 4 °C has been attained, a decrease of u is caused by the still 
increasing pressure. Therefore u will now pass through a maximum value; 
the same then holds, at some level r = ro, for rp, since the influence of the 
factor r is relatively small in this case. 


g- HO 


T 0 


52052 
Fig. 1. Survey of the signs of the slopes of x and ru, for T and O. 


The immediate consequences of the minimum for ru in T and of the 
maximum in O are illustrated by fig. 1. In the first case d(ru)/dr is positive 
above r — r, and negative below it, so that rays horizontal at some point 
will, in the vicinity of that point, always be deflected in a direction away 
from the r,-level; in the second case the opposite holds, so that rays being 
horizontal somewhere are deflected towards the r,-level in neighbouring 
points and will cross the r,-level at a distant point. Moreover there exists, 
for both T and O, a level r = r; at which dy/dr = 0 and where each ray 
crossing that level will have an inflection point; this level is situated above 
r = ry for T and below it for O. A point of conformity between T and O 
is the fact that a ray starting horizontally at some point of the transition 
level r= r, will never deviate from that level and consequently will 
follow-the curvature of the earth. 

Another consequence of the described difference in behaviour of ry is that 
the guiding effect can be maintained. by the inhomogeneous medium itself 
in the case O, whereas in the case T the presence of a sharply defined inner 
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boundary is essential. In fact, in O the rays starting with an elevation (with 
respect to the horizon) that is not too great, will be compelled by the in- 
homogeneity of the medium to oscillate around. the r,-level. In T, however, 
the rays can be prevented from being deflected^too far away from the ry- 
level only by the presence of a sharply defined reflecting surface or, occa- 
sionally, by the existence of a maximum of ry beside the minimum. Thus, : 
in T, the earth's surface is mostly essential for rays to be guided within the 
space a <r < ry. In O, on the contrary, the boundaries formed by the sur- 
face and the bottom of the sea constitute adverse conditions for the propa- 
gation since they cause reflection losses for those rays that cannot be 
gradually reflected within the inhomogeneous medium itself, the initial 
elevation being too great (compare section 8). 


3. The beam of rays originating in a point source 


For the sake of simplicity we assume a source Q at the earth's surface 
in the case T, and one at the r,-level in the case O (the latter situation is 
approximately realized in Sofar-practice). The energy radiated by the 
source is transmitted along the geometric-optical rays radiating from Q, 
while each ray can be marked by its elevation angle va or v, respectively 
(see fig. 2). In both cases T and O there are important limiting values for 
these angles. First, in T, we have to do with the angle t, which is deter- 
mined by 


the corresponding ray approaching the r,-level asymptotically. The latter 
ray separates the rays ta > Tp which are gradually reflected downwards 
within the space a <r < ry (the ‘duct’), from the rays v4 < t; which 
escape into space (r > rọ). Similarly, in O there exists a limiting ray, 
determined by 


2 
Tati EU 


Fig. 2. The courses of the rays radiating from a point sourse, for T and O, + 
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just touching the surface of the sea at some point T at a finite distance. 
Here this limiting ray separates the rays with Tọ > Tp which are gradually 
reflected downwards, from the group of rays with Tọ < v, which are 
reflected abeuuely at the surface of the sea at r = a. Moreover, a second 
limiting angle v, (> 2/2) characterizes the ray that, while sent down- 
wards from Q, just touches the bottom of the sea. 

We now consider a receiver P at the same level as the source, thus at 
r = a or r =r, respectively. This receiver can be reached by a large number 
of rays each of which may be labelled by the number of times (j) it has 
gone up and down before arriving. The definition of j requires integral 
values of this parameter for T (see the examples of j = 1 and 3, fig. 2T), 
whereas it may be also half an integer for O (see j = 1 and $, fig. 20). 

Of course, the total number of hops j by-which a ray with a special value 
of ta or t) may reach P, depends on the distance D(tq) or D(v,) covered 
in one single hop. In order to get an idea of the latter distances we assume 
the most simple dependence of ru on r that produces a maximum for T 
and a minimum for O at the level r — ry. The dependence in question is 
obtained by a quadratic formula for r?u?; accordingly we take: 


cg? 
rà? = riu 31 + p 7o) z (2, T) 
ri 
=r)? 
2542 — p22 I] — š 2 
rp? = du 31 F (2,0) 
The limiting angles v, are then determined by 
s hy 
cot zj; — —» (hg = rg—a) (3, T) 
n 
ho 
cos 7, = —> (hy = a—ro) ' (3,0) 
r 


1 


respectively. Further, the distance |rg—ri| between the rp-level and the 
level of the inflection points will in both cases be r2/rg; owing to the slight 
curvature of the earth’s surface, in practice this distance is very small (of 
the order of a few metres). l 

With the aid of formula (1), applied to the u-functions (2), we are able 
to compute the whole course of the-rays determined by Ta or To, and parti- 
cularly their single-hop ranges D(ta) and D(z,). The following formulae 
are valid when assuming for O that the r,-level is situated half-way 
between the surface and the bottom of the sea (t? = sz—1): 


SPHERICALLY SYMMETRIC INHOMOGENEOUS WAVE GUIDES 107 


dr 
D = Ja? i ——— Áo 
(ra) auta) js is E^ 7? u?(r)—a?u?(a) sinêrat” " 


a 
. COs 7; + COS Ta 
ev n sin tq In| ———————_],_ (4, T) 
COS T; — COS Ta 
fg -T, COS To 
Dar} si es Zar, sin To (t > 1) 
Horg SID To 3x 2-2 aan pj, ^5 SMT SIN To (To > 1j 
rjr u^ (r) — rove sin Tol : 
Tg—7, €08 To 
D(v) = z 
"mem dr . 
Horg SW To 2,2 2,8 inde WA. Y 
à rir u? (r) — rug sin To i 


Te 


OS Tj 


ey Ár, sin To arosin ( ) (To < v). (4,0) 


COS To 


The integrals here given are also valid for other functions y if the limits 
of integration (apart from a and r,) are replaced by the r-values of the 
levels at which the radical vanishes for the u-function considered; these 
latter levels indicate the heights of gradual reflections. The first formula 
of (4, O) corresponds to rays reflected gradually within the sea, the second 
one to rays reflected abruptly at the surface or the bottom of the sea. 

Here, once more, an essential difference between T- and O-propagation 
presents itself. In T-propagation D(ta) may assume any value, which 
signifies that the receiver P may be reached always by a single-hop trans- 
mission (j = 1). In O-propagation, on the other hand, D(v,) has a maximum 
value of Dy = 27r}, so that a receiver at great distances can only be reached, 
apart from the ray following the level r = rj, by rays going up and down 
a number of times at least equal to D/D,. Further numerical consequences 
of this effect are dealt with iu section 8. 


4. The focussing of the rays 


Characteristic for wave guides is their property of keeping together 
rays that, in the case of an empty space, would diverge to all directions. 
A measure for this effect is given by the divergence coefficient a which can 
be defined as follows. À narrow pencil of rays starting from a point source 
Q will have at some point P a cross-section dO which may be compared 
with the cross-section dO’ existing in the case of propagation over the 
same distance along straight lines through a homogeneous space. By taking 


& 


ed pe 
a = a0” i (5) 
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we introduce a parameter that is smaller than 1 if the inhomogeneity has à 
` diverging effect and greater than 1 if its influence is a converging one. 

We next explain the physical importance óf a. In an inhomogeneous 
isotropic medium the flow of energy is propagated everywhere in the same 
direction as the rays, while its magnitude is proportional to the square, 
4, of the amplitude of the field. Therefore, the energy radiated at Q 
within a narrow pencil does not escape from this pencil, and it will cause a 
flow of energy proportional to 4? dO. Since this flow of energy has to be 
constant throughout the whole pencil, the field will change proportionally 
to 1//dO. In a homogeneous space, the field decreases proportionally to 
1/'dO’; in this case, O' being proportional to D?, we obtain the well-known 
law of inverse distance. Thereupon a = /d0'/dO represents the ratio 
of the actual field to the field corresponding to the same distance in the 
case of propagation through a homogeneous space. 

When computing (5) for our radially symmetric media, we obtain the 
following value for a at some point P situated on the same r-level as the 
source Q and having an angular distance from it: l 


dr | 
/ dé 
aa sind ` (6) 
In this formula D is the length of the curved path QP, while t represents 
the angle ta(#) or to(#) which the ray in question, connecting Q and P, 
makes with the vertical at its end points (see fig. 3). In the cases we 
are considering, Q and P being given, we have to do with several rays, 
whilst each ray is labelled by the number of times j it is going up and down 
between Q and P. Of course, each ray has its own value aj. We shall deter- 
mine a when the source and the receiver are situated on the level r — a 
in T and r = ry in O, so that: 


að = jD (ta), (T) 
n = jD(x)- B (0) 


v 52055 
Fig. 3. Multi-hop transmission, for T and O. 
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` On the basis of the special assumption (2) we find by using the 
approximation formulae of (4) for the determination of dt/d® and for 
the elimination of t: 


D l 


j ^u 050 y 1, T 
3 y r, a sin (Dja) Vj sinh (D/jr,) dn 
2z D/D; 2 5 
Et m (2% D/D.) , 
D D 
"Pec. ipe. |—-——; 19 7,0 
FS Tro sin (Diro) VEDI -D: i D^ ) i 


: In both derivations we have approximated D by D; moreover, in (7, T) 
cos t; <& l is assumed. In (7, O) ay corresponds to the ray j = 0 that 
follows the circle r — r,. 

The expression (7, T) refers to trophospheric propagation of radio 
waves for a transmitter and a receiver at the earth's surface. Here we note 
the increase of aj with j, whilst the following limiting value is found for 


j- 99: 
uj qe 
a sin (Dfa) sin 2 

This quantity is slightly greater than 1. Thus not only does the duct 
prevent the rays from escaping away from the earth, but it even makes 
them slightly more convergent than rays propagated rectilinearly. "This 
convergence effect is still more pronounced for elevated transmitters and 
receivers. 

As regards O, we should bear in mind that, apart from the exceptional 
value j — 0, j has to be greater than D/D,. Apparently aj is now decreasing 
with increasing j, while it may become very great forthe lowest possible 
values of j (which are the smallest half integers above D/Dy). The latter 
values correspond to rays running very near to the rylevel (this well- 
marked focussing of rays departing with small elevation angles from r — r, 
is not observed in T, since there the rays in question can be deflected back- 
wards to the ry-level only by reflection against the earth's surface, and 
not by the inhomogeneity of the medium near to r = rọ). The focussing 
is particularly clear from the fact that a) becomes infinite at the points 
D = (k[2)D, (k integer). These latter points are foci in the true sense of 
the word; they constitute cusps of the caustic corresponding to the rays 
radiating from Q. 


9. Geometric-optical derivation of the wave-guide condition 


The divergence coefficient just described is insufficient for an explanation 
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of the wave-guide properties of the inhomogeneous media here considered 
since it does not account for the possibility of interference of different 
rays. For a clear comprehension it is necessary to know the phases 
9(D, j) of the various j-rays upon their arrival at the receiving point P. 
These phases consist of a contribution determined by the changes along the 
curved path of the ray and a contribution due to the intermediate re- 
flections (which are either gradual or abrupt). We shall discuss these 
contributions separately. ` 

'The first contribution can be represented, in the case of a mono- 
chromatic wave of wavelength 4 (measured at a level for which yu = 1), 
by (22/4) D(D, j). D/c equals the time needed for covering the path QP 
(c = velocity of propagation for u = 1). Owing to our ignoring dispersion, 
D does not depend on 4. With the aid of (1) we find in the case of T, again 
assuming both the source and the receiver at the earth's surface, 


P P 
uc ru 
ur i Ir) — ata) sina 
iQ 


adm 
= 2j i ru? (r) — a?p?(a) sin?rat" E + u(a) sin ta D - is) . (8) 


a 


Here f(D/j) is the variation in phase during one single hop, which variation 
is wholly determined by the corresponding horizontal distance D/j or by the 
elevation angle tz leading to this one-hop distance (see fig. 3 with j = 3). 
The last form of (8) suggests an extension of the definition of D for non- 
integral values of j, given D; the ray j = 11/8, e.g., will cover in one hop a 
horizontal distance (8/11)D and therefore has the same elevation angle va 
as the ray covering the distance 8D in 11 hops. We can now derive the dif- 
ferential quotient of (8) with respect to j, D being constant; it then should 
be remarked that D does depend also implicitly on j by means of ta. By 
doing the same in the case of O (source and receiver being at the level 
r — rj) we find in both cases the important, simple formula: 


aD D— in Ta D 
— = L(D) = P= ae 
ðJ J 
Sin'ra wry 
to oa -1) ; 


= | 
L — 2 | — yy (r) — au2%(a) sin®zat"*, (10, T) 
r 


a 


(9) 


in which: 


SPHERICALLY SYMMETRIC INHOMOGENEOUS WAVE GUIDES lll 


T, 4-7, COS T, 


t dr : 
j =f juro) — rèu sinèrofh. (m 4) (10, O) 
r . 


Te—T, COS Tg 


These formulae are also.valid for functions u(r) other than (2) if the limits 
of integration (except a) are replaced by the r-values for which the radical 
vanishes (i.e. the levels of gradual reflections). 

We now consider the variations in phase due to reflections. In T, we 
have to do in the first place with the reflections at the earth’s surface. 
Since, in practice, v, is very near to z/2, the incidence of the rays to be 
considered is almost grazing, so that the reflection coefficient can be . 
approximated by —1 and the change in phase at each reflection by ‘x. 
Moreover, a second change in phase of —z/2 is related to the passing of 
each of the highest points H of the ray; such a change in phase is charac- 
teristic for gradual reflections in inhomogeneous media, as may be derived 
theoretically from the W.K.B. approximation of the solution of the wave 
equation that corresponds to the ray in question. Thus we find in T, the 
number of intermediate gradual reflections and of intermediate reflections 
against the earth's surface being j and j—l respectively, as resulting 
pression for the phase of the jth ray at P: 


D(D.j) i + (1) a. Q1, T) 


In the case O, however, when restricting ourselves to the rays with 
To > Tp we have to do only with intermediate gradual reflections, which 
are 2j in number now. To each of these reflections there will correspond, 
once more, a change in phase of —7/2, so that instead of (11, T) we obtain: 


A 22 ; .m 
ọ(D, j) = = D(D, j) 2j z (11, O) 


From these considerations it will be clear that, if 4 is so great that the 
increase of the first term of (11) for an increase of j by 1 is small compared 
with 2x, the rays with consecutive values of j will cancel each other to a 
great extent by interference. This is only true insofar as the amplitudes of 
two consecutive rays are of the same order of magnitude; in general this 
happens to be true since the divergence coefficient aj does change only 
slowly with j. Therefore a necessary condition for favourable propagation 
is that there shall exist at least one group of consecutive rays arriving with 
phase differences of the order of 2x. We thus arrive at the wave-guide 
condition 


max je(D, j +1)— g(D, jt > 2n, 
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in which the maximum is meant with respect to j, D being given. In prac- 
tice we can replace this unequality by the more convenient one 


3 3 
max > 2m, (12) 
oj 


which will bé worked out in the next section. 


6. The cut-off wavelength 4, 


The differential quotient 09/0j of (12) depends on D and j; nevertheless, 
the resulting wave-guide condition proves to be independent of D, as will 
now be demonstrated. 'To this end we transform (12), with the aid of (11) 
and (9), into: 

2< l = $maxL, (13, T) 


AA = # max L. (13, O) 


4 
Here the maximum still refers to j, which parameter occurs implicitly 
in L, tq or 7, being a function of j for given D. Now, the maximum value 
of L corresponds to the minimum value of Ta or To yielding a real L. This 
may be verified from the relations 


dL 


d sin Ta 


dL 
= ulo) Dlia) > ruo HD). A) 


which, again, are valid for every u-function. In T this minimum value of 
ta equals v, since the rays Ta < T, escape into the space r > ry above the 
duct. In O we can similarly take as minimum value of v, the angle ty 
it is true that also v, < 1, leads to real values of L, but the corresponding 
rays are to be excluded since their amplitudes do not change slowly 
with j, a condition necessary for the derivation of (12). In fact, the ampli- 
tudes of the rays with Tọ < 1, diminish rapidly as a consequence of the 
large attenuation caused by the reflections of these rays against the sur- 
face and the bottom of the sea, these reflections not being *total' as are 
the gradual reflections occurring for ty > t, Thus, deriving the maximum 
value of L by substituting 7; for ta in T and v, for tg in O, we obtain from 
(13): -— - 


4 d 
n= fE peee sinh c asm) 


Toto 
d " 
l= # [5 iu (r)—7u sin?7,{'", (15, O) 
L T * 


Talio 
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Not only are these expressions independent of our assumptions regarding 
the y-function but they are equally independent of the distance, and they 
thus determine an upper wavelength limit (cut-off wavelength) under very 
general conditions. By using the formula (2) for u we find, by replacing 
once more the factor r in the integrand of (15) by a constant value, 


. hà 
2o = $ u(a) = = $u(a) hg cot v, e $ hg cos v, , (16, T) 
1 * 


Ap = $ zug hg cos 7; . (16, O) 


These strikingly simple formulae, though dependent on the assumption 
of a parabolic function for r?u?, give in any case a qualitative idea of the 
conditions met in practice. In T, the small value of cos t, causes a very 
small value of 4) so that guided tropospheric propagation is observable 
only for micro-waves; thus, for instance, from the values hy = 15 m and 
cos v; = 0'004 (whose orders of magnitude are in agreement with observ- 
ations at Antiqua !), we derive 4, = 8 cm. We now make a comparison 
with the guiding effect of:the ionosphere. Here, downward gradual re- 
flections are possible for nearly all values of z (though the situation is very 
complicated owing to dispersion effects); therefore we can substitute for 
the limiting angle in (15, T) v, = 0 while, approximately, u is equal to 1 
in nearly the whole interval of integration which extends mainly over 
the homogeneous space below the ionosphere. We thus find Aj  $ hy 
(ho = height of the ionosphere above the earth), from which the guiding 
property of the space between the earth and the ionosphere is evident for 
the whole radio spectrum used in practice. 

In the case of oceanic acoustic propagation, the quantities hy = 1 km 
and T, = 78° are of the right orders of magnitude; the corresponding value 
of the cut-off frequency, i.e. fy = c/A,, leads to f, = 3:4 hertz, by which the 
guiding effect is explained fox all ordinary acoustic frequencies. 


1. The phase-integral equation 


In general the properties of wave guides are not derived by the geo- 
metric-optical method developed above. Partieularly this method is often 
unsuitable for the computation of the field of a point source. The geo- 
metric-optical determination of such a field amounts to a summation of 
the contributions of the individual j-rays, a summation leading in many 
cases to a very slowly convergent series. Therefore these fields are usually 
derived from a linear combination of the characteristic solutions or ‘modes’ 
corresponding to the problem in question. Incidentally it can be demon- 
strated that the geometric-optical series is transformable into the series 
of modes by the so-called transformation formula of Poisson. 
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In many cases the modes occur as the residues of a contour integral 
representing rigorously the field, so that their amplitudes are known at 
the same time. However, the form of the modes is independent of any 
special conditions like those referring to the presence of a point source, 
and, therefore, can be derived straight-forwardly. Thus in our case of 
radial symmetry of u the modes not dependent on the azimuth angle 9 
correspond to those solutions of the wave equation that consist 'of a 
product of a function of r and a function of 9. The latter function amounts 
to a spherical harmonic P, (cos à) so that each individual mode can be ' 
characterized by its special value v, for the order v. 

The r-function of the modes in question can be found with the aid of the 
well-known W.K.B. approximation method, where the requirement of 
one-valuedness and finiteness everywhere in space leads to the following 
equation, the wave number kh, = 2z:/AÀ being given, 


drea or. Es a 
2k, Si ur —u —i ln HR s) Rolv)? = 2zs. (sinteger, i = |—1). (17) 
ss 1 


Here the limits of integration are either the r-values of sharply defined 
boundaries of the space considered, or levels for which the radical vanishes. 
In the former case we have to do with abrupt reflections, in the latter 
with gradual reflections, while, in each case, R, and R, denote reflection 
coefficients for the r,-level and r,-level respectively. For abrupt reflections 
R, and R, depend on the angles of incidence tsı and v,» to be derived from 


V. " 
kh = ryi(r;) sin Ts = rsu(ro) sin vs. (18) 


For gradual reflections R, and R, are invariably equal to —i as stated 
before. By working out (17) for T and O we find, when approximating 
once more the reflection coefficient at the earth’s surface by —1, 


Sin*ra,g 1a 
ter ( sint 1) 


2 | Efeu = = A(s —}), (19, T) 


Ta +7: COS To, s 
2 Jh 


dr y 
SEjiet C>) 090) 
. Ix 
The formulae (18) suggest for real ys a connection of the sth mode with 


rays going up and down that have either angles of incidence v; and v; 
at sharply defined boundaries or a common level of gradual reflection at 
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T = Tis OT T = rs (some possible situatiqns are sketched in fig. 4). All 
the rays corresponding to a special mode are congruent, and are trans- 
formed into each other by simple rotation; an occasional common level 
of reflection can be considered as their caustic. 


Pxl29 


52055 


Fig. 4. Courses of the rays corresponding to a real mode. 


This geometric-optical interpretation of the sth mode is coubemed as 
follows. According to our previous nomenclature we call ps(D, j) the dif- 
ference in phase at two points Q and P situated on a ray of the sth mode 
in such a way that between these points the ray is going up and down j 
times. Thereupon we can split ps into a contribution due to the change in 
phase along the curved path and a contribution due to the reflections. 
In the most general case the multiplication of the intensity by R, or R, 
as occurring at each reflection, may be considered as a change in phase of 
—i In R, or —i In R, respectively. We then find, similar to (11): 


ps(D, j) = k, Ds(D, j) —ij In Rí—i (j—1) In Ry. 


Just as in section 5, we differentiate this relation with respect to j for 
constant D. Now, for gradual reflections, R, and R, are independent of the 
angle of incidence, and consequently of j; the same holds approximately 
for abrupt reflections (as may be seen from our approximation —1, for the 
reflection coefficient of the earth's surface). Thus, with the aid of (9), 
we find the following very simple form for the so-called phase-integral 
equation (17): 

Lm 27s. (20) 
9j 

The differential quotient may be replaced by the difference quotient 
ps(j + 1) — ps(j) just as was done when deriving the wave-guide condi- 
dition geometric-optically. It then appears that the modes with real vs 
can be characterized as follows: their corresponding rays, when arriving 
at some point P after making j hops since the departure from a point Q 
on the same r-level as P, are in resonance with the rav covering the same 
distance in j + 1 hops. 
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We are now able to construct the wave-guide condition (12) also from 
the point of view of the modes. In fact, the factor P,, (cos à) of the latter 
corresponds to a change in intensity which is approximately proportional 
to exp(iv,); consequently, a non-attenuated propagation in the v- 
. direction is to be expected only if (20) is satisfied by at least one real root 
ys. Moreover, for the possibility of such a root it is necessary that the 
maximum value of 0g[0j for real rays does exceed 27, since otherwise (20) 
cannot be satisfied for any integer s (apart from the trivial value s — 0). 
Thus we are again led to the condition (12) and to a corresponding cut-off 
wavelength 4. When 4 < 4) the number of real modes will be the greater 
the shorter the wavelength is. 

From the foregoing it is evident that the field of a point source may 
be considered as a combination of modes (characterized by the integers s) 
but equally well as a combination of contributions due to geometric- 
optical rays (characterized by the integer j). The latter conception is 
clearer inasmuch it is always connected with real rays, whereas the same 
holds for the modes only if vs is real. For numerical computations the 
method of modes is particularly useful it the consideration of a small 
number of modes suffices, i.e. when Aj/A is not very large, as in the prac- 
tical cases of super-refraction. In other cases, as in Sofar-practice, AA 
is very large for ordinary wavelengths, so that a great number of real 
modes has to be considered; the number of important geometric-optical 
rays, however, is small there (see below), so that the geometric-optical 
method is very suitable. Thus the two methods appear as being mutually 
complementary. 

In Booker's theory of super-refraction the modes with real vs are called 
‘trapped modes’ in contrast to the name ‘leaking modes', applied when v 
is complex. This nomenclature clearly indicates that for the former the 
energy cannot escape through the boundaries of the guide; for the latter, 
however, a leaking of energy through the boundaries is possible by means 
of a (gradual or abrupt) refraction. Finally we remark that the modes of an 
inhomogeneous wave guide, enclosed between two homogeneous spaces, 
axe transformed into surface waves when the thickness of the guide becomes 
infinitely small. : r 


8. The consecutive arrival of the geometric-optical rays 


The geometric-optical representation is particularly suitable when 
considering a point source operating during an infinitely short time at 
t= 0. If the surrounding space is considered as homogeneous with 
propagation velocity c the field of such a source will be proportional to 


s(—2). 
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where ô is Dirac’s impulse function. In an inhomogeneous space (assumed 
once more spherically symmetric; source and receiving point at the same 
T-level) this function has to be multiplied by the divergence coefficient a and, 
occasionally, also by the reflection coefficients. Moreover the propagation 
time D/c then has to be replaced by the term D/e which accounts for the < 
local values c/« of the propagation velocity. Accordingly the field due to a. 
ray making j intermediate hops will be proportional to 


aj oj - 2D.) (21) 
aj being the corresponding divergence coefficient. The distribution of 
the times of arrival, t; = Dj/c, of the different j-rays shows a remarkable 
difference for T and O, as will next be discussed. : 

For a consideration of tj as a function of j, given D, we write (9) as 
dt;/07 = Lje. The positive value of the differential quotient informs us 
that the rays arrive in a sequence corresponding to their number of hops j, 
those with greatest j arriving latest. Moreover we conclude from (14) that 
L decreases with increasing Ta or tọ Hence the same holds for the time 
difference lja—tj ^ dtj/dj between the arrival of two consecutive rays. 
Here the geometrical differences between T- and O-propagations present 
themselves once more since, in T, increasing tg corresponds to a decreas- 
ing distance D(r,) covered in one hop and consequently to increasing j, 
whereas, in O, increasing c, corresponds to increasing D(t,) and to 
decreasing j (compare fig. 2 and the formulae (4)). Thus, since otj/oj 
decreases in any case for increasing t, this decrease refers to increasing j 
in T but to decreasing j in O. It means that for T-propagation the rays 
finally arrive in a more and more rapid succession, whereas for O-propaga- 
tion they arrive at increasing intervals. 

The differences in behaviour described depends only on whether the 
extremum of ry is a minimum or a maximum. It may again be illustrated 
in more detail by the specialization (2) for u. We then find (restricting 
ourselves for O to the rays with ty > t; and for T to the rays for which 
cos ta & cost): ——— 


PR Bm (22, T) 
J ; i 
baii j | in . i 
y= (Le. G#0) (22, 0) 
2 Jmm . J 
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signifies the time of arrival of the first ray (if also for this ray cos va «€ 
cos 7), and t,, = (a) Djc the time of abrupt termination of arrival of 
the rays. In the second expression, tmin = (ro) D/c is the time of arrival 
of the first ray, i.e. the ray j = 0 that follows the level r = ro; further the 
quantity ji, = D/D, marks a lower limit for the possible number of 
hops for the rays with j #0. 

‘Whereas in T the process terminates rigorously at the time t,,, in O 
it terminates only practically at the time 


i= Sr (n s + E 
2 sin 7, 
at which a ray just touching the surface or the bottom of the sea may 
arrive; of course this ray actually arrives only if D is equal to a multiple 
of the distance 4 Di = s r, sin v, covered by this ray by going once up 
and down between the ry-level and the surface, or between the r,-level 
and the bottom of the sea (the latter two were assumed at equal distances 
from the r,-level). Theoretically the process still goes on for t> t, but the 
rays then arriving are highly attenuated by their numerous reflections 
against the surface and the bottom of the sea. 

We shall now estimate the decay in intensity of the rays arriving after 
t= t; in Sofar-practice. For those few rays which are of numerical import- 
ance the incidence at the sea surface is almost grazing (angle of incidence 
Ta F 7/2) so that the reflection coefficient may be approximated by 


R(ta) ~ —1 + COS Ta, (23) 


2 
(m3—1)^ 
m = 4°35 being the refraction index for the transition from water to air. 
The angle of incidence itself follows from 


1 2 Me m? ; 2 
sin ra = wy fi EUM MN ON — cot?r, Ly. 
sin; sint sin? (mjf2j)| UU. i 
Hence we derive from (23): 


R(ta) ~ —1 + —— (mi E cot 7, (4-1); 


so that the attenuation factor for the rays with j-values near to or greater 


than j, proves to be: 
T cot 7; 


; — gas o 
[R(t & |R(va)] p (— (m1 C= ij P (- "A 


When taking v, = 78°, hy = 1 km, c = 1:48 km/sec (velocity of sound 
in sea-water), we find 


[R(ta) )/ ay g 1189 0-1) pay gO 8810, 


^ 
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Thus the rapid decrease of the intensity of the rays arriving at t > t, 
is demonstrated if j, 2» 1, a condition fulfilled in any case for D 2» Dy = 
Anmhocos v, = 30:2 km. 

In view of this example we may mention the smallness of the number 
of non-attenuated geometric-optical rays; indeed this number is of the 
order or j;—jmin + 1 = (D/D,) (cosee t,—1) + 1, i.e. here 0:00074 Dym + 1. 
For an experiment in which a pulse signal is transmitted through the ocean 
over a distance of say 4000 km, this would mean that at the receiving point 
only four separate pulses are observed that are not attenuated by abrupt 
reflections. These pulses are followed by others, the amplitude of which is 
reduced owing to reflections at the surface of the ocean. The first four of 
these suffer amplitude losses under 50%. The 8 pulses here considered 
arrive within an interval of 2:6 sec. 

We mention yet another difference in T- and O-propagations. Since for 
the former the rays with high j-values arrive with the smallest differences 
in time, these rays will have the smallest differences in phase in the case 
of sinusoidal excitation. They will to a great extent cancel one another since 
these differences in phase approach to the limiting value of —z/2 + z; = 
x/2 for two consecutive rays (see section 5), whereas their intensities are 

"nearly equal according to the limiting value of the divergence coefficient 

(see section 4). Thus the wave-guide effect is due to the rays with low 
j-values since, only for the latter, the differences in phase may exceed 27. 
Also in O the lower j-rays are the more important ones, but for quite 
another reason, namely as a consequence of their focussing effect (great 
value of aj according to (7, O)). ; 


9. Final remarks 


In the foregoing, our discussion on spherical inhomogeneous wave guides 
has been restricted to two special cases characterized by one single extrem- 
um of ru. Since essential differences have been established according as 
this extremum is a maximum or a minimum, the behaviour of more general 
wave guides with several extrema will depend to a great extent on the 
distribution of the maxima and minima of ru. However, the most essential 
properties described, e.g. the focussing of rays near a maximum, the geo- 
metric-optical explanation on the wave-guide character according to (12), 

and the physical interpretation of the phase-integral equation with the 
aid of (20), are applicable to all inhomogeneous wave guides having 
spherical symmetry. 

In the following an enumeration of some examples showing several 
extrema of ry is given: 

1) Radio waves: the space reaching from the earth to the upper boundary 
of the ionosphere. Each layer of the ionosphere shows a minimum of ru 
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(depending on the frequency) near its middle, and two maxima near 
its upper and lower boundaries; 

2) Acoustic waves: the space formed by the troposphere and stratos- 
phere. Here ru starts by increasing with the height owing to the fall 
of the temperature (at least under normal weather conditions); at 
stratospheric heights ru passes through a maximum and decreases 
later on as a consequence of the rising temperature; at still greater 
heights (above the ozonosphere) a new fall of the temperature produces 
once more an increase of ru after a minimum has been passed; 

3) H.f.radio and acoustic waves: the complex conditions depending on the 
oecasional presence in the troposphere of several temperature inver- 
sions may lead to a corresponding number of extrema of ry for both 
kinds of waves. 

We may conclude by remembering the well-known analogy between 
mechanical problems with a potential function V and optical problems 
with an index of refraction y = V1—V/E, where E is the energy of the 
mechanical particle. Extrema of ru correspond to extrema of the function 
r1—YV(r)/E in the equivalent mechanical problems. Thus the circular rays 
in optics along the levels for which d(rj)/dr = 0 correspond in mechanics 
to circular orbits determined by the relation 


The Schródinger wave equation is based on the optic-mechanical ana- 
logy mentioned; the W.K.B.method for the determination of the charac- 
teristic values corresponds to the phase-integral equation treated above. 
It is just the success of this approximation method in the theory of 
Schrédinger’s equation which led Eckersley ?) to the application of the 
phase-integral equation to radio-propagation problems. 


Eindhoven, December 1947 
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MEASUREMENTS OF NOISE FACTORS OF PENTODES 
AT 7:25-M WAVELENGTH 


-by A. van der ZIEL and A. VERSNEL 


621.396.822 :621.385.5 
Summary 


Measurements are given of noise factors of pentodes at 7:25-m wave- 
length as a function of the transformed antenna resistance, and the 
results are compared with theory. Theoretically, induced grid noise 
might be partly suppressed by inserting a small-resistance of, e.g., 
30 Q in the cathode lead. This should reduce the noise factor, but in 
practice other effects cancel this reduction. It is shown that in many 
eases the self-inductance of the cathode lead increases the noise 
factor, but this may be counteracted by inserting a condenser in the 
cathode lead, so that series resonance is obtained. Finally, the in- 
fluence of internal feed-back is investigated, and it is shown that it 
may give rise to an increase of the noise factor. 


Résumé 


Les auteurs renseignent des mesures de nombres de soufflement de 
pentodes, à 7,25 m de longueur d'onde, en fonction de la résistance 
transformée d'antenne et ils confrontent les résultats avec la théorie. 
Théoriquement le soufflement induit de grille peut étre supprimé 
en partie par l'insertion d'une petite résistance d'environ 30 () dans 
la cathode. Elle réduira le nombre de soufflement, mais en pratique 
d'autres effets annulent cette réduction. Les auteurs montrent que 
dans beaucoup de cas l'inductance du conducteur de cathode aug- 
mente le nombre de soufflement, mais on peut y remédier en insérant 
dans la cathode un condensateur de fagon à obtenir la résonance série. 
Enfin les auteurs examinent l'influence de la réaction interne et 
montrent qu'elle peut donner lieu à un accroissement du nombre de 
soufflement. > ! 


1. Introduction 


Recently several papers?) have been published about the noise factor 
of pentodes at v.h.f. We, too, have carried out many measurements on 
the same subject, covering several questions that have not yet been 
treated elsewhere. The measurements were carried out with a linear 
amplifier feeding a thermo-couple detector. The method of measurement 
has already been described previously ?). 

The signal-to-noise ratio of receivers or receiver stages is generally. deter- 
mined by the noise factor F defined as: 

P noise output power of receiver . 

^ noise output power due to antenna noise ° 

the noise temperature of the antenna is assumed to be equal to normal 
room temperature. S 
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This definition means that F = 1 for the antenna itself, so that the 
part (F— 1) is a good measure for the noise contribution of the receiver 
itself or of an individual receiver stage. For this reason we give in our 
measured curves the factor (F'— 1) instead of the factor F. 


2. Noise factor as a function of the transformed antenna resistance Rj 


The measurements were carried out with the input circuit tuned to the 
desired frequency. As induced grid noise has a phase difference of 90 degrees 
` with respect to shot-effect noise 8), the output power of the receiver due to 
them is obtained by quadratic addition of the two effects. Hence, the 
induced grid noise may be taken into account by assuming a suitable noise 
temperature of the input parallel resistance of the valve. Moreover, total- 
emission noise ?) and input-circuit noise have to be taken into account. 

Let R, denote the parallel resistance of the tuned input circuit of the 
first stage (tuned circuit -- valve) and let a, denote its noise ratio. This 
means that the noise due to the spontaneous fluctuations of the input 
circuit may be described by assuming a noise generator e, in series with 
R, such that 

È = a, . AkTR, Ar, (1) 


in which a, is practically independent of frequency; k denotes Boltzmann's 
constant, 7' absolute room temperature and A» a small frequency interval. 
The shot-effect noise and the partition-current fluctuations are described 
by the equivalent noise voltage en (cf. fig. 1) or by the equivalent noise 
resistance R, of the valve: 


e) = 4kTR, Av. 


Denoting the transformed antenna resistance by Rj, we have for the 
mean-square value of the equivalent noise voltage between grid and 
cathode due to both effects: 


H 


a, . A&TR, Av uri a 


x) + AkTR, Av. (2) 


+ $2195 


Fig. 1. Equivalent input circuit of a receiver stage. 
-R, input resistance of valve + circuit. 

Ri transformed antenna resistance. 

eis €, and e, noise generators, 

& = a, . 4kTR, Av; e? = 4kTR; Av; e$ = 4kTR, Av. 
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The antenna noise gives rise to a mean-square noise voltage 


EE i . 
4kTR; Av | ———] - 2a 
: Casa = 


(F—1) is obtained by dividing (2) by (2a): 


(F—1) pus a arp 44e (3) 


R, Rn (R, + Rt)? Rn\ Ri Rae Rn 
= “R R R Ri — 1 


As a function of R; (3) has a minimum value 


Rn / Ra Ra 
Usos. t? V (s E)E (3a) 
if : 
R, R 
EL. 3b 
ml a, + Rn/Rı Gb) 


a, may be siedeured in the following way. After taking Ri = co (no trans- 
formed antenna resistance across the input circuit) the filament current 
of a noise diode across the input circuit is turned up until the output power 
of the receiver is doubled. Let I, denote the anode current of the noise 
diode in this case, then the mean-square value of the noise voltage across 
the input circuit is 

2ely Av . RÌ. (4a) 


As the noise of the second stage of the receiver is generally negligible for 
pentodes (otherwise corrections have to be made), the equivalent noise 
voltage across the input, due to input circuit and valve, becomes 


a, . 4kTR, Av + AETR, Av. (4b) 
Equating (4a) and (4b) yields 


AT IR, = 201,R, = a, +5 — (I; in A, Ri Q). (4c) 

We measured (F—1) as a function of m for a pentode EF50 at 7-25-m 
wavelength. The input resistance R, was found to be equal to 15000 Q; 
this large value was obtained by tuning the cathode lead of the valve to 
series resonance by connecting a condenser of 400 pF parallel to the bias 
resistor in the cathode lead. From the measurement of Ip, R}, and (F—1),., 
we were able to deduce values for a, and R,/R, with the help of (3a) and 
(4c). We obtained: 


a, = 5'3 ; 2Rp/R, = 0:21 or Ra = 1600 Q. 
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Introducing these values into (3) we obtain the theoretical curve for (F—1) 
as a function of Ri. Fig. 2 shows this theoretical curve (lower curve) 
and also the experimental results. The. agreement between theory and 
experiment is very good. Moreover, the value for Ry agrees with the long- 
wave value. i 


0 
100 1000 10000 10000041 
42194 
— Aj 


Fig. 2. (F—1) as a function of the transformed antenna resistance Rj at 7:25-m wavelength 
of an EF 50. The self-inductance is tuned to series resonance by a condenser of 400 pF. 
The lower curve is obtained for R, = 15000 Q, a, = 5:83, 2R,/R, = 0°21; crosses denote 
measured values. ' 

The upper curve is obtained for R, = 5000 Q, a, = 2:8, 2R,/R, = 0°80, corresponding to 
an unbypassed resistance of 23 () inserted in the cathode lead; squares denote measured 
values. 


According to fig. 2, (F—1) has at 1:25-m wavelength a minimum value 
for Ri = 2000 Q, and hence (because R} is inversely proportional to c?) 
at higher frequencies for lower values of Rj (cf. (3b)). If the required 
bandwidth were such that lower values of R; would be necessary, then it 
might be advantageous to use valves having a higher value of the trans- 
conductance as this would give rise to lower values of R, and R, (cf. 
also (3a) and (3b)). , l 

We may also draw another conclusion from (3a). If a valve had no 
partition-current fluctuations (e.g. a triode), then the value of R, would 
be for instance 3 or 4 times smaller, and hence (F,,,—1) would be much 


mi 


smaller too. Taking R, — 400 O, R, — 15000 O, and a, — 5:3 we would 
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obtain (Fmin—l) = 0:8 (instead of 1:8 for the EF 50) for Ri = 1000 Q 
(instead of 2000 Q for the EF 50). This result may be achieved by using 
a neutralized triode of high transconductance instead of a pentode 1). 


3. Unbypassed resistance in the cathode lead 


Strutt and Van der Ziel?) pointed out that a reduction *) in induced 
grid noise might be expected if a small unbypassed resistance R, were 
inserted in the cathode lead (fig. 3). We carried out measurements on 
various types of valve with R, = 23 Q and found that the expected noise 
reduction was completely masked by spurious effects. 


Fig.3. An unbypassed resistance R, is inserted in the cathode lead, the input circuit being 
short-circuited for the sake of simplicity. A noise current i is flowing from cathode to 
grid and a noise current i, (delayed in phase with respect to iy) from grid to screen grid, 
thus giving rise to the induced-grid-noise current (ij—i,), which has a phase advance of 
90° with respect to ig. Cy denote bypass condensers. 


(a) It was found that a feed-back from the output circuit due to the 
direct capacity Ca; between anode and cathode was the chief cause for an 
increase in induced grid noise. Even with a comparatively small capacity 
(as e.g. in the case of an EF50) the amplified noise voltage across the out- 
put circuit (fig. 3) gives rise to an appreciable noise current flowing to 
the grid **). 

(b) The resistance R,, which is connected in series with the valve capa- 
city Cgc, constitutes an appreciable additional input resistance R,: 


IR, = w Ch, Re. (5) 


With Re = 23 Q equation (5) yields a value of about 10000 Q for R, for 
reasonable values of the capacity Cge (8 pF). 


*) That this reduction should be possible may be seen from fig. 3. The noise current i, 
gives rise to a noise voltage ijR, across Re and to a noise current i = —igR.jwCg. to 
the grid. This noise current has a phase delay of 90° with respect to i,, whereas the 
induced-grid-noise current (i—i) has a phase advance of 90? with respect to iy. Hence, 
by a proper choice of R, a suppression of induced grid noise should be possible. l 
This also follows from-fig. 3. The amplified noise voltage va gives rise to a noise voltage 
Ve = Va . J@CacRe across Re and to a noise current i = —v,joCge to the grid, thus causing 
an increase in induced grid noise. ` 


**) 
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(c) The resistance Re in the cathode lead constitutes a negative feed- 
back, such that the transconductance of the valve is reduced by a factor 
(1 -+ S,R;) where $,*) denotes the transconductance of the cathode 
lead 4). The shot-effect noise is reduced by the same factor, but the 
partition-current fluctuations are not flowing through the resistance Re, 
and hence they will not be reduced. Putting for Re = 0 


Rn = Rne Rap (6a) 


(Rac is the contribution of the shot-effect noise to the noise resistance Rn, 
and Rnp is the contribution of the partition-current fluctuations), we have 
to expect for R, Æ 0 (as a direct consequence of the proper definition of 
the noise resistance Rp) a noise resistance Rn: 


Rh = Rne + Rap (1 + S4R;)*. (6b) 


For an EF 50 we have: Ra = 1600 Q, Rne = 500 Q, Rap = 1100 Q, Sy = 
8:5 mA/V, (1 + S,R;)* = 14, and hence R; is about 2000 Q. 

We found that (F—1) could be represented by an equation of the type (3). 
We measured also J, in equation (4c); moreover we found R, = 5000 Q. 
From the measured value of (F,,,—1) we deduced with the help of (3a) 
and (4c) values for a, and R,/Ry: 


a, = 2:8, 2R,/R, = 0:80 or R} = 20002. 


As may be seen from fig. 2, the agreement between theory and experiment 
is very good. 

As we have R, = 15000 Q for R: = 0 and R, = 5000 Q for R, = 23 Q, 
the additional input resistance R, = 7500 Q is in reasonable agreement 
with the expected value. Moreover, the noise resistance R, agrees with 
the value to be expected according to (6b). 

We may finally draw conclusions from the measured values of a, for 

= 0 and R, = 23 Q. 

R, consists of a parallel connection of a resistance of 15000 Q having a 
noise ratio a, and a resistance of 7500 Q having a noise ratio 1. As the 
parallel connection of the two resistances has a noise ratio of 2:8, we find 
a = 6'4 for Re = 23 Q, whereas we found a = a, = 5:3 for Re = 0. This 
shows that even in this case the resistance R, caused an increase in induced 
grid noise. This is most probably dae to the feed-back through the capa- 
city Cac 

Hence, the final result is that the proposed method of reduction of 
induced grid noise does not work. 


*) At the frequencies under consideration S, is practically a real quantity. 
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4. Influence of internal feed-back 


We now turn to some measurements on experimental valves having a 
transconductance which was about 30% higher than for an EF 50. Hence 
it was expected that an improvement in noise factor would be obtained 
by applying these valves. We found, however, that this was true for very 
low values of the transformed antenna resistance Rj only; for large values 
of Ri, however, the noise factor was higher than for an EF 50. 

We found that the tuning of the output circuit was strongly dependent 
upon R; for the experimental valves. Moreover, the tuned input impedance 
depended upon the tuning of the output circuit. This showed that-an 
appreciable feed-back was present, presumably due to the capacity Cag. 
The large value of Cag was probably due to lead effects; these effects are 
less important for EF 50 valves. For EF 50 valves the tuning of the output 
circuit was independent of R/, so that internal feed-back was negligible 
for these valves. 

We now prove that internal feed-back may give rise to an increase in 
noise factor. It is generally known that the signal-to-noise ratio of an 
amplifier is not altered by applying a feed-back from the output of an 
amplifier to its input 5). Hence at first sight it might be expected that the 
noise factor would not change by applying feed-back. 

That this is, not true in our case is due to the fact that the feed-back 
gives rise to a detuning of the input circuit. If the input circuit is not 
retuned, the noise factor remains unaltered when applying feed-back. 
If, however, the input circuit is retuned, the noise factor increases. 

In order to make this point clearer we mention another theorem 5) 
which may easily be proved: the output signal-to-noise voltage-ratio of an 
amplifier (e.g. incorporating feed-back) is equal to the output signal-to- 
noise current-ratio obtained by short-circuiting the output of the amplifier. 

Now let us suppose that we have an amplifier stage incorporating 
internal feed-back due to the capacity Cag, and that input and output 
circuits are tuned to maximum signal. Let the dashed curve of fig. 4 denote 


Fig. 4. Input and output circuits of an amplifier incorporating internal feed-back are 
tuned to maximum signal. The dashed curve is the resonance curve of the input circuit 
as a function of the tuning capacitance C (resonance for C = C,); the tuning of the output 
circuit is fixed. The full-drawn curve is the resonance curve of the input circuit for a short- 
circuited output (resonance for C = C,). 
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the resonance curve of the input circuit as a function of the tuning capacity 
C, and let it have a maximum value for C = C,. If the output of the stage 
is short-circuited the influence of internal feed-back is negligible. The 
resonance curve of the input circuit is now denoted by the full-drawn 
curve of fig. 4, which:has a maximum for C = C, (the shift between the 
two curves is due to the fact that the feed-back gives rise to a detuning 
of the input:circuit). Now, according to the above theorem the signal-to- 
noise ratio for C — C, is equal in both cases (compare fig. 4). However, if 
feed-back is negligible (full-drawn curve) the signal-to-noise ratio attains a 
maximum value (and hence the noise factor a minimum value) when the 
input cireuit is tuned, that is, for C — C,, and becomes worse when the 
input circuit i$ detuned, that is, e.g., for C= C,. This effect is appreciable, 
especially if the input resonance curve is a relatively narrow one, which is 
the case for large values of the transformed antenna resistance Rj. Hence, 
this effect will be unimportant for low values of R; and important for 
high values of Rj. This also follows from fig. 5, which shows the factor 
(F—1) of one of the experimental valves as a function of the transformed 


X 


Fig. 5. Lower full-drawn curve. 

(F—1) as a function of R{ for an experimental pentode having a large internal feed-back 
due to the capaity Cag. The self-inductance of the cathode lead is tuned to series resonance. 
For comparison a similar curve is shown for the EF 50 (dashed curve). 

Upper full-drawn curve. : : 

(F—1) as a function of Rj for the same valve, but with the self-inductance of the cathode 
lead not tuned to series resonance. 
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antenna resistance in comparison with the same factor for the EF 50 
valve of fig. 2. 


5.Influence of the self-inductance of the cathode lead 


Up till now, all measurements have been carried out by using a bypass 
. condenser Cp of 400 pF across the cathode bias resistor. This resulted in a 
‘tuning to series resonance of the self-inductance of the cathode lead. We 
also carried out measurements on the already-mentioned experimental 
valves with Cy — 10000 pF in order to investigate the influence of the 
self-inductance of the cathode lead. This results in an input conductance 7): 


L/R eg So Le Ceg, l (7) 


in which Le denotes the self-inductance of the cathode lead and Cog the 
capacitance between cathode and grid. We found an increase in noise 
factor especially for large values of the transformed antenna resistance Rj. 
This is to be expected from a theoretical point of view. Due to the input 
conductance 1/R of equation (7) the voltage between grid and cathode is 

decreased by a factor 
| o (8) 

R + R,R/(R, + Ri)’ 


while it may be shown that the shot noise is decreased by the same factor 4). 
As the partition-current fluctuations remain unaltered, their influence 
becomes relatively more important, resulting in an increase in noise factor. 
According to (8) this increase is negligible for low values of R? (R; € R) 
and becomes more important for large values of Rj. This is also shown 
experimentally in fig. 5. 


Eindhoven, June 1947 
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INDICATION OF LANDING COURSES INDEPENDENT 
OF WEATHER CONDITIONS 


by K. F. NIESSEN 621.396.933.23 


Summary 


Straight landing courses with a small angle of elevation are indicated 

in a way independent of changes of the electric constants of the $ 
ground. In a definite vertical plane, given by two antennae of finite 

length, the landing course is indicated by a second pair of emitters, 

also of finite length, and placed either at different heights or at the 

same height above the ground. 

Résumé 


Des axes d'atterrissage droits à faible angle d'élévation peuvent 
étre indiqués indépendamment de fluctuations des constantes 

2: électriques du sol. Dans un plan vertical défini par deux antennes de 
longueur finie, l'axe d'atterrissage est indiqué par une seconde paire 
d'émetteurs, également de longueur finie, et placós à des hauteurs 
différentes ou à la méme hauteur au-dessus du sol. 


PART II 


Extension of dipoles to antennae of finite length 


` So far 1) it has been assumed that we have to do with dipoles C, and C, 
of infinitesimal length (only the antennae A, and A, were of finite length). 
Now we shall investigate in how far these infinitesimal dipoles may be 
extended to antennae of finite length (of course of the same length, form 
and power). 

"First we consider fig. 8, where to the vertical dipole C, at h; (of moment 
m) a second one has been added, namely, a vertical dipole of moment 


m, = m,yxe" at h =h + a, 
coherent with the first one and modulated in the same way. 


In a similar way we add to the vertical dipole C; at hg (of moment mg) 
a second vertical dipole of moment 


m,— m,ae* at h,— h+ a, 


coherent with m, and modulated in the same way, the modulation being 
different from that of (m,, my). 
, An observer in the direction O is at distances 


T =r; —a cos 0, 
Ta = Ta — à cos O 
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from these new dipoles, and thanks to the different modulation he receives 
the first pair of dipoles separately from the second pair. 

For the first pair the hertzian function (on account of the influence of 
the earth) is l 


mye kr, 


Le Rexpj(4 -+ m cos 2i + 


xe me fan 


h + Rexpj (4 3: 4rth, cos 3 


r A 
mje ; ; - 
= — 1+ Re^ + xe" + «Rel 
with: 
— ee 4h, cos O 
A 
u 27a cos O - 
DENE pi ( ) 
Anh cos O  2nxa cos O 
w= t+ 4+ ———— H 


A A 


(The values of both 7, and h, were substituted.) 
Apparently we have 
27 a cos © 


w, = y +t 


Earth 


Ja 


Fig. 8. Two pairs of dipoles of different modulation, each pair replacing one of the dipoles 
in a configuration A. 


^ 


y 


132 , K. F. NIESSEN 


The field strength of the system (m, m,) at a point with cos O< 1 is 
therefore given (f being a factor of proportionality) by 


f [(1+ Reosu, + cos v + xRcos w,)?+ (Rsin u, + « sinv + xRsinw]^— 
r 
eg + R? + x + xR + 2R cos u + 2x cos v + 2x R cos w, + 
" 
+ 2 xR cos (uj—v) + 2 xR? cos (u4—2w,) + 2x®R cos (w,—v)] ^, 
and that of (m, m;) is given similarly by the same expression with the only 


difference that the subscript 1 has been replaced by the subscript 2, 
and where 


4zh, cos O 
u, = A+ a 
(13a) 
Ash, cos ©  2zxa cos © 
W,=t+A+ — 4 T 1 


We see from (13) and (13a) that 


Ug — We = Uy — W,. 


Equal intensity for the two radiations will be found in a direction 0 
for which 


2Rcos u, + 2xRoos w, + 2xRcos (uj—v) + 2«R?cos (u,—1w) + 2x*Rcos (w,—v) = 
= 2Rcos uy + 2x Rcos wy + 2 Rcos (ug—v) + 2x: R?cos (ug—w;) + 22 Roos (wy—v), 


since we have already assumed m, = m If this direction has to be 
independent of the constitution of the soil, the above equation must be 
fulfilled for every value of R and A. 
Any dependence on R will be eliminated if it is possible to fulfil at the 
same time: 
COS Uy = COS Uy Y 
COS 109 = COS wj 
cos (ug—v) = cos (u4—v) 13) 
cos (w4—v) = cos (w,—v) 


The first condition is the same as previously encountered when treating 
the case of one dipole m, at h, and one dipole m, at hẹ, modulated differ- 
ently, which was solved by one of the two possibilities (A) and (B), which 
we can now write in the form 


= u + 2pz (A) 
Uy = 27 — uy + 2qz . (B) 
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From the definition of v, w, and w, it will be clear that using (A) we 

satisfy at the same time also the other conditions of (14). This is not the 
` case if we use the solution (B), since the appearance of the function v then 
makes it impossible to fulfil at the same time: 


. T—— 
Ug — v = 2m — (uy—v) + 2qn. 


Thus we see that, if in the simple case of two dipoles C, and C, the difference 
of height h,—h, has been chosen in accordance with the solution (A) (see part I), 
it is permitted to extend these dipoles to antennae of finite length, provided 
this extension is made in the same direction (for we used h, = h, + a 
and DE == h, + a) and the currents in both antennae are identical (for we 
chose m, = m, — m xe) (see fig. 6a). 

It remains to investigate what kind of extension to finite antennae is 
possible in the simple case of two dipoles C, and C, if the sum h, + hy has 
been chosen in accordance with condition (B). In this case we shall try 
an extension in two opposite directions. 

Therefore we take as the first system two dipoles 


iar 


n, = xe" m, at h +a 
and as the second system two dipoles 


; (mg, at hy 
? n, = xe" m, at hj—a, 


the latter pair being modulated in a manner different from the former 


pair (fig. 9). 
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Fig. 9. The same as in fig. 8 but for configuration B. 
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The pait m, n, is identical with m, m, as used above, and the pair 
Mg, Ng differs from the former m,, m, in two respects: the phase factor 
in ng is e” instead of e*/ in mp, and the location of the new dipoles is 
indicated by hy—a instead of h, + a for mg, 

The expression for the intensity with which the system (m,, na) will be 
received therefore contains other quantities than those found in the expres- 
sion for the intensity of (ms, mo) We now need to consider: 


47h, cos O . 
m= ART (= in) 
2na cos O 
v=—t+ — (= —) 
À 
dali; cos O 2xa cos O 
w; = —t + A+ i ——À X wp. 


From our previous considerations it will be clear that both pairs of 
dipoles will now be received with equal intensity as soon as . 


My = m, 
COS Ug = COS Uy 
COS W,' = COS W; E 
cos v' — cos v 

cos (u, —v') = cos (u—v) 
cos (u,'—w,') = cos (uy—w) . 


We chose already hy + hy in accordance with condition (B) for 9 = Oy. 
so that we have for O = Oy: 


uu = (q + 1)22 

10, + wy’ = (q + 1) 2x 

(u v) + (u,—v) = (us! + uy) — (v +0) = (g + 1) 2, 
(ug'—tW 9") + (uw) = (q + 1) 2, 


so that all conditions for equal reception are fulfilled. 

The landing course € = Oy, indicated by the dipoles m, and m, (based 
upon condition B), therefore remains unchanged if both dipoles are extended 
in opposite directions (i.e., to one another or from one another) and in such a 
way that we get two antennae, one of which is the image of the other, with 
respect to the horizontal plane that lies at a height (h, -+ h;)[2 above the earth. 
Phase differences in one antenna have to be opposite to the corresponding 
phase differences in the other antenna. If there is, for instance, a wave 
travelling upwards through one antenna, we should make a wave travelling 
downwards in the other — in general there must be symmetry also in this 
respect with regard to the horizontal plane at (A, + h)/2 (see fig. 7a). 

. ^ , 
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PART III 


Emitters at equal heights 


Now we shall occupy ourselves with two systems of emitters both. at 
the height h; = hy. An indication of a landing course by means of the 
condition of equal reception can — in principle — only be realized if the 
polar diagrams of the two systems are very much unlike! In the former 
case of unequal heights, h, Æ hy, we chose emitters of identical form and 
strength, and the difference in the diagrams mentioned above was brought 
about by the difference in height above the ground, and now, in the case 
of hy = hy, the necessary difference in the polar diagrams will be realized 
by differences in number, strength and internal phase differences of the 
components constituting the systems. 

Therefore we now consider in fig. 10 a group G, of coherent vertical 
(mathematical) dipoles, all situated at the same height h above the ground 
and at distances of the order of 4 from one another. At a point of observ- 
ation P (r = PG, >A) situated in a direction © in the vertical plane F, 
(indicated by two other emitters 4, and A, as before) the modulus of the 
hertzian-vector function amounts to: 


dc en las ge ge «c as 
r r r 


1-- R(O) exp j 14(0) + 24 


where m,, m’, m," are the moments of the separate dipoles. These dipoles 
of G, being coherent, their contributions to the hertzian function have to 
be added vectorially. These contributions show phase differences a’, a”, 
a'" *), which are caused partly by path differences, partly by specific 
phase differences of the dipoles themselves. Adding each time the contri- 
bution of a dipole and that of its image with respect to the surface of the 


s A; DL 
Fig. 10. Two groups G, and G, of vertical mathematical dipoles at equal heights and modul- 
ated differently, showing two polar diagrams of different forms. 


*) This notation (used for a moment only) is not to be confused with a for the angle of 
elevation of the line of sight. 
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earth and summing those sums for all dipoles, we obtain a common factor 


1 + R(@) exp j j4(0) E 2, 


since. all dipoles have been assumed to be situated at the same height and 
all lines connecting the emitters with the observer had the same direction 0. 
The field strength at P, being proportional to (15) for small values of a = 
z:/2. — ©, may be written as: 
un 
f -- R?(@) + 2R(0) cos (ato Bs OY mo 
with 
K,(@) = |m + e? m,' + e" m," 4-...]. 
K, is a function of © since the quantities a’, a”, o", ... contained not 
only internal phase differences but also path differences; f is a factor of 
proportionality which would contain cos? a for larger values of the angle of 
elevation a = z/2 — O. 
In an analogous way another group G, of vertical coherent dipoles, also 
situated at the heigth h but modulated differently from G,, will give in P 
the field strength 


f + R(0) + 2R(0) cos (4) jeans ? » K(0) 


a 


r 


if the distance between G, and G, is of the order of A, so that practically 
the same distance r appears in this formula. 
Here we have: 


K,(@) = |m, + e? m, + e m," +...|. (16) 


What a’, a”, ... are in (15) with respect to the dipole m,, B', f',...in 
(16) are with respect to the dipole mg. 

The f's are other functions of O than the a’s. Moreover C, may contain 
more or fewer dipoles than G,, whose specific internal phase differences 
(independent of path differences) may also be quite different from those 
, of the dipoles in G,. Also the moments m, m, m,",... are in general 
different from m,, m,', ... 

Therefore we have in general 


K,(0)  K;(0) . 


But it is possible to choose the moments m, m’, ... , ms, Mg’, m4", ..., 
and the specific phase differences and the location of the dipoles such that 
just for an angle © = ©, (for example the polar angle of the landing 
course wanted) we have: . 


LANDING COURSES INDEPENDENT OF WEATHER CONDITIONS 137 


K,(0) = K,(@) » (17) 
but then for other values O Æ @, of course: 
K,(0)#K,(0) (9 # 0o). (18) 


Now a change in the physical constitution of the soil is perceived only 
in R(@) and A(@) which contain c and o, and it will thus affect both the 
field strength originating from C, and that from G, but both only by means 
of the common factor 


11 + R'(0) + 2R(9) cos (ae d me 


A 


The relative increase or decrease of field strength will thus be a function 
of @ but the same function for both C, and Gs, so that a direction Ó, in 
which formerly K,(@,) = .K,(O0,) held is again characterized by an 
equality, now of the new functions: 


Ki (69) = Kz (6) . 
Where formerly K,(0) Æ K,(Q) held, there now holds: 
Ky(0)- K,(0) (O40). 


This means that our indication of the landing course by means of the 
prescription of equal reception of G, and G, is “weatherproof”. 

Tt is easily proved, in a manner used already on another occasion, that 
the above conclusion remains valid if the dipoles are extended to antennae 
of finite length, unless the upper and lower ends lie at the same height 
H and H' respectively (fig. 11) and all antennae are built in the same way 
and carry currents of the same strength and form. 

Instead of two groups G, and G, of vertical dipoles we could have used 
also two groups of horizontal ones, all at the same height h above the 
ground and all being parallel to one another (perpendicular to the plane 


Fig. 11. The same as in fig. 10 but for antennae of finite length. ' 
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F). Of course we should then have to use another kind of reflection coef- 
ficient, but the form of all formulae would remain the same. The horizontal 
dipoles may also be added simply to horizontal antennae of finite length, 
all lying at the height h (sce fig. 12). 


es EO 


Earth 


$456 


Fig. 12. Two differently modulated systems of parallel horizontal antennae at equal heights 
but showing polar diagrams of different forms. 


The number and kind of antennae in both groups C, and G, must again 
be chosen such that (17) and (18) hold for O = O, and O Æ Op respectively. 
À simple example is realized if we take for the first system one horizontal 
antenna D, and for the second system two horizontal antennae D,! and 
Dz, these two being in phase with each other and further parallel to and 


at the same height as the antenna D, (fig. 13). We choose the mutual 
distance d of D,! and Dy in such a way that the polar diagram of the second 
system will differ very much in shape from that of D, (the first system). 
For that purpose we choose some angle a different from a (a = 2/2 — 0, 
being the elevation of the landing course wanted) and construct the dis- 
tance d as indicated in fig. 13, by means of the known value of 4/2. That 
is, we take 


2sinot 
Fig. 13. A simple example of the case of fig. 12. One system consists only of the antenna 
D,, the other of the two antennae Dj and Dy; 
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If for a moment we could ignore the influence of the earth, the polar 
diagram of the first system (taken in the plane F, perpendicular to all 
horizontal antennae) would be a circle and that of the second system a 
more complicated figure with a zero point (radius vector = 0) in the 
direction Ø = x/2 — a. But owing to the influence of the earth both polar 
diagrams are changed very much, though they still remain of very dif- 
ferent form. The second diagram will keep its vanishing radius vector in 
the direction © = z/2 — a, but since we chose "ES ag there might still be 
a considerable radiation in the desired direction 0) = 7/2 — ap. 

The power of the systems (modulated differently) may be chosen such 
that (17) and (18) hold for © = O, and O Æ O, respectively. Then both 


polar diagrams intersect on the radius with 
0 = 0,. 


the polar angle of the landing course wanted. 

During changes in the weather conditions and soil constants this point 
of intersection will move on the radius © = O, always remaining on it, 
so that a pilot receiving. both systems with equal intensity can be sure 
to be on the cone O = O,. The landing course found as intersection of 
this course and the medium plane F, given by the emitters A, and A, is 
therefore **weatherproof". l 

I am very much obliged to Ir K. Posthumus, who, being told of the 
contents of the first and second parts, drew my attention to the possibilities 
mentioned in the third part of the paper. 


Eindhoven, September 1947 
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A UNIVERSAL ADJUSTABLE TRANSFORMER 
FOR U. H. F. WORK 


by J. M. van HOFWEEGEN and K. S. KNOL 


621.392.43.029.6 
Summary 


A matching device for u.h.f. work is described with which any 
impedance can be matched to any other impedance by properly 
adjusting two shorting bridges. It consists of a screened two-wire 
Lecher system asymmetrically loaded with respect to the screen. 
The device can also be used for coarse impedance measurements, 
Based on the same principle, a universal adjustable transformer using’ 
wave guides can also be made. 

Résumé 


Les auteurs décrivent un dispositif à l'aide duquel il est possible, 
dans le domaine des ondes ultra-courtes, d'adapter deux impédances 
arbitraires, en fixant d'une maniére appropriée la position de deux 
ponts de shuntage. Ce dispositif consiste en un systtme de Lecher 
: blindé à deux conducteurs paralléles, qui est chargé asymétrique- 
ment par rapport au blindage. Le dispositif peut aussi étre utilisé à 
des mesures approchées d'impédances. En partant du méme principe, 
on peut aussi construire un transformateur universel à guides d'ondes. 


1. Introduction 


In u.h.f. engineering impedance matching is very often necessary. 
Several matching circuits are well known and commonly used, e.g., for 
matching antennae or power sources to transmission lines. The circuits 
mostly used are quarter-wavelength transmission lines and matching 
circuits using one or two stubs. In the designing of transmitters and re- 
ceivers these circuits give satisfactory results, as the matching problem 
usually has to be solved only for certain fixed and well-known impedances 
and at a fixed frequency or in a certain frequency band. For several 
measurements and investigations in the u.h.f. range it is useful, however, 
to dispose of a device that can transform any impedance into any other 
desired impedance, the transforming circuit thus being, continuously 
variable. These transformers are particularly suitable when the impedances 
to be matched or the frequency is variable or not exactly known. Several 
circuits having this feature are not applicable in practice for purely prac- 
tical reasons. Transmission lines with variable length, for instance, mostly 
lead to unfavourable and unpractical constructions, particularly when 
the transmission lines used are screened. The use of slidable stubs should 
also be avoided, because of the difficulties arising when they are used with 


* 


screened transmission lines. 
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In the following pages a device will be described that has proved to be 
very practical for the purpose mentioned above. It consists of a short two- 
wire transmission line (Lecher system) surrounded by a screen and carrying 
two shorting bridges. The impedances between which it is to be used as a 
matching transformer are not connected between the two wires in the usual 
way, but each of them is connected between one of the two wires and the 
screen. Thus the Lecher’ system is asymmetrically loaded, the currents 
and voltages in the wires are unbalanced, and the inner side of the screen 
is an essential part of the cireuit. Of the two shorting bridges one is placed 
between the two wires and has no conducting contact with the screen; 
the other is a short-circuit between the two wires and the screen. 


2. The universal adjustable transformer 


The properties of this device can best be approached by starting with the 
four-terminal network of fig. 1, consisting of three reactances, which will 
be considered as free of loss. This is a symmetrical z-network. When an 
impedance Ze = Re + JXe is connected between one of the terminal pairs, 
the impedance between the other terminal pair is 


JOG + X3) Ze—X Xp 


ZR do eei a a c 1 
0 0 J-*o J (2X, 4 Xj) ZX XK ( ) 
Hg - 

i 
Zy iX4 BZ, 


Fig. 1. Symmetrical z-network. By a suitable choice of X, and X, one can transform any 
impedance Z, into any desired impedance Zp. 


From this equation it can be shown by simple computation that one can 
transform any impedance Z, into any desired impedance Z, by a suitable 
choice of X, and X, 

In u.h.f. engineering, instead of the lumped reactances shown in fig. 1 
one will of course use shórt sections of transmission lines (Lecher systems) 
carrying slidable shorting bridges (fig. 2). By moving these bridges over 
half a wavelength, the reactances X, and X, can be varied between —co 
and J-co, so that, when the Lecher systems are sufficiently long (longer 
than half a wavelength), this circuit has the universal transforming 
properties mentioned. 

. Up till now it has been assumed that there is no inductive coupling 
between the three Lecher systems, for only in this case are the reactances 
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building the z-circuit independent of one another. If an inductive coupling 
between the several parts could be allowed, a very simple construction 
would be possible. This construction is obtained by bending the Lecher 
system e-f down until the wire e coincides with b and f coincides with d 
and by moving a and c towards each other until these wires coincide too. 


"ME 


Fig. 2. Symmetrical four-terminal network consisting of three Lecher systems and having 
the same properties as the network of fig. 1. 


We then obtain a system consisting of three wires 1, 2, 3 (fig. 3), originating 
respectively from the coincidence of b and e, d and f, a and c. The two 
shorting bridges on the Lecher systems a-b and c-d are now joined into one 
bridge K,, short-circuiting all three wires, while the bridge on the Lecher 
system e-f is now slidable on the wires 1 and 2 (K,). Because of the inductive 
coupling existing between the pairs of wires 1-2, 2-3 and 3-1 it is not obvious 
that by moving the two bridges K, and K, the same universal transforming 
properties as mentioned above also exist for the device of fig. 3. The 
proof that this is actually the case will be given below. 

Tt is not necessary that the three conductors 1, 2, and 3 of fig. 3 all 
have the same cross-sectional shape. As it is only necessary that 3 should 


$22 


Fig. 3. Simplification of the network of fig. 2 by making pairs of wires of the several 
Lecher systems coincide. 
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be in a symmetrical position with respect to 1 and 2, it is admissible that 3 
has a different shape. It may consist, for instance, of a cylindrical screen 
surrounding the conductors 1 and 2, from which the construction of fig. 4 
results *). The shorting bridge K, now gets the shape of a plug and K, 
that of a bar, short-circuiting only the two wires, without making contact 
with the screen. The impedance to be transformed, Ze, is connected 
between one of the inner conductors and the outer conductor (screen), 


Fig. 4. Screened, asymmetrically loaded two-wire Lecher system having the same 
properties as the network of fig. 3. 


while the transformed impedance, Z,, is obtained between the other inner 
conductor and the outer conductor. Thus we have a screened  Lecher 
system that is asymmetrically loaded with respect to the screen, and the 
voltages and currents in the wires will in general be out of balance with 
respect to the screen. 


3. Proof of the universal adjustibility 


Nearly all the literature about transmission lines and Lecher systems 
deals only with a two-wire system (screened or unscreened) with balanced 
voltages and currents or with lines of the coaxial type. The equations con- 
cerning these systems are well known. In our case, where the Lecher 
system is asymmetrically loaded, these equations are not immediately 
applicable. We can, however, use the normal transmission-line equations 
by resolving the voltages and currents into balanced and unbalanced com- 
ponents and applying the equations to both of them. 

In order to get simpler figures we shall not draw the third conductor ` 


*) The dimensions of the screen are restricted by the condition that the circumference must 
* be small with respect to a quarter wavelength. : 


H 
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as a screen surrounding the other two, but as a third wire, as already 
done in fip. 3. 


In fig. 5 the three wires are again labelled 1, 2, and 3. We now introduce 
the following notations for the complex voltages and currents: 


Vj, = the voltage between 3 and 1, 


V, = the voltage between 3 and 2, 
I = the current in 1, . 

I, = the current in 2, 

J, = the current in 3. 


Fig. 5. Indieation of the voltages and currents in the three-wire Lecher system. 


The voltages and currents are considered as positive in the directions 
indicated in fig. 5. As no other conductors are present, the currents on all 
corresponding places on the three-wire system are related by the equation 


f+ f,=1;. (2) 


The voltages and currents can now be resolved into balanced and unbalanc- 
ed components Vj and Vp, respectively I, and Ip, as is shown in fig. 6. 


A 


$2214 


Fig. 6. Resolution of the voltages and currents into balanced and unbalanced components, 
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Y= Vp +4 V, 
V, = V,—$ V, " 

P 3 
L = ip + h, ) (3) 
I, = My — Ih. 


First of all we shall consider these components separately, _ 

As the unbalanced components Vp of the voltages V, and V, are equal 
in all corresponding points of the wires 1 and 2, with respect to these com- 
ponents we can consider these wires as being in parallel. The system 

, consisting of 1 and 2 in parallel as one wire and 3 as the other wire will 
have a certain surge impedance, which we shall indicate by £j. In conse- 
quence of the equality of Vp for the wires 1 and 2, we can, with respect to 
the unbalanced components of voltages and currents, ignore the presence 
of the shorting bridge K,. As the bridge K, Short-circuits the unbalanced 
system we can write the ratio of Vp, and Ip, (unbalanced components 
of voltages and currents at the beginning of the wires) as 


y, 
TE = ip tan fh, (4) 
po 


where f = 2/4 and 1, = the distance from the beginning of the wires to the 
shorting plug K; (see figs 3 and 4). 

Considering now the balanced components. V; and Jp, we can ignore the 
presence of the wire 3. Since the bridge K, acts as a short-circuit for these 
components, we can write the ratio of V9 and Ij, (balanced components 
of voltages and currents at the beginning of the wires) as 


15 — jty tan fly (5) 
Tj, 7 . 

where £p = the surge impedance of the wires 1 and 2, used in a balanced 
circuit, and l, = the distance from the beginning of the wires to the short- 
ing bar Kg. 

When the impedance Z, is connected between the wires 1 and 3, then, 
taking into account the positive directions of voltage and current as shown 
in fig. 5, we can write down the ratio of V, and I, at the beginning of the 
wires as: 


= 74e. (6) 


*) The factor $ has been put before V; and I p for the sake of agreement with the normal 
meaning of the terms ‘balanced voltage’ and ‘unbalanced current? on two ‘conductors, 
as these terms normally indicate the total voltage between the conductors and the 
total current in both conductors together. 
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As Z, is measured between the wires 2 and 3, we have furthermore the 
equation: 
Vis 


= Zo. 
Is 0 (7) 


From (3), (4), (5), (6), and (7) we can soe E the following relation 
between Z, and Ze: 


jZe (Cp tan fl, + $ ĉo tan bla) — Cpe tan BL, tan fl, 
Ze -+ j (fp tan fl, + $ Cp tan BL) 
If we again write Z) = Ry + jX, and Ze = Re + jX,, from the equality 


of the real and imaginary parts of (8) we can find expressions for tan fll, 
and tan fl,: 


Z= 


(8) 


ReXo + RoXe ES VRoRe (Xe + Xo)? + (R—Ry)*% 


26p5t L= 
fp tan fl, R,—R, RR, " 
EU tan ply — Pea Roe RR (Xe + Xo)? + (RR 

° R.—R, R—R, 


Since R, and Re are always positive, tan ĝl and tan fll, axe always real. 
Hence we see that it is possible to transform any impedance Z, into any 
desired value Z, by properly adjusting 1, and l. As tan fll, and tan fil, 
must be variable between —co and --co, the distance over which the two 
shorting bridges must be slidable is at least half a wavelength. 


4. Examples of application 


The matching transformer described above has already found many 
applications in laboratory u.h.f. work. In fig. 7 a practical model is shown. 
The two shorting bridges are slidable by means of rack-and-pinion drives. 
The bridge K, is moved by a rod of insulating material between the wires 
l and 2 and leading through a hole in the shorting plug K,. 

Fig. 8 shows the use of the transformer for matching a wave-guide probe 
to a crystal detector. The wavelength being only 10 cm, the total length 
over which the shorting bridges must be slidable is only 5 cm. 

As an example of its application for measuring purposes we mention the 
comparison of the sensitivity of several types of power meter (bolometers, 
thermo-couples, crystal detectors). By matching these power meters to an 
u.h.f. power source one can ensure that the same power is delivered to the 
different types in spite of the different impedances, so that their aiy 
can he compared. 

Another application of the adjustable maae transformer is the 
measurement of the power gain of an amplifier or converter stage. 
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Fig. 7. Practical model of a universal adjustable transformer, for wavelengths below 50 em. 


Inthis case the input terminals of this stage are connected to a power source 
via the matching transformer. Thus the input impedance is matched 
to the power source. Furthermore, the output impedance of the amplifier 
is matched to some type of power meter. The two transformers are ad- 
justed to maximum power transfer. When this power is compared with the 
power obtainable when the power meter is matched directly to the 


stage 


Fig. 8. Use of the transformer for matching a crystal detector to a wave-guide probe. 
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power source, the power gain of the amplifier stage is found under the 
most favourable conditions (matched input and output). 

Particularly with tubes of the disc-seal type the measuring assembly 
becomes very simple, as is shown in fig. 9. 

Attention must be paid to the fact that the matching conditions (equa- 
tions (9)) depend on the frequency; the use of a matching transformer in 
the input and output leads of an amplifier stage will therefore restrict 
the bandwidth. When making measurements on wide-band amplifiers this 
must be taken into account. If the conductors are long enough, the 
correct matching can be obtained with several positions of the shorting 
bridges K, and K, (an increase of both J, and l, by half a wavelength 
gives the same values of tan fl, and tan fly). As is the case with every 
tuned Lecher system, the bandwidth decreases with increasing length; 


Disc-seal tube 
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Fig. 9. Use of two impedance transformers for measuring the power gain of a disc-seal tube. 


therefore, when investigating wide-band amplifiers it is recommended to 
, use the smallest possible values of 1, and lj. If necessary, when designing 
the transformer, this requirement may be taken into account by providing 
for the shorting bridges to approach as nearly as possible to the beginning 
of the conductors. As an increase of the surge impedances 2, .and ¢p 
has also an increasing effect on the bandwidth, one can occasionally make 
these surge impedances as large as possible. 
Of course, if desired, the power gain can also be investigated under mis- 
match conditions by adjusting one or both of the transformers to a certain 
mismatch. Í " i 


' 5. Use of the adjustable transformer for impedance measurements 


When R, and X, are known it is possible to calculate Re and X, from 
tan fl, and tan fl, In this way the adjustable transformer can be used 
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under special conditions as an impedance-measuring device. When, for 
instance, one side of the transformer is connected to a power source with a 
known output impedance and the other side to a power meter, and the 
transformer is adjusted to maximum power transfer to the meter, the 
impedance of the power meter is transformed into the conjugate-complex 
value of the output impedance of the source. Hence, from the position 
of the two shorting bridges the input impedance of the power meter can 
be computed. One must not, however, expect great accuracy from this 
method of measuring. Actually, for an accurate calculation several cor- 
rections must be applied to the lengths } and l,. These corrections, which 
are discussed in more detail below, have a great influence on the results, 
and in general they are not known very exactly *). 
When solving the equations (9) for R, and X, we find: 


Re (a—b)? 
HQ Jara 


Xe= (b X)— (e+ b), 
0 


(10) 


where a = £y tan fl, and b = } £p tan fly. 
Frequent computations of R, and Xe may be simplified by introducing: 
a—b a+ b—X, 
RR, Ro 


The first of the equations (10) may then be written: 
&— n=l. (11) 


When a, b, Ro, and X, are known we can calculate 7. Equation (11) then 
gives é, from which Re results. Finally X, is found as: 


X, = 9gR,— (a + b). - (2) 


If required, the hyperbola given by (11) may be drawn for quickly 
finding È from 7. 


6. Corrections of the lengths 1, and 1, 


When constructing an adjustable transformer according to the principle 
of fig. 4, it will in general be necessary to support the ends of the wires 1 
and 2 by a disc of some insulating material. "The mutual capacitances, 
between the wires and the screen caused by this insulator are indicated in 


*) They have, however, no influence on the universal adjustability of the transformer. 
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fig. 10 by Ci» Cə and Cg. The latter two capacitances are in parallel 
with Z, and Ze, so it is very simple to take them into account. 

, The shorting bridge K, has a certain self-inductance Le and a certain 
capacitance C, against the screen. Also the plug K, will not be a pure 
short-circuit, but it may be represented by small self-inductances Lj, 
Lj, and Ly; *). ` 


Fig. 10. Indication of capacitances and self-inductances making several corrections 
necessary in the calculated results when using the transformer for impedance measure- 
ments. 


Cio, Los and Ly, have only influence on the balanced components of 
voltage and current. Since there are no balanced components behind K3, 
the presence of L4, may be ignored. The influence of C,, and L, can be taken 
into account by introducing a length 1,’ instead of l, that is given by 

. ; . Jo L, cos pl, + j£ sin fl 1 

jü tan fl! = 052 7 TI Bs FJ : - leae (13) 

. £p cos fl, — cL, sin Bl, jo Cis 
Ca, Lis» and Log only influence the unbalanced components. They may be 
dealt with by introducing a length (lj, —L;)' instead of (1,--I,) that is given 
by the equation: f 
joL, cos f(L—l) + j5p sin B(L—l) Jl 1 » (14) 
£p cos B(li—l,) — œL; sin B(y—l,) ^ jo Cs 

where L, represents L,, and L, in parallel. 

The correction caused by the very small self-inductance L} may usually 
be ignored, so (14) may be simplified to 


jp tan B(l,—l,)’ = Cp 


= E H jp tan. B(lj—L) 
j£» tan: f(lj—L,)' = jt» tan B(l,—l.) [] —— = P . (15) 
JSp Bh) = jtp Bly 2) I iG, 1—oC, Ly tan f(a) (15) 
*) In practice, the self-inductances L,, Lip, Lys, and Leg are for the greater part due to 
contact springs between K,, Ky, and the conductors 1 and 2. 
i 
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i > 
. «Ly and C,, however, cannot be ignored. When the dimensions of the 
bridge K, are so much reduced that C, becomes very small, L, increases, 
and vice versa. Therefore, when using the transformer as an impedance- 
measuring device, corrections must be applied for both of them. The 
influence of C,, may only be ignored when the insulating support has a very 
small capacity. In general, however, a correction of l, by Cy, will also be 
necessary. 


7. Formulae for ¢, and £y 


When using the adjustable transformer for matching purposes it is not 
necessary to know the surge impedances £5 and (p. When, however, one 
wishes to compute Re and Xe from the positions of the shorting bridges 
K, and K,, it is necessary to know the values of (5 and Cp. For this reason 
we give here the formulae for calculating these surge impedances from 
the dimensions of the device as indicated in fig. 11: 


£p = 120 In (p + Y p?—1) ohms, (16) 
a D? — (g?—d?) 
where p — inp + (dide) 
£p = 30 In (q + Vg2—1) ohms , (17) 
+ D* — 2,242 : 
where q — pour . 


4adD* 


Fig. 11. Indication of the dimensions of a two-wire, screened Lecher system, 


8. Balanced input and output circuits 


A transformer according to fig. 4 is of course only applicable when the 
input and output circuits are unbalanced. It is, however, easy to deduce 
from the principles outlined above a device for matching two balanced 
circuits. In this case we use a four-wire system with three shorting bridges, 
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two of which are slidable together, so that the number of variable elements 
is again only two (fig. 12). 

Of course, it is preferable to provide the four-wire system with a screen; 
but in this case the screen is not an essential part of the circuit. 


Fig. 12. Four-wire Lecher system applicable for matching two balanced circuits. 


9. An adjustable transformer for wave guides 


The matching of wave guides to loads or power sources is also a problem 
that often arises in micro-wave work. The well-known matching means 
(inductive or capacitive windows, series or shunt tee sections, tuning 
screws) can only be used in certain pre-determined impedance ranges and 
at certain frequencies. The universal adjustability of these matching 
devices always involves very unfavourable constructions. À tee section 
with a slidable branching point, for instance, is very difficult to realize; 
but if a tee section is to be of use for matching any load to a wave guide, 
the branching point should be variable. 

Along the same principles as outlined above jor a Lecher system it 
‘has appeared to be possible to construct a transformer for wave guides, 
and on account of its universal adjustability it has proved to be very 
useful in experimental micro-wave work. A fundamental constructional’ 
sketch of this wave-guide transformer is given in fig. 13. It consists of a 
wave guide provided with a slidable shorting plug, K, and a septum, p, 
also slidable. Thus the length of the wave guide, l, and the width of the 
aperture, a, are both adjustable. It can be shown that any desired imped- 
ance transformation between the parts I and IT of the wave guide can be 
adjusted by varying the place of the plug and the width of the aperture. 
In this way any desired load (e.g., a radiating horn) connected to part I 
can be matched to a wave-guide transmission system connected to part II. 
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In the design of fig. 13 the connection of the parts to be matched to the 
adjustable transformer is effected by inserting corners provided with 
slanting planes for eliminating reflections, as is common practice in wave 


guides. 


Crossection I-I 
$2221 


Fig. 13. Universal adjustable matching transformer for wave guides. 


As is well known, two kinds of waves can occur in wave guides, trans- 
verse electric (TE) and transverse magnetic (TM) waves. We shall first 
consider the TE waves. In the parts I and II these waves will in general 
be of a different size and phase, but the electric and magnetic field intensities 
(E and H) may be resolved into phase and counterphase components 
in the following way: 

Er = Dph TE. 
Ey = Eph — E, 
H, r= Hph + He, 
Ay; = Hph — He, 


(18) 


where the subscripts ph and c indicate, respectively, the phase and counter- 
phase components. Assuming the directions indicated in fig. 14 as positive, 
when considering the counterphase components we can ignore the pres- 
ence of the septum p. Thus these counterphase components are reflected 
at the shorting plug K, and the ratio of the transverse components of 
Ec and He at the entrance of the wave guide (plane A-A) is given by the 
formula: 


À 
= j 120x 7 tan fl, (19) 


c 


where Eç is measured in volts/metre and H, in ainps/metre, so E,/H, 
in ohms, and furthermore: 


Ag = the wavelength in the wave guide, 
4 = the free-space wavelength, 
B = 2n[|A, = the phase constant. 
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According to a well-known formula, the relation between 4, and 4 is 
given by 


- a l 


V.-(y 


where Ac = the wavelength at cut-off. ] 


Fig. 14. Assumption of positive directions for the transverse components of the electric 
and magnetic field intensities. 


The phase components, however, cancel in the part of the wave guide 
to the right of the plane B-B, which means a total reflection at the open 
ends of the parts I and II in this plane. Therefore, the ratio of the trans- 
verse components of Ep, and Hp, at the entrance of the guide is given by 


LPS j 1207 : cot f(a). (21) 
h 


From (15), (16), and (18) we can compute the following relation between 
EjH,; and Ey/Hy: 


' A; E Ag\? 
j 60x ZE Yan. fl — cot B(I—a)}— (1202 3) tan fl cot B(I—a) 

Er A Hy A 
fo E. an NUM (22) 
T ZH _ 7 60x A stan Bl—cot B(LI—ayt 

If we write E,/H, = p+jq and E,,/Hy, = r + js, from the equality 
of the real and imaginary parts of (22) we can find expressions for tan fil 
and cot f(L—a): i 


vps ¥—pr }(q—s)* + (p + 7) 
pcr l pr 

ar + ps Vpr fas + (P+ 
RE ptr 


À 
— 120x 7 cot B(I—a) = 
(23) 
1304. tan fi = 


A UNIVERSAL ADJUSTABLE TRANSFORMER FOR U.H.F. WORK 155 


As p and r have always the opposite sign (the contrary would mean a 
constant flow of energy into or out of the transformer), cot f((I-a) and 
tan fl are always real. Hence we see that it is possible to transform any value 
E/H; into any desired value of Ej/H, by properly adjusting | and a. 


S225 


Fig. 15. Practical model of an adjustable transformer for wave guides. 


Considering the TM waves, a computation very similar to the one given 
above can be carried out. The results are the same, except for the factor 
Àgl À in the equations (16), (18), (19), and (20). which for TM waves must 
be replaced by 4/A;. Therefore, also when the mode of transmission is a 
TM wave, any desired transformation can be obtained by adjustment of 
l and a. 

In fig. 15 a practical model is shown of a wave-guide transformer based 
on the principle outlined above. The shorting plug and the septum are 
slidable by means of rack-and-pinion drives. 


Eindhoven, September 1947 
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ABSTRACTS OF RECENT SCIENTIFIC PUBLICATIONS OF THE 
N.V. PHILIPS’ GLOEILAMPENFABRIEKEN 


Reprints of the majority of these papers can be obtained on applic- 
ation to the Administration of the Research Laboratory, Kastanje- 
laan, Eindhoven, Netherlands. Those papers of which no reprints 
are available in sufficient number are marked with an. asterisk (*). 


1717: J. M. Stevels: The physical properties of glasses. ") 
III. The density of borate glasses. 
IV. The density of phosphate and germanate glasses. 
(J. Soc. Glass Technology 30, 173-197, 1946). 


The theory given in an earlier ‘communication **) on the density of 
silicate glasses (as a function of their composition) is extended to borate, 
boro-silicate and boro-aluminate glasses. It is shown that in the three 
cases there is an “accumulation region" (where the O? ions form tetra- 
hedralinstead of triangular configurations round the B?* ions) and a “des- 
truction region" (where the O? ions are taken up by the breaking of 
linkages between the network formers). For the boro-aluminates a “crys- 
talline region” (where al least two phases are formed, of which at least one 
is crystalline) occurs as well. Methods are given for calculating the density. 
The values so derived are in satisfactory agreement with those obtained by 
experiment. The theory given is found to hold also for phosphate and ger- 
manate glasses. 


1718: J. M. Stevels: The physical properties of glasses. 

V. A peculiar phenomenon in the vitreous system Na;O- -B 205. 

VI. The relationship between the volume and the number of 
glass-forming ions in silicate glasses. 

VII. The molecular refraction of glasses. 

(J. Soc. Glass Technology 30, 303-317, 1946.) 

V. The density-concentration curve of sodium-borate glasses is 
determined and the S-shaped curve found is discussed. At a 
concentration of 4 per cent Na,O a widening of the oxygen 
network is found which is, however, not connected essentially 
with the sudden increase of the electrie conductivity at this 
composition. 

VI. It is shown that, at least in silicate glasses, there is no per- 
ceptible difference between the volumes of bridging and non- 
bridging oxygen ions. The volume of the interstices in the 


*) Correction to same abstract published in Philips Res. Rep. 2, 441, 1947. 
**) J. M. Stevels, Rec. Trav. chim. Pays-Bas 60, 85, 1941; 62, 19, 1942. 
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oxygen network is proportional to R: (R being the ratio of 
the number of oxygen ions to the number of glass-forming 
ions) as is decuded from a simple model. of the glass structure. 
Using these two results the volume of a block of glass con- 
taining one gram-atom of oxygen is calculated as a function 
of R. The values obtained are identical, within the limits of 
error, with those derived from a formula obtained previously. 

VII. It is shown that the molecular refraction of abnormal glasses 
can be calculated in an additive way, with the aid of atomic 
(ionic) refractions, provided that distinction is made between 
bridging and non-bridging oxygen ions. This additivity is not 
expected for normal glasses. These expectations are found to 
be realized for a large number of pure silicate glasses contain- 
ing Na*, K*, and Ca** ions only. The deviations between 
experimental and calculated molecular refractions for the 
abnormal glasses are less than 0°3 per cent. Glasses containing 
isolated oxygen tetrahedra are not examined. 


1729*: J. L. Snoek: New developments in ferromagnetic materials; 
Elsevier Publishing Company, Inc., New York, Amsterdam, 1947, 
136 pp., 52 figs. 


This book is not a textbook on the subject, but it gives a collection of. 
publications on research work carried out during 1940-1945. It is divided 
into three chapters dealing with the “statics” and “dynamics” of ferro- 
magnetism and the development of magnetic materials respectively. The 
first chapter includes such topics as the general theory of hysteresis, hyste- 
resis at low values of the induction, crystal anisotropy and magneto- 
striction in ternary systems, permeability and coercive force of cubic 
ferromagnetic oxides, effect of cold-rolling on the alloys of Ni and Fe. 
The second chapter chiefly deals with the magnetic after-effect and dis- 
accomodation in alpha-iron as well as in ferromagnetic non-metals. 
Other topics are: eddy-current problems, magnetic skin-effect, large 
Barkhausen discontinuities. The third chapter gives extensive infor- 
mation on new magnetic ferrites developed by the author and co-workers 
(“ferroxcube” 1,2,3,4), and gives some information on magnet steels. 


1730: E. J. W. Verwey: Theory of the stability of lyophobic colloids 
(J. phys. Colloid Chem. 51, 631-636, 1947). 


The theory of the interaction of the double layers surrounding colloidal 
particles in suspension in the presence of an electrolyte is reviewed in 
relation to the stability of lyophobic colloids. It is concluded that the 


158 ABSTRACTS 


interaction of the double layers must be associated with an increase of 
free energy, leading to a repulsion between the particles. The calculated 
repulsive potential for special cases is combined with the Van der Waals- 
London attractive potential calculated by Hamaker, to obtain curves of 
potential against distance. Predictions based on these curves appear to 
agree well with various experimental data. F'or example, the influence of 
electrolytic concentration and of the valencies of the ions on flocculation 
is satisfactorily explained in terms of the theory, although many com- : 
plicated phenomena remain to be correlated with it. 


1731: Th. P. J. Botden and F. A. Króger: Fluorescence of cadmium 
borates activated by manganese (Physica, s'-Grav. 13, 216-224, 
1947). 


In the system CdO. B,O, four compounds exist, each of which shows 

fluorescence when activated by manganese. Cd,B,0;-Mn is excited by 
A < 3200 A and cathode rays, and then shows an orange luminescence, 
whereas CdB,O,, Cd,B,O,, and Cd,B,0, show a green cathode-lumines- 
cence only. 
_ The luminescence of the Cd,B,0,-Mn,B,0, phase is studied quantita- 
tively both as a function of the manganese content and as a function of 
the exciting radiation and temperature. It is shown that an ultra-violet 
‘emission appearing at low temperatures in some of the products cannot be 
responsible for the anomalous decrease of the red luminescence towards 
low temperatures. 


1732: F. A. Kröger: Fluorescence of tungstates and molybdates (Nature, ` 
London, 159, 674, 1947). 


Certain molybdates and tungstates that are non-luminescent at ordinary 
' temperatures prove to show luminescence at low temperatures. The 
temperature-quenching of the luminescence of a number of tungstates and 
molybdates in the interval —200 to +200 °C is given in a graph. 


1733: F. A. Króger: Tetravalent manganese as an activator in lumines- 
` cence (Nature, London, 159, 705, 1947). 


In a number of systems, such as zinc aluminate, magnesium aluminate, 
a- and f-aluminium oxide, magnesium titanate, all activated with man- 
ganese, the luminescence is markedly different according as the products 
are prepared under oxidizing or reducing conditions. The reduced products 
(except the titanate) show a green cathode-luminescence, which is due to 
divalent manganese. The oxidized products show a deep-red luminescence 
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upon excitation by cathode rays or ultra-violet (3650 A). The valency of 
Mn in magnesium titanate is found by titration to lie between 3 and 4. 
Analogy between the emission spectra of Mg,TiO,-Cr?* and Mg,TiO,-Mn 
shows that Mn is present in the form of Mn**. 


1734: E. J. W. Verwey: Nieuwe onderzoekingen over de atoomrang- 
schikking in spinellen in verband met hun physische eigenschappen 
(Chem. Weekblad, Amsterdam, 43, 229-232, 1947) (New investiga- 
tions on the atomic arrangement in spinels in relation to their 
physical properties; in Dutch). 


For the contents of this paper the reader is referred to Philips tech. 
` Rev. 9, 186-191, 239-248, 1947. 


1735: À. van der Ziel and A. Versnel: Total-emission noise in diodes 
(Nature, London, 159, 640, 1947). 


Measurements of the input damping 1/R and the equivalent saturated 
diode current I, are carried out at 7.25-m wavelength on a diode (cathode 
area 10 cm?, anode-cathode distance 0.1 cm). Both quantities are 
approximately proportional to V, ?. The total emission may be described 
by assuming the “equivalent noise temperature" Te of the conductance 
1/R to be equal to the cathode temperature. It is expected that this result 
holds for a very wide frequency range, because 1/R and I, are both 
proportional to the square of the frequency. 


1736: À. van dex Ziel: Total-emission damping in diodes (Nature, 
London, 159, 675, 1947). 


Measurements of the “total-emission damping", which is a transit-time 
effect due to space charge and occurring at ultra-high frequencies, are 
carried out at 5.8-m wavelength on a diode (cathode area 10 cm?, cathode- 
anode distance 0.1 cm). The conductive part 1/R and the reactive part 
wAC are plotted against V, (heater voltage 6, 8, 10 and 12 V). It is proved 
that cC and 1/R are proportional to V4 ! and V4 ? respectively. It is to 
be expected that AC does scarcely depend on the frequency and that 1/R 
is proportional to w?, except for the highest frequencies. 


1787: J. L. Snoek: Gyromagnetic resonance in ferrites (Nature, London, 
160, 90, 1947). 


In polycrystalline magnetic ferrites of great homogeneity prepared 
by the author, the tangent of the loss angle between B and H is found to 
riseat about 10 Mc/s from values less than 0.01 to values exceeding 1. 
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At the same timé the permeability goes down to very low values. The 
results are compared with the Landau and Lifshitz theory of gyromagnetic 
resonance expected to occur in a ferromagnetic dielectric if the frequency 
of the applied field equals the frequency of precession of the spins around 
the direction of the internal field. (In Landau's model the specimen is 
assumed to be a single crystal and the applied field is at right angles 
to the crystal field). According to Landau 
th Le ~ = 4x 108 Grates Oe: sec, 

T as 27% mc 
(x: = transverse susceptibility, fj, = frequency for which the real part of 
the susceptibility is halved, Imax = saturation magnetisation) whereas 
for the polycrystalline sample this expression equals 175.109 cycles/Oe.sec. 

The approximate agreement between theory and experiment warrants 
the conclusion that the rapid decrease of the permeability in ferrites at 
high frequencies is probably due to gyromagnetic resonance around direc- 
tions prescribed by the internal field. 


1738: E. J. W. Verwey and E. L. Heilmann: Physical properties 
and cation arrangement of oxides with spinel structures. I. Cation 


arrangement in spinels (J. Chem. Phys. 15, 174-180, 1947). 


By means of a detailed X-ray study of a large number of oxides having a 
spinel structure, it has been established whether they crystallize in the 
“normal” spinel-type structure, X Y,O,, or in the "inversed" type of 
structure, Y(XY)O,, discovered by Barth and Posnjak. Certain rules 
can be derived which are also applicable to more complicated spinels or to 
solid solutions of different spinel oxides. Madelung constants have been 
calculated for different spinel types in order to investigate their stability 
on the basis of an ionic concept of the chemical bond (Born's lattice theory). 
The experimental results are only partially explainable on this basis. All 
exceptions to the electrostatic principles can be understood by assuming 
that Fe?*, Ga?*, In3+, Zn?*, and Cd?+ favour a configuration having the 
coordination number 4, because of a considerable covalent contribution to 
the chemical bond for that configuration. 

For the contents of this paper see also the article by E. J. W. Verwey, 
P. W. Haayman and: E. L. Heilmann, Philips tech. Rev. 9, 186-191, 1947. 
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THE HEAT DISSIPATION 
IN THE ANODE OF AN X-RAY TUBE 


by W. J. OOSTERKAMP 
621.386.1.032.22:536.212,1 


Ii. LOADS, OF SHORT DURATION APPLIED TO ROTATING ANODES 


Summary 


The maximum temperatures occurring in the target of an X-ray tube, 
or in the copper backing behind it, are computed on the same prin- 
ciples as adopted in the first part of the paper, hut this time for a 
rotating anode. It is shown that for short exposures the lateral 
dissipation of heat may be disregarded. Exposures lasting less than 
one revolution and lasting several revolutions are separately dealt 
with. From the resulting formulae the rating capacity is computed 
as a function of the time of exposure and is found closely to agree 
with life-test experiments. 


Résumé 


Les températures maxima apparaissant dans l'anticathode d'un tube 
à rayons X ou dans le support en cuivre qui y fait suite sont calculées 
sur les mêmes principes que ceux adoptés dans la première partie de 
Particle, mais cette fois pour une anode tournante. L'auteur montre 
que pour des expositions de courte durée, la dissipation latérale de 
chaleur peut étre négligée. Les expositions de moins d'une révolution 
et celles de plusieurs révolutions sont traitées séparément. Les for- 
mules trouvées permettent de déduire la limite de charge en fonction 
de la durée d'exposition. Elles concordent avec les expériences 
relatives à la durée des tubes. : 


4. Loads of short duration applied to rotating anodes 


As stated in the first paper of this series!), a considerable increase in 
the rating capacity of an X-ray tube can be achieved by the use of a rotating 
anode. The construction of this type of tube is shown in fig. 4; it is mainly 
applied for medical purposes. 

Two types of anode are in common use, the one consisting of a tungsten 
disk several millimetres thick, the other of a thin disk of tungsten backed 
by a solid body of copper. The theory developed below may be applied tó 
both cases, but in working out a practical example we shall treat only 
the more complicated bimetallic type of anode. 
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Tn one of the regular types of tube the central ray of the X-ray beam 
leaves the target at an angle of 15°, so that, for the apparent focus to` 
be a square, the actual focus must be a line focus four times as long as 
wide. Focus widths varying from 0:8 to 2:0 mm are in general use, and for 

` obvious reasons the line focus is placed in a radial direction. The average 
diameter of the focal path is 38 mm, the number of revolutions 50 per sec, 
so that the speed of the anode in the focal spot is approximately 600 cm/sec; 
consequently, a fixed point on the anode is hit by the electron beam during 
not more than a few ten-thousandths of a second in each revolution. The 
thickness of the tungsten target in the bimetallic anode is usually 0:5 mm. l 


= = Too: = 


$2210 
Fig. 4. Sectional view of the rotating anode of a ‘‘Rotalix” tube; F = focus, T = tungsten 
target; z and y indicate the system of coordinates used, the x-axis being perpendicular 
to the y- and z-axes. 


In computing the temperature we shall follow the same methods as in our 
first paper, again assuming that the energy is homogeneously. distributed 
over the focal area. 


A. Exposures lasting less than one revolution 


For this case the rating capacity has been computed by Bouwers ?), 
whose results will briefly be repeated here for the sake of completeness. 
To simplify matters we suppose that the anode, instead of rotating, 
exhibits a translational motion in the x-direction with the speed v = z»D, 
y being the number of revolutions per second and D the diameter of the 
focal path. If 26 designates the width of the focus, a point on the surface of 

the target will be hit by the beam during a time interval 
be (14) 
: v i 

per revolution. 

For stationary anodes, and for exposures less than a few thousandths 
. of a second, we found that the lateral heat dissipation can be ignored, 
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For the rotating anode this will still hold in the y-direction, the length of 
the focus being large enough to be regarded as practically infinite. In the 
x-direction, however, the distribution of temperature is essentially different 
from that prevailing in a stationary anode; that the lateral heat dissipation 
may be disregarded here also, requires a separate proof which Bw be given 
under heading D of this section. 

If the lateral dissipation may be ignored, we obtain the maximum 
temperature.simply from formula (9) by substituting for the time of 
exposure, t, the time of passage of the beam, At, as given by (14); this 
yields 


= vy C uA cim (15) 
vnkc Vake! vaD — 
According to this expression the permissible maximum load for less than 
one revolution is independent of the time of exposure *). If the maximum 
temperature remains the same, the improvement p in the specific rating 
capacity relative to a stationary anode, and for an exposure lasting just 


one revolution, is 
ye 
= ? 
2ó 


or, in words, it is equal to the square root of the ratio of the circumference 
of the focal path to the width of the focal spot. 


(16) 


B. The cooling of the focus during one revolution 


Before discussing the problem of exposures lasting several revolutions, 
we bave to study the rate of cooling of the focus during one revolution. 
We shall first assume that the anode is homogeneous and investigate the 
temperature distribution in the z-direction. — ' 

For any point on the focal path the load is W watts.cm™ from t = 0 
tot = At = 26/v, and afterwards zero. This load can be regarded as the 
superposition of a load. 


W watts.cm™ from 0 to ¢ and 
—W watts.cm™ from At to t. 


Since the heat transfer is in the direction of z only (see under D) the 
temperature at a distance z from the surface and at the time t may be 
deduced from equation (10): 


*) Except of course in the trivial case that the time of exposure is suialler than the time 
2ójv, required for the passage of the beam; the anode may then be considered as not 
moving at all. 
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gi 


t 
W fem 
T.i = -e pe dr. (11) 
© Vake) Vr 
tlt 
If t > At the integrand. may be considered as constant, so that 
l W cs 
Tu —-—-——e fart At, (18) 
Bou & 4 Vacket 
or by (15) . 
l Ts (2 = 
T,,= — |/ —e mi. 19 
zy 2 i e (19) 


Consequently; the temperature of a point on the focal path (z = 0) and 
at the end of one revolution (At = 25/v, t = Djv) is 


T= [= fn 20 

=z Pap 3p' (20) 
where p is the relative improvement in rating capacity as given by (16), 
which depends only on the geometrical dimensions and not.on the physical 
properties of the anode material. 

We infer from this equation that the ratio of the highest temperature 
(just after passage of the beam) to the lowest temperature (at the end 
of one revolution) is independent of the anode material and the speed of 
rotation. This may seem surprising, for it might be expected that, when 

. raised to the same maximum temperature, a copper anode would cool down . 
more rapidly than a tungsten anode. But it must be remembered that to 
raise the copper to the same temperature it is necessary to apply a heavier 
load; consequently a greater amount of heat penetrates into the copper 
anode during the passage of the beam, and thereby the rate of cooling is 
reduced to just the same extent as it is increased by the higher conductivity. 

A point on the surface will reach its maximum temperature at the end 
of the passage of the beam, but a point inside the anode will reach its 
maximum temperature a little later. For a point a distance z away from 
the surface we find the.time of occurrence of the maximum temperature 
by equating to zero the derivative of (19) with respect to time. This gives 

E 
tzm = 2g l (21) 


which, inserted in (19), yields for the maximum temperature itself: 


E T 7h / 7, 
Tem = mE l (22) 
z|2 R 


` 
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For a focal width.of 2 mm, fig. 5 shows the temperature-distribution 
` curves computed from (19) at different moments together with their envelope 
as given by (22). This envelope indicates the maximum temperature that 
will occur at any depth z behind the anode surface. We see from this figure 
that 75% of the heat entering during the passage of the beam has, after 
one revolution, penetrated into the anode to a depth greater than 0°5 mm; 
that is, to a depth greater than the thickness of the tungsten target. This 
enables us to estimate the rate of cooling in a bimetallic anode. 
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Fig. 5. Temperature distribution in the anode of a *Rotalix"" tube, immediately after the 
passage of the beam, and during the cooling period, the time of exposure being less than 
one revolution. For z > 0:375 the curves have been drawn on an enlarged scale in the 
inset. The solid curves refer to a solid tungsten anode, the dashed curves to a copper anode 


with a 0-5-mm tungsten target in front. The curves were computed for a focus width 
of 2 mm and for a load of 40 kW. 


During the passage of the beam, the heat will not yet reach the copper 
backing, and the maximum temperature will practically be the same as with 
a massive tungsten aiiode; but at the end of one revolution a major pro- 
portion of the heat has passed into the copper, and the temperatures will 
therefore be approximately those which would prevail in a massive copper 
anode. Now, for the same power input, all temperatures are by (15) and 
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(19) lower in copper than in tungsten in the ratio (yke) w/(y ke)Cus hence if 
- Tm is the maximum temperature in tungsten, the surface temperature 
of the bimetallic anode at the end of one revolution will approximately be 


Tm (Whe) Ww 
2p (Vie) Cu 


Thus the copper backing is seen to pxoduce-a considerable improvement. 


= 6 Tn/2p *). 


C. Several revolutions 


So far we have considered the rate of cooling during a single revolution. 
It follows from the same arguments that, after an exposure lasting less 
than one revolution and producing a maximum temperature Tm, the 
temperature after n revolutions will have dropped to 

Thn = Tm Whe) 4 " (23) 
2p (Vkc)cu Yn 


Moreover, by considering an exposure lasting several revolutions as a 
superposition of successive energy pulses, the maximum temperature just 
before the (n + 1)th passage of the Hoa is by addition found to be 


r n _ Tm (Vke)w | Ar 

T=3T,= = t4 tut 24 

i 2p V i y 

while at the end of the (n + 1)th passage of the beam the temperature 

will be 

RUSLAN 2n 

iod pL pu 25 

| 2p (Vie)cu — Y2 V3 Yn m 


For sufficiently large values of n the sum in these equations may be 
replaced by an integral plus a correction for the first few terms; this 
gives 


n 1 ` 
| — = Yn — 14, 26 
. is Vel 


and for large values of n the constant term on the right may even be 
neglected without serious error. The maximum temperature of the tungsten 
target at the end of the (n + 2 passage of the beam then is approximately 
PE by 


2 Lh Yn. diow 
~ Ya(k)w )w ppl» P (Vke)cu)- 


*) Compare the data of table I of the first paper. 


(27) 


THE HEAT DISSIPATION IN THE ANODE OF AN X-RAY TUBE 167 


and likewise just before the (n + 1)th passage of the beam we have 


T= aml = ja (28) 
Ya(k)c, P^! v MEE 
where use has boss made of equation (15) expressing Tm in terms of the 
load W. 

These equations refer to the surface temperatures in the tungsten target. 
For longer exposures the melting temperature of the copper is the limiting 
factor, and we must now pay closer attention to the temperatures occurring 
at the tungsten-copper interface. 

The maximum temperature in the copper will be reached some time after 
the electron beam has passed over the corresponding spot dn the surface 
of the target, and during this interval the peak of the temperature pulse is 
greatly reduced. This is clearly demonstrated in fig. 5; if the tungsten target 
is. 0'5 mm thick, the maximum temperature at the interface will occur 
about 0°0025 sec (one-eighth of a revolution) after the passage of the beam, 
and the height of the temperature pulse has decreased from 2500 °C at 
the target surface to about 200 °C at the interface. After reaching: this 
maximum the copper will cool down to a minimum temperature given by 
(24); for we see from fig. 5-that at the end of one revolution (t = 0°02 sec) 
the heat pulse has been completely smoothed out, so that the tempera- 
tures at the surface and the interface are practically the same. Then 
follows a second pulse with a maximum about 200 °C above this minimum, 
and so on. Thus the actual temperature at the interface will be fluctuating 
with an amplitude of 200 °C about a steadily increasing level. 

Fig. 5 holds for a load of 40 kW, which raises the target temperature 
to its permitted maximum in one revolution. For exposures lasting several 
revolutions the load must be lower and the amplitude of the temperature 
fluctuations will diminish in proportion; for instance, with a load of 22 kW 
the amplitude will be 110 ?C. For this case the actual temperature at the 
interface has been plotted in fig. 6 as a function of the time. Curve IT 
in this figure represents the minimum temperatures computed from (24), 
whereas curve III gives the temperatures as calculated from (28). Since, in 
deducing (28) from (24), the term 1:4 in (26) has been neglected, the 


temperatures computed from (28) are too high, as may be seen from the . 


figure. They lie even closer to the maximum than to the minimum temper- 
atures. Hence (28) can be used as a rough approximation of the maximum 
temperatures occurring in the copper backing. This approximation will 
be the better, the longer the exposures, for then the permissible load will be 
lower and the amplitude of the fluctuations correspondingly smaller. 
In medical fluoroscopy, rotating-anode tubes are used under a small 
continuous load on which short heavy pulses are super-imposed when 
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making instantaneous photographs. The energy supplied by the continuous 
load is dissipated by radiation towards the stationary parts of the anode, 
and the normal conditions are such that the target and the copper backing 
may reach an average temperature of about 450 °C. Under these circum- 
stances the permissible maximum rise in temperature during a heavy pulse 
is 550 °C for the copper backing and 2500 °C for the tungsten target. 
As for stationary anodes, the rating capacity is limited by the rate of 
evaporation of tungsten (and hence by (27)).for short exposures, and by 
the melting of the copper (and hence by (28)) for longer exposures. 

From fig. 6 we see, for instance, that the temperature in the copper 
backing rises 550 °C in about 0'5 sec when the load is 22 kW; for such a 
load 0*5 sec is the longest exposure that can be safely used. 

Curve I in fig. 7 represents-the permissible load as a function of the time 
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Fig. 6. The temperature at the tungsten-copper interface as a function of time for a load 
of 22 kW (curve I). l 

The risé in temperature has reached its permissible maximum of 550 °C after abont 0°5 sec. 
Curve II: minimum temperatures according to (24). 

Curve III: approximate temperatures computed from (28). 
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of exposure for a focus of 2 x 8 mm? as computed from equations (27) 
and (28); in performing the computations corrections were applied for 
the term 1:4 in (26), and for the fact that the copper reaches its maximum 
temperatures not during the passage of the beam but, according to (21), 
0°0025 sec later. Curve II in the same figure gives the permissible load as 
determined from life tests; the agreement between theory and practice 
is very satisfactory, though, as we shall see later, the close eoincidence 
between these two curves is too flattering; some corrections, yet to be 
made, will make the agreement somewhat less favourable. 


QU  —t Ql EE ` 100sec 


Fig. 7. The rating capacity of a **Rotalix" tube with a focus width of 2 mm, as a function 
of the time of exposure. 

Curve I: computed for a target of 0°5 mm without corrections; 

Curve TI: deduced from life-test experiments; . 

Curve III: as curve I but corrected for'secondary emission and lateral dissipation; 

Curve IV: uncorrected curve computed for a target 2 mm thick. 


D. The influence of lateral dissipation of heat 


4 
If we neglect the lateral heat dissipation, it is easy to compute the 


temperature distribution along the surface of the anode. Let, at a given 
moment, the front line of the focal spot be at x — 0 and the rear at 
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x = —26. Any point between x = 0 and x = —26 will have been exposed 
to the beam during an interval —x/v, and its temperature will be given by 
equation (9) if in it we substitute this value for the time of exposure t; 
thus we have 


—x ym » 
c ee ae 
] wW E Tm 25 for —26S%S0 (29) 


in virtue of (15). 

In the region x < —26 the anode is cooling and for such points we find 
the temperature by integrating (17) for z = 0 and then substituting 26/v 
for At and —x/v for t. This gives 

ra BE >_> f 
v vc 5 


T ake ( ? 26 


As illustrated in fig. 8, equations (29) and (30) yield a temperature distri- 
bution with very pronounced temperature gradients at the front and the 
back of the focal spot, so that it is open to question whether the lateral 
dissipation of heat can be ignored, as we did so far. To settle this point we 
have to compute the actual temperature and then to compare it with that 
computed under the simplifying assumption. 

10 


" 


-50mm  -40 -30 -20 -10 — y 
Fig. 8. Temperature distribution over the surface of the target of a rotating-anode tube 
in the direction of focus width; focus width 2 mm. 


S ` 


When a line focus of infinitesimal width dx inside a homogeneous body 
` is exposed to a load of specific density 2 W watts per cm? during a short 
time At, the temperature field thereby produced after an interval v is 
according to equation (6) ` 

` 


(31) 


and this expression we shall now have to use. If we consider a moving 
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focus, it is evidently the same whether we compute the temperature distri- 
 bution at a given instant, or whether we calculate the temperature at a 
certain point as a function of the time while the beam sweeps over it. 
Let us therefore consider a moving focus the front line of which passes the 
point x = 0, at time ¢ = 0, and let us compute the temperature at x = 0 
as a function of the time. At the time ¢ the line focus will be located between 
` vt and (vt — 26), and an interval v earlier than this the focus was between 
v(t—t) and }u(t—r)—26{: If we consider the focus as stationary in this 
position for an interval Ar the corresponding contribution to the temper- 
ature at time t and at the point x — 0 will by (31) be 


p t. [ Ea. | (32) 
v (t—r)—28 


The actual temperature at x = 0 is obtained by integrating mi expression 
with respect to 7 from v = 0 to t = co, which yields 


v(t-x) 


Ww 3 dc 28 
= Minn 4a*r d. VE 33 
ak | T | ais ee) 
0 u(t) -28 


-Numerical evaluation of this integral is simplified by the substitutions 


x? 


lar & and 407 = O, 


which lead to 


or 


: c c 
co eae zur Fe 
wW do | » ( a) j ( al s 


= —— ==. = — ————_ ———Ó— . 4 
2ak , ye H v . | E ) 
1 0 


This expresses the temperature at x — 0 at time £ when the line focus lies 
between vt and (vt — 26). As explicit integration of (34) is not possible, a 
graphical integration has been carried out in a few cases of particular , 
interest. For a focus of 2 mm width the temperature was computed at 
time t = 26/v, that is, just when the entire focus has passed; this temperature 
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was only 3% lower than the maximum temperature calculated from the 
simpler equation (15). Actually the maximum temperature will occur 
somewhat earlier, because as we approach the rear boundary of the line 
focus a certain amount of cooling will take place owing to lateral dissipation. 
A second evaluation of (34) was therefore carried out for t = (2ó]v — 


5:1075) sec and the resulting temperature was now only 1% lower than the 
maximum computed without regard to lateral dissipation. This demon- 
strates that lateral dissipation of heat can, indeed, be ignored. 

The explanation is that, owing to the very steep temperature gradient 
in the z-direction, the effective cross-section of the flow of heat in a lateral 
direction is so small that hardly any heat passes through it despite the 
high lateral temperature gradients. 


E. Discussion 


Two important factors have not yet been taken into account. 

Firstly the actual area traversed by the focus is 9*6 cm?, whereas the 
cross-section of the' anode farther away is 14 cm?; hence there exists a 
certain divergence in the flow of heat which will play a part especially in 
long exposures (of the order of 0*5 sec and longer); consequently the actual 
rating capacity will be higher than that computed fróm equation (15). 

And secondly, as mentioned in section 2, a fraction of the energy in the 
electron beam — which may amount to 20% — is carried away by the 
secondary electrons to parts of the anode surface outside the focal area. 
The rise in the surface temperature during the passage of the beam will 
consequently be lower than computed, but deeper inside the anode the 
temperature will mainly be determined by the total influx of heat 
independent of the actual place of entrance; this factor will therefore mainly 
be effective in short exposures (« 0:2 sec). 

After correcting for these two factors, the rating capacity as a | function 
of the time of exposure will be roughly as shown by curve III in fig. 7. 
This curve lies up to 20% above the curve obtained from experimental 
. life tests, but since in determining the latter a fairly large safety factor has 
been adopted, the agreement between theory and practice is in fact 
rather satisfactory; since, as explained in Part I, the temperature .dépend- 
ence of the thermal properties of the anode materials has been neglected, 
a closer coincidence between theory and practice can hardly be expected. 

With a rotating anode the actual time at maximum temperature is 
about 50 times smaller than with a stationary anode, and, as a result of 
this, the permissible maximum temperature may be fixed at a higher value. 
The limit is no longer set by the rate of evaporation but by the vapour 
pressure, so that temperatures up to 3250 °K can be used, against not more 
then 3000 °K with a stationary anode. 


D 
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Owing to the heavier loads the temperature gradients in the anode, and 
the strain resulting therefrom, will also be higher, bringing with them more 
stringent mechanical requirements; these, however, have been found pos- 
sible being satisfied in practice. 

The question as to the optimum thickness of the tungsten target may be 
-settled by the following arguments. It follows from fig. 5 that, when the 
permissible rise in the temperature of the copper is 550 °C (see under C), 
the thickness of the tungsten target should not be-less than 0:25 mm. And 
we see from fig. 5 and equation (21) that for this thickness not more 
than about 5% of the heat generated at the surface penetrates as far as the 
copper backing, during the passage of the beam. Consequently the copper 
backing will have no perceptible influence on the maximum temperature, 
even if the target is as thin as can be tolerated with regard to the temper- 
ature in the copper. 

At the end of one revolution the heat has, on the other hand, penetrated 
to such depths that the thickness of the tungsten target will have only a 
minor influence on the temperature just before the second passage of the 
beam. This is illustrated by curve IV in fig. 7 giving the rating capacity 
as a function of the time of exposure, also for a target thickness of 2 mm; 
at short exposures the rating capacity decreases somewhat more rapidly 
with the time of exposure than for a target of 0°5 mm; but the downward 
bend *) in the curve lies at a higher value of t, so that for an exposure 
of 0°5 sec the thicker target will take a load about 15% heavier than the 
thinner target. The optimum thickness is not a very critical factor for a 
stationary anode. The high load applicable to rotating anodes renders 
them especially suitable for taking photographs of rapidly moving objects, 
which requires exposures of not more than a few tenths of a second; for 
this reason a target thickness of 0-5 mm is mainly used in practical tubes. 


*) This bend occurs at the point where the critical region, limiting the rating capacity, 
changes from the surface of-thé tungsten target to the interface tungsten-copper. 


- Eindhoven, January 1948 
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Summary 


Lecture given before the Dutch Mathematical Centre. The author dis- 
cusses the lack of mutual understanding between technicians, physi- 
cists and mathematicians. Other topics dealt with are: the relation 
between Dirac’s delta function and Stieltjes integrals; Hurwitz's 
determinants characterizing the stability of linear systems; wave 
equation; diffraction around a sphere (propagation of radio waves); 
continued fractions applied to filter circuits; non-linear differential 
equations as related to valve oscillators; modern electrical calcul- 
ating machines. 


Résumé 

Sommaire d'une causerie faite au „Mathematisch Centrum" à Amster- 
dam. L'auteur parle du manque de compréhension mutuelle entre . 
techniciens, physiciens et mathématiciens qui parlent chacun une 
»langue" qui leur est propre. Y furent traités la fonction ô de Dirac 
et les intégrales de Stieltjes, le symbole O de Landau, les déterminants 
de Hurwitz et la stabilité de systémes linéaires, l'équation d'onde 
(diffraction de rayons lumineux autour d'une sphére, d'ondes radio- 
électriques autour de la terre), fractions continues se rapportant à des 
filtres électriques, équations différentielles non-linéaires de circuits 
oscillants, machines à calculer modernes. 


1. We all know what Mathematics is, but Radio needs defining. Radio may 
be régarded as a branch of Electrotechnics, which in turn is a branch of 


` Technology. 


Now technology may be regarded as Applied Physics (including Chem- 
istry), and we shall therefore consider to-day the relations: 


t Mathematics <> Physics <> Technology. 


In my thirty years experience of rescarch work I have been struck time 
and time again by the fact that the mathematician speaks a language 
different from that of the physicist, and the latter employs a language 
at variance with that of the technician. This difference in languages 
seems to me to be one of the obstacles standing in the way of mutual 
understanding and appreciation. 

There is a hiatus between mathematics and physics on the one hand, and 
between physics and technology on’ the other, and since technology 
bears no other relation to mathematics than via physics there are two gaps 


. between mathematics and technology. . 


*) Lecture given before the Dutch Mathematical Centre at Amsterdam on March 15th, 1947. 
Originally published in Dutch, Simon Stevin, Groningen, 25, 179-198, 1947, 
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À consequence of this is illustrated by a saying from among mathematical 
circles (ascribed to Cailey): **Bessel functions are beautiful functions in 
spite of their many applications", and in Landau's “Vorlesungen über 
Zahlentheorie” (volume I, page 21) we read: “Die Zahlentheorie is niitzlich, 
weil man nümlich mit ihr promovieren kann” (The theory of numbers is 
useful in that one can master a degree by it.) Moreover, in Hardy’s otherwise 
engaging book “A mathematician’s apology", one finds an underestimation 
of the value of applied mathematics in technology. 

On the other hand, from purely technical sources too I‘ have often 
come across expressions that bear witness of a lack of appreciation of 
mathematics. Arguments usually culminate in the question: “What use is it?" 

The difficulty in all this lies in the fact that an interpreter is needed 
between mathematics and physics and a second between physics and 
technology. But it is well known that to be an interpreter one must be 
acquainted more or less with the subject-matter to be interpreted. 
Unfortunately these two kinds of interpreters are seldom met with. 

To give a striking example of the different language used by these 
groups I would quote something I heard recently in radio-technical quarters: 
“I have connected a small C across the valve to cut out the whistling from 
back to front”, by which was meant in the language of mathematics that 
coefficients describing the electrical behaviour of a certain amplifying 
system gave rise to instability, due to an unintentional coupling term, 
and that this instability could he neutralized by a certain change in the 
coefficients corresponding to the Rpplicstium of a capacitor as extra circuit 
element. 

Also the language of the mathematician is occasionally not under- 
standable to the physicist, and ad fortiorem to the technician, as may be 
illustrated by an example I recently came across in Grave's "Theory of 
functions of real variables” (New York 1946), in which, on page 168, the 
author deals from a purely mathematical point of view with the equation 


y = —g sin y. . 
He observes that this equation is representative of the movement of a 


pendulum of unit length, and from his mathematical considerations he 
deduces the following rule: , 


M-0.:250:5:90205:|[y'| <6. |x| «M. 5. wiek sw] «s. 


But as a further explanation (perhaps somewhat reluctantly) he adds: 
* This means that the pendulum will remain within an angular distance & of 
the vertically upward position for M units of time, provided its initial velocity 
is sufficiently small”, a conclusion that the physicist and even the technician 
could give at once in simple language and without mathematics. 
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Another recent and striking example of the difference in language 
between the physicist and the mathematician, which is also: expressed in 
the notation, is found in the employment in physics of the delta function 
‘of Dirac: . ; 

d(x). 


The physicist says: *"This is a function having the characteristic of being 
everywhere zero except at the point x = 0, where, it becomes so infinite 
that its area is equal to unity”. The integral property 


jre- 8) 0(8) a=); 


whereby this function 6(x) extracts, as it were, from this integral the value 
‘of the function f(x) at a sharply determined point of the integration inter- 
val (here £ = 0), led the physicist to name the function ó(x) a pincette 
function. The (strict) mathematician, however, argues, and quite rightly, 
that in his concept of functions there is no place for this delta function, 
thereby denying its existence. But the mathematician has no qualms about 
writing down the following Stieltjes integral: 


 [fe- 9 au) = Fe), 

in which (ere 0, 
U(x) — <44, x= 0, 
lo, x> 0, 


thus a function showing a discontinuity at x = 0. 

To my mind this is nothing else than writing the same thing in two 
different ways, to which I add that, when the impulse function is first 
carefully defined, for instance as 


ó(x) = im ea 
sx 0 X^ E E. 

and then one takes into account the right order in which the limit transition 
£—» -- 0 and the integration have to be performed, all reasonable require- 
ments of rigour are fully satisfied. | 

Generally speaking, as a consequence of using different languages, the one 
scientist has little knowledge of the domain of the other. For instance, the 
technician thinks that the mathematician works in absolutely unnecessary 
abstractions, whilst on the other hand some mathematicians have’ the 
impression that technology is represented by very high transformers which 
one does not approach too closely for fear of Being struck dead, or, where 
they are in oil; for fear of dirtying one’s fingers. 
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2. Just as his language, the mathematician’s way of thinking differs 
greatly from that of the physicist or the technician. Naturally the physicist 
(or technician) thinks in more concrete terms, whilst the mathematician 
is more abstract. The latter will always tend to generalize his concepts 
and hypotheses further and further, regardless of whether his symbols or 
concepts have also concrete applications in physics or technology. It is 
in this sense that one must understand the words of the mathematician- 
philosopher Bertrand Russell, who said something like this: “4 mathema- 
tician is never so happy as when he does not know what he is talking about". 

On the other hand there is an expression used by Lord Rutherford, who, 
himself not mathematically minded, jokingly remarked when faced with a 
Matheniatical problem: “We must give this nis to a tame mathematician 
in a cage". 

As a consequence of is more concrete manner of thinking of the phys- 
icist compared with the mathematician, the former is more graphically 
minded than the latter, of which fact I will give some typical examples. 
Watson’s famous classical work “Bessel functions" contains 804 pages. 
In the compilation of that book (I quite well remember that he was 
working on it in Cambridge 30 years ago) he dared to avail himself of 
mechanical calculating machines for working out numerical values of Bessel 
functions, which are given in 90 pages of tables at the end of the book. 
But not a single graphical representation of even one Bessel function is to 
be found in the whole book. The only illustrations contained in it concern 
contour integrations. l 

Hobson goes still further, for in his book of 500 pages on “Spherical and 
Ellipsoidal Harmonics”, there is not a single numerical table, let alone ' 
graph, of his functions. 

Finally, an example of this is to be found in the seven heavy volumes 
“Arithmetik, Algebra und Analysis" of the *Enzyklopaedie der Mathe- 
matischen Wissenschaften", which in all comprise 5000 pages. Except 
for two articles on numerical methods and calculating machines, we find 
on the other 4500 pages only 25 illustrations, which amounts to one illu- 
stration per 180 pages. 

Sharply contrasted with this is the book of Jahnke & Emde; “Funk- 
tionentafeln", which is intended more for the physicist and technician. 
In the latest edition one finds not only functions commonly applied in 
physics and technology but also, for instance, Riemann’s zeta function. 
Of all these functions two-dimensional graphs are given, or, where three 
variables are concerned, the two-dimensional projections of three-dimen- 
sional bodies, The mathematician will argue that a two-dimensional graph 
of a function can only be given, for instance, for the real values of the argu- 
ment, but in Jahnke & Emde’s work several graphs are to be found in 
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_which the modulus of the function of a complex argument is represented by 
means of contours. Such representations undeniably say much more to the 
physicist than to the mathematician, although not infrequently the latter 
(maybe without fully admitting it) appreciates a graphical representation 
for its great heuristic value; instances are to be found in Felix Klein and, 
more recently, in'the number-theorist Viggo Brun. 

I should now like to say something about the O and o symbols introduced 
by Landau. It is known that f(x) = O(x^) for x—>oo means: 


Xe 
in which A is a constant. And on the other hand it is known that f (x) = o(x'! a) 
is a short way of writing for 


du | f(x) _ 


ea 


4-0 

Particularly Titchmarsh, for instance where he deals with Riemann’s 

zeta function, employs these symbols extensively. This zeta function is 
defined as: 


l l 1 
H= e rS E Trees 


which Dirichlet series is convergent only for Re s > 1, so that this series 
represents the function in the shaded part of fig. 1. 

'The zeta function, however, can analytically be continued over the whole 
complex plane and it can thereby be demonstrated that it has a pole at 
s = l and zeros at s = —2, —4, —6, . . . , but in 1857 Riemann conjectured 
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that all other (so-called non-trivial) zeros are situated on the line Re s = 1 
(see fig. 1), which famous conjecture has up to the present day neither been 
proved nor disproved. 

Shortly before the war Titchmarsh condescended to attempt to calculate 
by simple numerical means as many zeros as possible. He did actually 
find all these to lie on the line Re s = 3. Upon re-reading his articles one 
is struck by the fact that although js started with Yandau's O and o 
notations he soon had to drop them for the sake of the numerical calculation. 
This is probably one of the reasons why the physicist is not by any means 
so familiar with these Landau symbols as is the mathematician. 


3. Although in recent times mathematics, physies and technology have 
mostly follówed their own ways, it is interesting to note how in the course 
of time these sciences have stimulated and fructified cach other. Sometimes 
one sees how theory leads to experiment and often also how experiment leads 
to the formulation of new theories. Without any attempt at completeness I 
would like to quote a few typical cases. 

One will remember how Faraday, working entirely alone in the Royal 
Institute in Albemarle Street in London, developed the fundamentals of the 
science of electricity, his researches being crowned with the famous law of 
induction. It is most remarkable that he set to work absolutely experiment- 
ally and that all his results, visualized in three-dimensional space, were 
represented without any formulae. Then Maxwell arrived on the scene and 
translated Faraday's ideas into the language of mathematics; at first, 
however, without employing the vector notation, which was not introduced 
into the field of electricity until some time later, by Heaviside and Lorentz. 

I may not say, therefore, that Faraday represented his results for the 
electric and magnetic forces in the free ether in the mathematical form: 


1. 
cur] E = —— H, 
c 


1 
curl H=  -E, 
c 


(div E = div H = 0) 
but I do believe that Faraday adjudged aright the relations expressed by 
each of these equations and was able to interpret them in words. But it 
was not until Maxwell had written the deeper views of Faraday in terms of 
mathematical language that it was possible by purely mathematical means 
to eliminate one of the variables E or H, when it was suddenly discovered 
that both the vector E and the vector H satisfy the wave equation 


M oy æ 
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It is undoubtedly beyond human power to realize this process of elimin- 
ation without mathematical symbols, though in principle it should be. 
possible. 

Thus Maxwell was able to arrive at the conclusion that electromagnetic 
waves exist; to achieve this result without mathematical symbols would 
have been beyond human possibility. 

In this connection it is interesting to note the following citation from a 
letter written by Faraday to Maxwell in 1857: “There is one thing I would 
be glad to ask you. When a mathematician engaged in investigating physical 
actions and results has arrived at his conclusions, may they not be expressed 
in common language as fully, clearly, and definitely as in mathematical for- 
mulae? If so, would it not be a great boon to such as I to express them so? — 
translating them out of their hieroglyphics, that we also might work upon them 
by experiment. I think it must be so, because I have always found that you 
could convey to me a perfectly clear idea of your conclusions, which, though 
they may give me no full understanding of the steps of your process, give me the 
results neither above nor below the truth, and so clear in character that I can 
think and work for them. If this be possible, would it not be a good thing if 
mathematicians, working on these subjects, were to give us the results in this ` 
popular, useful, working state, as well as in that which is their own and proper 
to them?” *). 

The thoughts expressed in the above passage hold good just as much 
to-day as they did in 1857. 

It was not until 1886 that Heinrich Hertz, stimulated partly by a problem 
set by Von Hemholtz based on the Maxwell theory, demonstrated the 
existence of electromagnetic waves in the laboratory. As everyone knows, 
this gave birth to wireless telegraphy and telephony, but what is perhaps 
less well-known is the fact that only a few weeks before he found electro- 
magnetic waves Hertz had discovered the photo-electric effect forming 
the basis of present-day television. 

Another instance where physics (or astronomy) has led mathematics to 
bear fruit is to be found in a treatise by Laplace (1789) on the rings of 
Saturnus, where for the first time we come across the potential equation 
Au = 0. This equation, when necessary extended to more dimensions and 
written in other than rectangular coordinates, gives rise to the study of all 
kinds of mathematical functions with very interesting properties. When in 
this equation, extended to more dimensions, u is taken.periodic in one of 
the independent variables, it leads to the wave equation 


(4+h)u=0, 
` from which an extensive collection of functions has arisen. It seems to me, 


*) Maxwells answer to this letter is not known to me. 


` 
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therefore, more desirable not'to study, say, the Bessel functions or the 
spherical harmonics one for one, but to evolve them together from the 
wave equation, upon which the mutual relation — which in essence comes 
to the same thing as a Fourier transform — presents itself in all clarity. 

Another example in which experiment and theory go closely hand in hand 
is to be found in the discovery of the Zeeman effect, for which Lorentz 
immediately found a theoretical interpretation, with the consequence that 
the Nobel prize was awarded to these two Dutchmen jointly. 

On the other hand it is interesting to note that Riemann's non-Euclidean 
geometry in abstracto was already complete when Albert Einstein, follow- 
ing up Lorentz's special relativity theory, formulated his general theory 
of relativity, so that the materials for his structure were all ready to hand. 
Equally fortunate was Schrédinger, whose considerations on wave- 
mechanics were crystallized in the equation named after him, though he 
found all the preparatory work as regards the theory of the characteristic 
functions and values in boundary-value problems worked out by Courant 
and his school. . 

Finally in this connection I would draw attention to a technical problem 
which has led to a purely algebraic theorem. The turbine engineer 
Stodola had encountered difficulties in his experiments from unexpected 
instabilities causing vibrations, whereupon he put to the mathematician 
Hurwitz the question (formulated in mathematical terms): what conditions 
must the coefficients in the nth-degree equation 


“ay bag +... ag = 0 


satisfy in order that the real part of all roots shall be negative? 
Hurwitz’s answer *) to this technical question was that all determinants 
Dy had to be positive (k = 1, 2,..., n), where 
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*) Math. Ann. 46, 273 (1895). Routh, in a treatise on the stability of motion had already, 
treated this problem (1877), but he did not give his results in the elegant form of 
feteriminants that is due to Hurwitz, 
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- This criterion for stability is not infrequently applied in modern radio- 
technics. 


. 4, I would now claim your attention for a moment to speak of the applic- 

ation of mathematics in industry. Under industry we have to distinguish: 
(a) the factory, which has to turn out the products to be sold; behind that is 
(b) the works laboratory, where the products are developed from ideas, ` 
which ideas are first developed by (c) the research laboratory. I am, there- 
fore, entirely in agreement with what I once heard in a lecture at Sydney: 
* The output of a research laboratory should be thoughts rather than things". 

The applications of mathematics in the factory, the works laboratory and 
the research laboratory differ widely. Its application by the production 
engineer is usually confined to adding, subtracting, multiplying- and 
dividing (being on his guard against dividing by zero). The development 
engineer makes a wider use of mathematies, often in the form of ready 
formulae — for instance for the self-inductance of a coil — taking care 

` to use the right units in his practical working out of the formulae (for he, 
too, has to be careful). But he may run past himself in another respect, 
since the formulae he uses are often ready-made in a form that enables 
him to work with a slide-rule — these formulae should not contain, for 
instance, mathematical functions like elliptic integrals, because usually he 
has neither the time nor the inclination to study such abstract matters. 
Now it so happens, unfortunately, that with the approximative formulae | 
he frequently employs, the conditions under which the approximations have 
been derived are not indicated, so that he runs the danger of going beyond 

. the range for which his formulae are valid, with the result that the whole 
matter may become hopelessly confused: 

I once came across a typical example of how a development engineer 
regards mathematics. The engineer in question told me that he had on his 
desk a wooden ruler with two marks on it. When one of his subordinates 
came to him with a theoretical result he always measured the formula 
placed before him to sce that it did not extend beyond the marks on his 
ruler. If it did, then he sent the.man back to simplify his formula. . 

A recent example of the use.of mathematical theory, taken from the 
latest development of radio technique, is to be found in the new broad- 
casting system termed frequency modulation, in contrast to the old system 
of amplitude modulation. l 

In the old system the amplitude of the electromagnetic wave transmitted ' 
is made a linear function of the momentary sound pressure in front of the 
microphone, whilst everything is done to avoid the zero passages being 
affected. With frequency modulation it is just the other way round. With 
this system the amplitude of the waves-transmitted is kept strictly con- 
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stant, while the density of the zeros taken as an average over a certain 
time is varied linearly with the sound pressure on the microphone. Now 
- unfortunately most of the formulae learnt by the engineer or physicist in the 
Technical College or University for tackling ordinary alternating-current 
problems suddenly lose all their practical utility with the innovation of 
frequency modulation. They include all those problems with a purely periodic 
second member (represented by e") in his linear differential equations with 
constant coefficients, and with which'he had mastered the concepts of com- 
plex impedance and admittance only after a great deal of trouble. The 
engineer or physicist therefore has to start all over again, not just where his 
studies left off but right where they began. That is to say, the whole theory 
has to be built up anew from the original differential equations, and all 
theoretical rules plus many of the practical rules that served him so well 
for amplitude modulation (never thinking of writing down the differential 
equation again) have become superfluous +). If nowhere else, then the wise 
words of Boltzmann certainly apply here: “Es gibt nichts Praktischeres als 
eine gute Theorie” (There is nothing more practical than a good theory). 

Another recent radio development, which played such a great part in the 
war, is Radar. For one millionth part of a second, radio waves are trans- 
mitted on a wavelength of a few centimetres, antennae being used that 
beam the rays sharply, much like a searchlight. The radio beam is directed, 
for instance, upon an invisible enemy aircraft flying above the clouds and 
this aircraft sends back a radio echo of the waves to the transmitter, the 
direction of maximum reflection indicating the direction of the aircraft; 
the time interval between transmission and reception of the echo gives a. 
direct measure of the distance, thereby determining the position of the air- 
craft in space. 

” The technique of radar had to be developed during the war in the 
shortest possible time. A Radiation Laboratory was established for the 
purpose at Cambridge (Mass.) where a thousand and more mathemati- 
cians, physicists and technicians were set to work. I was told that the pro- 
portion of theorists to experimentalists was originally 1 : 25, but the 
director, Dr Rabi, said that if he had to undertake such work again he would 
choose a proportion of 1:4, thus indicating how the war has contributed 
towards a much greater appreciation of the’ work of the theorist (also in 
government and other services). 

Working at the same place was Prof. Van Vleck, who on theoretical 
grounds had predicted that for electromagnetic waves, water vapour in the 
atmosphere would cause selective absorption for waves of 4 = 1:3 cm, 
and that the oxygen would show such an absorption band at 4 = 0:5 cm, 
which subsequently was fully confirmed experimentally. In order to detect 
low-incoming aircraft at the greatest possible distance, theradar wavelength 


^ 
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was reduced more and more, but, so Prof. Van Vleck told me, in the enemy 
camp they wrongly expected a resonant frequency for A ~ 10 cm, an 
error that was fatal for radar development in Germany. 

Many theorists were also engaged in the research work on the atomic bomb 
under the theorist Oppenheimer, and in the leading circles; as I was given 
to understand, the proportion of theorists to experimentalists was | : 1. 


5. I would now like to say something about the application of specific 
parts of mathematics in technology in general and in radio technique in 
particular. 

When a physical problem has to be worked out, the first data sometimes 
come from the experimentalist, who gives the results of his findings in 
physical terms (first stage): In the second stage the physical results have 
to be translated into mathematical language, and this is something that 
the mathematician is not usually capable of doing owing to his inadequate 
physical knowledge, but the physicist that is somewhat theoretically minded 
succeeds in doing so. The third stage is the solution of the mathematical 
problem, and this is something that usually neither of them can do because 
the mathematical problem in its generality is too difficult. Then (fourth 
stage) an attempt has to be made to cast out as many of the variables 
contained in the problem as can be ignored without losing the essence of 
the effect sought. This calls for a fine power of discernment, such as is so 
often needed in science as well as in technology. When the mathematical 
problem with all non-essential elements eliminated, has been reduced to 
its simplest form, then there is some chance of its solution representing 
something of value. 

In this modus operandi a mathematical question arises to which hitherto, 
so far as we can ascertain, in its gencrality not much mathematical atten- 
tion has been paid, namely the consequence of ignoring terms or param- 
eters of differential equations, particularly in regard to the solution for 
large values of ‘the independent variable, the whole being regarded as an 
initial-value problem. 

Another not infrequently neglected gift that the mathematician presents 
to the physicist concerns the second root of a quadratic equation, whilst the 
physicist is used to basing his arguments on one root. There is of course 
no doubt that a proper introduction of a second root gives a deeper and a 
sharper insight into a problem both mathematically and physically. 

Further, the mathematician regards it as a matter of course that, when 
a mathematical expression for physical phenomena shows poles, the first 
question occurring to the physicist should be what these poles physically 
mean, a question that, as we know from experience, is sometimes disre- 
garded in physical circles. 
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Particularly in regard to radio technique it may be said that, apart from 
ordinary three-dimensional considerations, there are times when also n- 
dimensional problems and higher geometry play a part. For instance one 
sometimes comes up against topological questions in connection with the 
general network theory ?). . 

'. It also sometimes occurs in this theory (particularly in idee to four- 
poles) that a non-Euclidean treatment provides some simplification 9). 

Finally, the propagation of waves through the ionosphere, having regard 
to the earth’s magnetic field, could be interpreted with the aid of non- 
Euclidean geometry. 

As already stated, physicists and technicians often show more interest 
in the properties of special functions than mathematicians do.: Whether 
this is the reason why that excellent book on *Modern Analysis" by 
Whittaker and Watson is better known, in this country, in physical and 
technical circles than among mathematicians, I dare not say, but it is a fact 
beyond doubt. 

Further, the work of serious radio researchers necessarily involves 
problems concerning the theory of complex functions, both in connection 
with linear networks and in respect to the theory of potentials, and also in 
other fields. Moreover, in his work the radio researcher often employs 
Bessel functions and spherical harmonies, but Mathieu functions (and 
Lamé functions) also occur. The whole of the modern theory of frequency 
modulation, which I have already mentioned, is in fact closely related to the 
theory of Mathieu functions. 

It may not be suspected, although it is true, that in some radio problems 
of the present day (and technical developments thereof) certain decidedly 
not superficial ideas of the theory of numbers present themselves (in spite 
of the statement by Landau already quoted). 

The fact that the theta functions of Jacobi can be used to advantage in 
problems concerning crystal structures will not surprise the initiated. 

It goes without saying that the wave equation 


(4 4-)u-—0 


is fundamental for all matters concerning the propagation of periodic 
electromagnetic waves. This branch of mathemáties, which connects as it 
were the radio transmitter to the radio receiver, is much more fundamental 
for radio technique than is often suspected even in radio-technical circles. 
Quite recently an attempt was made to draw up a new plan of broadcasting 
wavelengths for long and medium waves for the whole of Europe to im- 
prove the chaotic conditions brought about by the war, extensive use 
being made of the following mathematical problem: it was required to 
solve the wave equation for the propagation of waves around a sphere 
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' (the earth) of a given dielectric constant ¢ and conductivity c, such as to 
satisfy the known Maxwell boundary conditions on the surface of that 
` sphere. Further, the solution had to possess a singularity behaving as 
l/r at a point outside the sphere at a height h (position of the transmitter). 
When this problem has been solved generally, one is able to calculate the 
field of a transmitter at any other point at an angular distance ® and height | 
h, above the earth's surface. In this problem the atmosphere may be 
taken to be homogeneous or not. The simple case of a homogeneous 
atmosphere already leads to an infinite series of spherical harmonics, in each 
term of which a coefficient occurs that, properly counted, contains eight 
Bessel functions ^): 
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The foregoing series appears to oscillate, so that the successive terms 
approximatcly compensate each other. The greatest contribution lies in 
the terms whose order is equal to the ratio of the circumference of the 
sphere to the wavelength used, which ratio is for all practical radio 
problems a very large number. 

One succeeded in mastering this series numerically to a sufficient degree 
of approximation for practical use, so that for this particular technical: 
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problem graphs could be made which were used as basis for the European 
broadcasting scheme. 

It is interesting to note that while this theoretical problem was being 
worked out a new theory of the rainbow was incidentally discovered, from 
the similarity of electromagnetic waves (sun light) falling on small spheres 
(rain drops), the circumference of these drops likewise being large relative 
to the wavelength. Some new polarization phenomena of the rainbow which 
this theory produced were verified experimentally by optical means. 

It frequently occurs that, once a link has been found between a certain 
part of mathematics and physics or technology, already existing abstract 
mathematical work can directly be translated into physical or technical 
terms. I came across an example of this — not in itself of importance — 
some time ago in Perron’s *Kettenbrüche", where the author deals with 
linear transformations of the elements of a continued fraction that leave 
the value of the fraction invariable. When the continued fraction is inter- 
preted as a “filter”? (a.one-dimensional continuous series of electrical net- 
works) these transformations are directly translatable as the known star- 
delta transformation of the electro-technician. 

An important application of mathematies occurring almost daily in 
deeper radio research is the Laplace transformation, which, for instance 
in the form given to it by Heaviside for all transient phenomena in linear 
networks, leads to by far the simplest method of calculation. In the course 
of time these. transient phenomena have become more and more important 
in electrotechnics, especially so with the advent of television and eulmin- 
ating in the modern theory of radar technique. 

But it is not only the differential equations which the ratio investigator 
comes up against, for also difference equations and integral equations fre- 
quently occur. For instance, the problem of the radiation from a simple 
cylindrical wire (the simplest form of antenna) was reduced by Hallén to an 
integral equation; although a great deal of work has recently been done in 
various quarters in an attempt to solve this problem (i.e. to calculate the 
radiation of a cylindrical antenne) ë), it cannot yet be said that this fun- 
damental radio question has been absolutely mastered. 

As in many other techniques, arithmetical methods are much used also 
in radio technique, considerably facilitated by mechanical calculating 
machines. The modern electrical calculating machines as developed during 
the war (for instance the ENIAC) promise to be of great assistance in the 
future. It is important to note that in the course of discussions on methods ` 
of building these machines so as to minimize the number of operations to 
reach a given mathematical result, the question has again arisen whether the 

decimal system so keenly advocated by Simon Stevin is really the most 
suitable. Voices are raised in favour of a return to the binary system. 
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Leibniz seems to have employed this system already for the multiplication 
of two large numbers because it makes it simple to write down the partial 
products owing to the occurrence of only the digits 1 and 0. 
Finally I would draw your attention to the mathematical method of 
dealing with another radio problem: how does a retroactive triode cause a 
simple electric circuit to oscillate? 
In 1920 I was able, by ignoring all secondary phenomena, to crystallize 
this perhaps most fundamental of all modern radio problems into the 
following, non-linear differential equation 9) : 


$—6 (1—?) ù + v = 0, 


in which the constant e — 0, and the dots signify differentiation with respect 
to time, whilst v is the voltage across the oscillator circuit. 

This apparently so simple equation has since been the subject of at 
least one hundred papers and books. Particularly from Russian and French 
quarters, and more recently also from America, important contributions 
have been made both from technical-physical and from mathematical 
circles, including the case in which the equation is not homogeneous but 
contains a periodic second member. So far no one has succeeded in trans- 
forming the solution into known functions °). The properties of the solutions 
are so interesting, as proved partly theoretically and partly experimentally, 
that the investigations have indeed been worth while. 

A certain phase of this subject was concluded a few months ago by highly 
important investigations carried out by Miss Cartwright and Littlewood 9). 

If may be of historical importance to note that this equation was origin- 
ally wotked out for the technical problem mentioned, where s was assumed 
to be small. But in 1926, purely as a matter of mathematical interest, ` 
we asked ourselves whether this equation also led to interesting results in 
cases where e is large, and this disclosed the theory of relaxation oscilla- 
tions, where the period of the periodic phenomenon is no longer given by 
VLC (L = self-inductance, C = capacitance) but by a typical relaxation 
time such as RC (R = resistance). As fig. 2 shows, in the latter case the 
solution is far from sinusoidal, having sharp assents and sharp descents. 

It would lead xe too far into details, to go further into the consequences 
of this theory. Suffice it to say that from it there has crystallized a new 
theory of the rhythm of the human heart, with applications to hitherto 
still unknown irregularities, whilst all sorts of vibration phenomena could 
be predicted both theoretically and experimentally, phenomena that upon 
the arrival of television could be imuiediately applied thereto. 

"This problem has landed us in the domain of non-linear differential 
equations, a domain in which, from the purely mathematical aspect, 
exceptional difficulties are often involved. This is the very reason why, in 
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my opinion, there are still undisclosed in this domain a number of effects 
that are difficult to prophesy just because the theory is so difficult. The 
said equation was one of the first to be graphically integrated with Bush’s 
Differential Analyzer (which perhaps might better be named “integrating 
synthesizer”), and I was gratified to learn that in Philadelphia they have 
now become so familiar with it in practice that it is being used, inversely, 
as a standard test for verifying the Bush machine. 
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I have now given you a brief and in many respects incomplete exposé 
of my views on the relations between mathematics and physics, technology 
and radio. 

As repeatedly pointed out, the fact that the mathematician, the physicist 
and the radio expert use different languages is partly the reason for the 
lack of mutual appreciation between these three groups. 

_ It seems to me, therefore, most fortunate that the Centre for Math- 
ematics has been established, in Amsterdam, an institution concerned not 
only with mathematics pure but also with its spplicatdas, so that as such 
it can undertake the role of interpreter. . 

It will afford me great pleasure if my lecture may have contributed towards 
giving mathematicians an insight into the theoretical problems arising | 
in radio, a field still pregnant with fine problems awaiting solution and in 
which, as I hope to have demonstrated, so many branches of mathematics 
can lend a helping hand. —— 
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In conclusion, the technical problems may well provide fresh stimulants, 
as they -have often done before, for that beautiful science of ours, 
Mathematics, the pure aesthetical side of which is often insufficiently 


appreciated. . 
d Eindhoven, March 1947 
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DEVELOPMENTS IN RADIO-RECEIVER CIRCUITS 
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FOR THE ULTRA-SHORT-WAVE RANGE 


by A. van WEEL 621.396.621.54.029.6 


Summary 


Push-pull converter stages are described in which the antenna signal 
is used in push-pull whereas the local-oscillator voltage is supplied 
in parallel. The input circuit of the mixing valve is tuned to both 
frequencies at the same time. Special measures to prevent the local- 
oscillator voltage from penetrating into the antenna are described. 
Diode and triode mixing stages are dealt with in detail. It proves 
to be possible to design self-oscillating triode converter stages, as a 
consequence of which a separate local-oscillator valve is made super- 
fluous and the noise that might be induced by this valve is eliminated. 
Résumé 

L'auteur décrit des étages changeurs de fréquence en push-pull 
dans lesquels le signal d'antenne est utilisé en push-pull tandis que 
la tension de l'oscillateur local est fournie en paralléle. Le circuit 
d'entrée du tube changeur de fréquence est accordé sur les deux 
fréquences en méme temps. Des mesures spéciales sont prises pour 
éviter que la tension de l'oscillateur local n'arrive à l'antenne. Des 
étages changeurs de fréquence à diode et triode sont décrits en détail. 
Il paraít étre possible de créer des étages changeurs de fréquence 
à triode auto-oscillante; en conséquence un tube oscillateur local 
devient superflu et le soufflement induit par ce tube est éliminé. 
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1. Introduction 


All the circuits described in this article are based on one principle: the 
possibility of connecting the corresponding pairs of electrodes of two valves 
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to two tuned circuits, to one of which the valves are connected in push-pull 
and to the other in parallel. This principle can best be understood from 
fig. 1, giving for an example the anode circuit of two diodes. The push-pull 
circuit consists of the inductance L, and capacity C,, while the asymmetric 
circuit, to which both diodes are connected in parallel, consists of L, and C, 
and the leakage inductance of L, if the windings of the latter inductance . 
are not fully coupled. The uh pull or symmetric cireuit can be tuned 
el varying C,, while the asymmetric circuit can be tuned with the aid of 
Cı. If symmetry is fully maintained these tunings do not affect each other. 


00000000 


52566 
Fig. 1. Two diodes, connected to both an asymmetric circuit (Z,-C,) and a push-pull 
circuit (L,-C.). 


This principle is of special importance for mixing stages at very high 
frequencies (v > 100 Mc/s, 4 << 3 m), independent of the use of either diodes 
or triodes as converter valves. At these wavelengths there are several rea- 
sons for using push-pull valves, such as smaller input capacity, higher input 
resistance due to short inter-electrode leads, and simple coupling with a 
symmetric antenna. l 

There is a general theorem regarding the three frequencies playing a part 
in a mixing stage (signal frequency, local-oscillator frequency, and inter- 

- mediate frequency), which states that for ‘push-pull mixing stages two of 
these frequencies should bein push-pull while the third should beasymmetric. 
For the performance of the mixing stage it is immaterial which of the 
three frequencies is the asymmetric one. 

In conventional mixing stages at longer wavelengths (4 > 3 m) the signal 
and local-oscillator frequencies are usually fed to separate electrodes. With 
the diode or triode converter valves used at short wavelengths the signal 
and oscillator frequencies are fed to the same pair of electrodes. At longer . 
wavelengths these frequencies normally differ a great deal, owing to the 
intermediate frequéncy not being very small compared with the signal fre- 
quency. At short wavelengths the intermediate frequency is usually very 
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small compared with the signal frequency; as a consequence the difference 
between the signal and the oscillator frequencies is comparatively small. 

For a good efficiency of mixing stages for short waves,it is necessary 
that there should be a high local-oscillator voltage between the input elec- 
trodes. As the impedance of the valve capacities is small, due to the high 
frequency, it is advisable to tune the input to the local-oscillator frequency. 
On the other hand it is necessary to tune the input to the signal frequency. 
As a consequence of the small relative difference between signal frequency 
and local-oscillator frequency these two conditions are hard to fulfil in 
conventional circuits (unless the intermediate frequency is very low in- 
deed, with no image rejection at all as an unpleasant consequence). 

However, by applying the principle outlined above this condition can 
quite easily be satisfied if the signal voltage is used in push-pull and the 
local-oscillator stage asymmetric, or vice versa. As the antenna voltage is 
usually given in push-pull, the first possibility is the most important and 
will be considered in detail. The second possibility, however, may be as 
useful in special circumstances. 

In view of the fact that these circuits are particularly important for the 
ultra-short-wave range, in the following diagrams parallel-wire systems 
(or “Lecher systems”) will often be used as input circuits. 


2. Diode mixing stages *) 

In a diode mixing stage not less than three circuits tuned to three dif- 
ferent frequencies have to be connected to the same electrodes, because the 
intermediate-frequency current must also be taken from the only pair of 
electrodes (in our case in push-pull, according to the rule given above). 
The intermediate frequency being substantially different from the signal 
frequency, it is not difficult to separate the two tuned circuits with the aid 
of small condensers and high-frequency chokes. 

In section 6 we shall give a complete circuit diagram of a diode x mixing 
stage, from which it can be seen how the intermediate-frequency circuit 
should be connected to the diodes. Since the intermediate frequency does 
not influence the signal-frequency circuit we shall omit this part of the dia- 
gram in the following figures, which therefore show only the signal circuit 
and the local-oscillator circuit. 

In fig. 2 a circuit diagram is drawn in which a parallel-wire system is 
connected to the anodes of two diodes, the cathodes of which are supposed 
to be directly connected. The parallel-wire system is tuned to the signal 
frequency with the aid of a movable short-circuiting bar A.A’, while the 
antenna is conveniently tapped on the two wires. The asymmetric circuit 


*) The same principles hold, of course, for crystal mixing stages. 
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consists of the parallel connection of both wires between the fixed short- 
circuiting bar BB’ and the diodes, the diode impedances connected in paral- 
lel, and an impedance Z, which may be either a lumped impedance or a 
part of an asymmetric Lecher system. 

By varying Z, the asymmetric circuit can be tuned to the local- 
oscillator frequency. Voltage of this frequency may be induced in the circuit 
by coupling it to the local-oscillator circuit, to which subject we shall return 
in section 4. ; 

The circuit drawn in fig. 2 gives only one possibility for tuning the asym- 
metric circuit; other possibilities are given in Appendix I. 


52567 
Fig. 2. Push-pull diode converter circuit with asymmetric oscillator voltage. 


'The circuit of fig. 2 quite easily answers the requirements as regards 
the tuning of the two circuits, but remains unsatisfactory in one other 
aspect. Between the points CC', where the antenna (feeder) is connected 
to the wires, and “earth” a considerable asymmetric voltage of the local- 
oscillator frequency may be measured. This has two main disadvantages: 
firstly, the antenna could radiate this frequency, and secondly, since there 
is local-oscillator voltage between the antenna and earth, the antenna 
forms a part of the local-oscillator circuit and any change in the (asym- 
metric) antenna impedance may alter the local-oscillator voltage or fre- 
quency, while particularly the possibility of frequency variation is very 
undesirable. We must therefore find means of preventing the local-oscillator 
frequency from penetrating into the antenna. 


3. Blocking the antenna for the local-oscillator voltage 


The simplest way of achieving this is to couple the antenna inductively 
to the balanced input circuit (fig. 3). If the symmetry is sufficiently main- 
tained no asymmetric voltage will be measured between antenna and 
earth. 

However, this principle cannot always be put into practice. The following 
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three principles give other possibilities for suppressing the asymmetric 
frequency, the last two of which are particulaxly suited in the case of pre- 
ceding H.F. amplification. 


antenna -» — 
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Fig. 3. Push-pull diode converter circuit with inductive antenna coupling. 


The first way is to insert between receiver and antenna a filter, which, 
while blocking the asymmetric frequency, does not influence the push-pull 
frequency. This can be accomplished by using a filter as shown in fig. 4. 
First, let us consider this filter as a blocking filter for the asymmetric voltage, 
i.e., with both wires connected directly in parallel (fig. 5). The lattice then 
forms a tuned parallel circuit, which should be tuned to the local-oscillator 
frequency: 


1 1 
Dose SS H i E (1) 
PEG, VEG, 
L 


receiver =— "o antenna 


L, 52569 
Fig. 4. Antenna-feeder filter, blocking the asymmetric oscillator voltage. 
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Fig. 5. Equivalent circuit of fig. 4 for the asymmetric voltage. 
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There is no asymmetric voltage between the terminals of the condenser 
C5; so we need not consider this condenser at the moment. But the induct- 
ance L, should be taken into account because the centre of it is connected 
to earth via the condenser C,. As the windings of L, are never fully coupled 
to one another, there remains a certain leakage inductance L, to be consi- 
dered. By tuning this inductance with C, to w,,., an effective blocking 
filter for the local-oscillator frequency is formed. 

The second requirement was that the filter should not influence the 
transfer of the symmetric voltage. To satisfy this requirement we use the 
well-known property of a lattice network that, if it is matched at one end 
with the resistance 


Z = VL,/C, 


the same resistance is measured between the other terminals. Therefore, if 
we make Z, equal to the antenna resistance Zant 


To 
| ne 2) 
t C, 


this part of the filter does not influence the signal frequency. From equa- 
tions (1) and (2) the values for L, and C, can be caleulated. 

The impedance of L, should be large compared with the antenna resist- 
ance, i.e., it should act as a choke. By tuning it with a parallel condenser C, 
this can be reached, even for small values of the inductance La. 

To give an idea of the numerical values for L, and C, we have calculated 
them for an antenna resistance of 100 Q and a frequency of 300 Me/s 
(A == 100 cm). The results are: 


L, = 50.107? H, C, — 5 pF. 


When the antenna is not directly connected to the receiver, but over 
a feeder, part of this feeder may be used to replace the lattice structure. 
"The circuit is shown in fig. 6, and fig. 7 gives the equivalent circuit for the 
asymmetric voltage. Taking into account that L’-C, are tuned to o 


receiver =— — antenna 
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Fig. 6. Part of the antenna feeder used as blocking filter for the asymmetric voltage. 
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it can be seen that a 1/,/-system is built with a virtual short-circuiting 
between the points 4A’. Any' voltage between BB’ is transformed down 
to almost nothing between the points AA’ (depending on the losses of 
L'-C4). If necessary the filter may be repeated so as to reduce the coupling 
between antenna and receiver still further. 
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Fig. 7. Equivalent circuit of fig. 6 for the asymmetric voltage. 


A second means of preventing penetration of the local-oscillator fre- 
quency into the antenna is to connect the antenna to points of the input 
circuit that carry no local-oscillator-frequency voltage to earth. Fig. 8 


gives the complete diagram, while fig. 9 shows the equivalent circuit for 
the asymmetric voltage. 
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Fig. 8. Blocking the antenna for the asymmetric oscillator voltage by connecting the an- 
tenna feeder to points with minimum asymmetric voltage. f 
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Fig. 9. Equivalent circuit of fig. 8 for the asymmetric voltage. . 


198 A. van WEEL 


\ 


We have presumed that the asymmetric impedance of the parallel-wire 
system could be represented by an inductance; as the parallel-wire system 
is usually shorter than a quarter of a wavelength, this assumptionis justified 
in most cases. 

The requirement mentioned above (no local-oscillator voltage between 
A and earth) can be satisfied by choosing the impedance Z, in such a way 
that, looking from the point A to the left, series resonance for the local- 
oscillator frequency is measured. In the circuit of fig. 9, Z, should therefore be 
capacitive. 

But the condition that the whole asymmetric circuit should be tuned to 
the local-oscillator frequency still remains to be fulfilled. This may be 
achieved by inserting the second impedance Z, in the circuit; Z, should be 
chosen so as to tune the whole asymmetric circuit. This means that looking 
from A to the right, one should again. measure series resonance. It depends 
on the value of the inductance AC and of the diode capacity what kind of 
impedance Z, (inductive or capacitive) must be used. 

As the elements of the circuit are not ideal inductances or capacities, 
but always carry some losses, the impedance between A and earth is never 
absolutely zero, as a consequence of which some asymmetric voltage 
remains between A and earth. However, this voltage is very small and 
receivers constructed on this principle usually do not show any influence 
of the antenna on the local-oscillator circuit. 

Other means of obtaining a voltage minimum for the local-oscillator 
frequency at the antenna connections are described in Appendix II. 

The third possibility to keep the antenna free from local-oscillator voltage 
is to design the circuit in such a way that no voltage of this frequency 
occurs between the input electrodes of the converter valve and earth. This 
principle may be illustrated by the circuit shown in fig. 10 and its equiva- 
lent circuit for the asymmetric voltage drawn in fig. 11. If the ratio Cj/Ca 
(Ca = diode capacity) equals the ratio L,/L,, no voltage will be measured 
between the anodes of the diodes and the point connecting L,, Lg and earth. 
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Fig. 10. Converter circuit with input Lecher wires free from asymmetric voltage. 


* 
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This only holds exactly for circuits without losses, or for circuits in which 
L, and L, are fully coupled. In practical circuits, however, a certain voltage 
remains between the anodes and earth, but as this voltage is only very 
small the circuit satisfies the requirement for all practical purposes. 


H 


. 82576 
Fig. 11. Equivalent circuit of fig. 10 for the asymmetric voltage. 


The sign or the value of the impedance of the parallel-wire system for the 
asymmetric voltage does not influence the tuned circuit L,, L,-2C,, 2C» 
provided this impedance is not very small. If by mischance this impedance 
should show series resonance for the local-oscillator frequency, an extra 
impedance should be inserted between the short-circuiting bar and earth 
so as to form a sufficiently high impedance. 

Recapitulating the results it may be stated that to prevent the local. 
oscillator frequency from penetrating into the antenna one can 
(1) couple the antenna inductively to the symmetric input circuit, 

(2) ‘insert a filter for the asymmetric voltage between receiver and an- 
teuna, 

(3) connect the antenna to a point of the input circuit carrying minimum 
asymmetric voltage to earth, and 

(4) make the whole input circuit free from local-oscillator voltage by 
making the input electrodes of the converter valves free from this 
voltage. 

The first method is often the simplest; it uncouples the antenna from the 
local oscillator for all frequencies. 

The second method makes it possible to design the whole input and 
mixing circuit without the need of paying attention to the unwanted 
coupling of the antenna with the local-oscillator circuit. 

The third method may be realized with fewer elements but puts certain 
demands on the input circuit. 

In the last method the input circuit can be TN independently of the 
local-oscillator circuit (apart from the condensers C, in fig. 10), but special 
demands have to be met by this local-oscillator circuit. However, if these 
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demands are satisfied, the input circuit is free from asymmetric voltage, 
independently of the frequency. 


4. Coupling the local-oscillator circuit to the mixing stage 


In diode mixing stages the local-oscillator frequency is usually generated 
in a separate oscillator circuit. Voltage of this frequency must be induced 
in the asymmetric input circuit. When this circuit is tuned to the local- 
oscillator frequency only a small amount of power is needed and a very 
loose coupling between input and local-oscillator circuits is sutficient; 
this coupling may be either inductive or capacitive. 

Inductive coupling may be achieved by coupling the coil of the oscillator 
circuit with an inductance of the asymmetric input circuit. This system 
has the disadvantage that it is often difficult to prevent coupling between 
the symmetric input circuit and the oscillator circuit, which coupling would. 
result in symmetric local-oscillator-frequency voltage being developed 
across the diodes; reduced efficiency of the mixing stage would be the 
consequence. 

By using capacitive coupling it is comparatively simple to screen the whole 
oscillator circuit from the input system. Apart from this it is much simpler 
to adjust this coupling to its optimum value. In fig. 12 the principle is illu- 
strated for the coupling of a Hartley oscillator circuit with an. input system 
consisting of a parallel-wire system. The asymmetric input system is 
tuned to the local-oscillator frequency by means of the variable condenser 
Cy as capacitive coupling is “voltage coupling", the coupling condenser Cy 
should be connected between two points showing considerable impedance 
to earth. In fig. 12 this condenser is connected between the upper end of the 
oscillator circuit and the upper end of Cz. 

However, as mentioned above, the amount of coupling needed between 
the two circuits is usually only very small, i.c., condenser C, must have a 
very small capacity. To make a variable condenser of, say, 1 pF maximum 
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Fig. 12. Coupling the local oscillator to the converter circuit; direct (C) or tapped (C,’). 
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capacity is not easy; therefore it is much simpler to connect C, to a lower 
tap of the oscillator circuit (indicated by the dashed condenser C;'in fig. 12). 
A much larger value for C,' may then be used. 

In fig. 12 the screening of the local-oscillator circuit from the input 
circuit is also indicated. Only a small hole in this screen is necessary to pass 
through the wire connecting the two circuits. 


5. Influence of asymmetry of the PIE circuit choice of the 
intermediate frequency 


Up till now we have supposed the push-pull circuit to be fully symmetric, 
which means that no coupling exists between the push-pull circuit and the 
asymmetric circuit. However, in practical circumstances this symmetry 
can never be maintained sufficiently to preclude any coupling between these 
two tuned cireuits. This remaining coupling. being usually small, is not 
important if both circuits are tuned to two frequencies quite distinct 
from each other. This is the case if the intermediate frequency is not too 
small (or if mixing takes place with a harmonic of the local-oscillator 
frequency). 

To estimate the difference necessary between the two frequencies we must 
go into details about the consequences of asymmetry. As already mentioned, 
asymmetry means that push-pull circuit and asymmetric circuit are 
coupled together. Current induced in the asymmetric circuit will therefore 
cause not only asymmetric voltage across the diodes but also push-pull 
voltage. The latter voltage will be larger when the asymmetric frequency 
differs less from the resonance frequency of the push-pull circuit. 

The resulting voltages across both diodes depend on the phases of the 
two voltages. Fig. 13 shows an arbitrary phase relation between the push- 
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Fig. 13. Vector diagram, showing the push-pull voltages on both diodes, Va, and Vaa, 
and the asymmetric voltage, Va, with arbitrary mutual phase relation. 
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pull voltages, Vg, and Vaz, and the asymmetric voltages, V4 (which are of 
course the same for both diodes). The resulting diode voltages, Vg,’ and 
Vaz, show an appreciable difference in amplitude as well as in phase. 

In fig. 14 the resulting voltage amplitudes are plotted against the 
frequency for the case where the asymmetry is due to a slight difference 
between the diode capacities. 


Fig. 14. Local-oscillator voltages on both diodes as a function of the tuning of the push-pull 
input circuit (theoretical). 


These curves axe calculated in Appendix ITJ. for one special case, for 
which we chose the relative capacity difference, (C,—C.)/C,, being equal to 
twice the reciprocal value of the circuit quality (1/Q = r/oL). 

Fig. 15 shows an experimental curve measured in a diode mixing stage 
tuned to a signal wavelength of 130 cm. The resemblance is obvious. 

The necessary difference between the two frequencies depends on the 
quality of the circuits and the degree of asymmetry. A frequency dif- 
ference of 1/20 of the signal frequency is enough in most cases. 

To avoid these phenomena the intermediate frequency should therefore not 
be less than 1/20 of the signal frequency. 
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Fig. 15. The same curves as those from fig. 14, as measured in an actual circuit. 
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6. Complete circuit diagram for a diode mixing stage 


The circuit diagram (fig. 16) shows a parallel-wire system connected to 
the mixing diodes via the condensers C, and Cz, which act as blocking con- 
densers for the intermediate frequency but should pass the high-frequency 

' current freely. The antenna is inductively coupled to the input circuit. 
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Fig. 16. Complete circuit diagram for a diode converter stage. 


The I.F. current is led over two chokes Leh, which should block the H.F. 
current to the LF. circuit L,-C,). The condensers Cg and C, are blocking 
condensers for D.C., so as to give each diode its own D.C. voltage. The 
LF. circuit L4-C,9 is coupled to a second LF. circuit L4-C4,, which is 
assumed to be connected to the I.F. amplifier. 

The asymmetric circuit is tuned to the oscillator frequency by means of 
C; and coupled to an oscillator circuit over the condenser C,. The frequency 
of the oscillator circuit is stabilized by using a cavity resonator as grid 
impedance; the anode impedance is a conventional tuned circuit. 


7. Triode mixing stages 


For the input circuit of triode converters the same considerations hold 
as given for the diode converters. However, there are some interesting 
possibilities worth mentioning here. In the following circuit diagrams the 
LF. circuits are again omitted, except in the complete diagram given at 
the end. 

As shown in an earlier publication *), the signal-to-noise ratio in the 
I.F. current of a triode converter can be increased by using positive feed- 

d back for the signal frequency. At H.F. this may be achieved by inserting an 
inductance iu the anode circuit. The principle is shown in fig. 17, where the 
inductance is connected between the anodes. The amount of feedback 


*) A. van Weel, Thesis, Delft 1943. 
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must, of course, be kept below the level where oscillation starts. The feed- 
back for the push-pull input circuit shown in fig. 17 does not affect the 
asymmetric circuit. 


— antenna 


00000000 
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Fig. 17. Triode converter circuit with feedback for the push-pull input circuit, 


However, it is also quite possible to design a feedback that affects only 
the asymmetric circuit, aud if this feedback is made strong enough the 
asymmetric circuit will start oscillations. This means that no separate oscil- 
lator is needed; the mixing stage is self-oscillating. 

This principle is illustrated in fig. 18. The asymmetric and push-pull input 
circuits are the same as in fig. 17. Positive feedback for the asymmetric 
circuit is realized by connecting the impedance Z, between the middle of 
L and earth. 


000000000 
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Fig. 18. Triode converter circuit with feedback for the push-pull as well as forsthe asym- 
metric input circuit. 


The equivalent circuit for the asymmetric voltage is shown in fig. 19. 
Taking into account the internal valve capacities, it can be seen that this 
oscillator is of the tuned-anode tuned-grid type. » 

For tuning this oscillator, both the anode and the grid circuits should be 
tunable, and as the push-pull circuit should not be influenced by the tuning 
of the oscillator the onlv possibility is to make Z, and Z, variable. 
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The frequency of the oscillator can be stabilized by using a cavity reso- 
nator either for Z, or for Z,. 

Circuits based on the same principle may also be used with balanced 
triodes of the grounded-grid type. 


92583 
Fig. 19, Equivalent circuit of fig. 18 for the asymmetric voltage. 


` 


8. Blocking the antenna for the local-oscillator voltage in triode mixing stages 


The same four principles as given for diode converters apply to 
triodes. However, the last principle (connecting the mixing stages in such a 
way that no asymmetric voltage occurs between input electrodes and earth) 
is realized in a somewhat different way for triodes, as these valves have three 
electrodes compared with the two electrodes of a diode. We shall there- 
foxe only go into tho details of this last principle. 

As this method is much simpler to realize for the grounded-grid type 
of push-pull valves than for the grounded-cathode type, we shall consider 
the grounded-grid type now. 

In fig. 20 a conventional oscillator circuit for ultra-high frequencies is 
drawn, consisting of a tuned circuit connected between anode and grid, 
while the D.C. voltage to all three electrodes is supplied over impedances 
that are high for the oscillator frequency (either chokes, Leh, or high resist- 
ances, Rg). None of the electrodes is directly “earthed” for the oscillator 
frequency. The circuit is a “Colpitts” oscillator; the internal valve capa- 
cities (dashed in the diagram) act as the capacitive potentiometer. 


pe 
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Fig. 20. Oscillator circuit for ultra-high frequencies. 
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As a consequence, the cathode is tapped on the anode-grid voltage. On 
each branch of the tuned parallel circuit L-C we could find a point that 
is in the same way tapped on this voltage, say the point P on the inductance. 
If we connect this point directly to earth, the cathode will automatically 
take earth potential, because no potential difference exists between the 
cathode and the point P. 

We could, of course, also divide the capacity C into two parts in such a 
way that the connecting point of the two parts has the same potential as 
the cathode. l 

A third possibility is to use, for the blocking impedances between grid and 
earth and between anode and earth, impedances of the same kiad, while the 
ratio of their magnitudes equals the ratio of the impedances of the grid- 
cathode capacity and the anode-cathode capacity. 

Fig. 22 shows the complete diagram of a mixing stage based on the last- 
mentioned principle. 

With push-pull converter triodes of the grounded-cathode type it is not 
so easy to put this principle into practice. Since in this case the input elec-, 
trodes are formed by the grids, the anode-cathode impedance in the asym- 
metric oscillator circuit should be divided in the same ratio as that between 
the anode-grid impedance and the cathode-grid impedance of the oscillator 
circuit. In an oscillator circuit these impedances are always opposite insign, 
i.e., if one is capacitive the other is inductive, and vice versa. As a conse- 
quence it is not so simple to apply this principle with a grounded-cathode 
circuit. 


9. Complete circuit diagrams of self-oscillating triode mixing stages 


In fig. 21 the circuit diagram is shown for a grounded-cathode circuit. 

The antenna is inductively coupled to the input circuit. The asymme- 
tric input circuit is tuned to the oscillator frequency with the aid of C,, 
to which the grid-leak resistance R, is connected in parallel. 
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Fig. 21. Complete circuit diagram for a grounded-cathode triode converter stage. 
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The H.F. anode circuit consists of the capacities C, (blocking the inter- 
mediate frequency) and the inductance L,, which provides for the amount 
of feedback needed for the push-pull input circuit. The middle of I, is 
connected to the cavity resonator stabilizing the oscillator frequency. 

The intermediate-frequency current passes the high-frequency chokes 
Leh and is fed to the circuit L,-C,, which is tuned to the intermediate fre- 
quency and coupled to a second circuit L,-C, connected to the I.F. ampli- 
fier. The capacity C, is split into two parts, so as to offer a low impedance 
to earth for the high frequencies. 

A grounded-grid mixing stage is drawn in fig. 22. The antenna being 
directly connected to the input circuit, it is necessary to design the oscil- 
lator circuit in such a way that no asymmetric voltage occurs between the 
input electrodes (the cathodes) and earth. This is realized by choosing the 
impedances of the high-frequency chokes Lo, and Leh” of such values that 
their ratio equals the ratio Co/2 Cg. 


-——-antenna L, c LF amplitier 
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Fig. 22. Complete circuit diagram for a grounded-grid triode converter stage. 


The condensers C, act as blocking condensers for the intermediate 
frequency. The inductance L, provides for the push-pull feedback, while | ` 
the asymmetric anode-grid circuit is closed by L, and the variable con- 
denser C,, which enables this circuit to be tuned. 

The intermediate frequency circuits are the same as in fig. 21. 


10. Low noise level of self-oscillating mixing stages 


As shown in an earlier publication *), the local-oscillator valve may cause 
an appreciable increase of the noise level of a converter stage. In the 
oscillator valve the normal sources of noise are present, and across the 
oscillator circuit, apart from the large oscillator voltage, a certain noise 
voltage will be measured, comprising in theory all frequencies but in 


*) A. van Weel, loc. cit.. 
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particular those in the neighbourhood of the oscillator frequency, since 
the circuit is tuned to this frequency. This noise voltage will be pressed 
on the. mixing valve together with the oscillator voltage, and the com- 
ponents in the signal-frequency band, image-frequency band, and inter- 
inediate-frequency band will increase the noise level in the T.F. current. 
The effect will be more pronounced when the signal and oscillator 
frequencies are closer to each other. This effect is not only of theoretical 
interest, as can be judged from the fact that we first measured it 
experimentally as an unexplained high noise level, for which this 
explanation was subsequently found. 

In the self-oscillating triode mixing stages described in this article there 
is no separate oscillator and therefore the source of this “oscillator noise" 
does not exist. Apart from any practical consideration, these mixing stages 
therefore have the advantage of better noise properties. 


Appendix Y 
In the following circuit diagrams various systems are given for tuning a 


push-pull circuit to an asymmetric voltage. 
Figs 23 and 24 need no explanation. Ín fig. 25 the impedance Z, is 


fe, 
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Fig. 23. Tuning the asymmetric circuit to the local-oscillator voltage by means of an 
impedance Z in series with the cathodes. 


Fig. 24. Tuning the asymmetric circuit to the local-oscillator voltage by means of an 
impedance in series with the input circuit. 


r 
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supposed to be so high as not to appreciably influence the push-pull circuit. 
Tuning for the asymmetric voltage is accomplished by varying Zo. 

In these circuits a given length of push-pull system was presumed, and 
the asymmetric circuit was tuned by inserting a special impedance carrying 
only the asymmetric current. But the tuning of the whole system to two 
different frequencies could also be accomplished the other way round, i.e., 
assuming a certain length of the wire system, which is itself tuned tothe 
asymmetric frequency, and tuning the push-pull system either by shifting 
a second short-circuiting bar or by varying an impedance, carrying only 
the symmetric current. Both possibilities are shown in fig. 26. 


52587 
Fig. 25. Tuning the asymmetric circuit to the local-oscillator voltage by means of a parallel 
circuit, Z,-Z,. 


52588 
Fig. 26. Tuning the push-pull input circuit to the signal frequency. 


Combinations of the principles underlying any of these four circuits are, 
or course, also possible, while there are still other possibilities into which 
for shortness’s sake we cannot enter here. 


Appendix II 


A minimum for the asymmetric voltage at the points where the antenna is 
connected to the input circuit can be realized in two different ways, as 
shown in figs 27 and 28. Fig. 27 is the same as fig. 8 and needs no explanation. 
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To understand fig. 28 it should be noted that the asymmetric equivalent 
of the star formed by the two parts of the inductance L and the capacity 
C is an inductance L', depending on the amount of leakage inductance 
of L, in series with C. By correctly tuning C, series resonance can be 
achieved. 


ub 52587 
Fig. 27. Blocking the antenna for the asymmetric oscillator voltage by connecting the | 
antenna feeder to points with minimum asymmetric voltage. 


52590 
Fig. 28. Blocking the antenna for the asymmetric local-oscillator voltage by means of a 
“series” circuit L-C, tuned to the local-oscillator frequency. 


'The star ical by the two parts of the inductance L and the capacity 
C may be replaced by a ‘star of two capacities between the antenna con- 
nection points aud one inductance to earth, which, however, is not so easy 
to tune in.practice. 

`- For tuning, the right half of these’ circuits to ie asymmetric megueney 
any one of the circuits given in appendix I could be. used instead of the 
series impedance Z. m 


Appendix IIT 


-To calculate the ánflueüce of — on the T of a ipase 
pull converter stage with asymmetric oscillator voltage we use the. circuit 
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e fig. 29, where the push-pull circuit is drawn and an asymmetric current 
is fed to the two points 4 and B. i 

. The inductances are assumed to be exactly equal, whereas the (Gods). 
paciia show a slight difference, given by the value of e. i 


f- TE 52591 
Fig. 29. Equivalent circuit for a push-pull diode converter stage with slightly. asymmetric 
diode capacities. f 


From Kirchhoff's laws we derive the following equations: 


i= h F ip (3) 
pi l4 f. l—e : 
(jnre isi (oer xc) (4) 


Dividing both sides of equation (4) by jal (c, — 1/y LC) and substi- 
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tuting f = AUN a Rd = ô = d , this equation can be transfórmed 
Op W o) wL 
in 
à (B — e — jô) = i; (B + e — jd). (5) 
From equations (3)'and (5) can be found | 
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As may be expected, for e = 0 both i, and i, equal i/2. bs p and 7) 
the absolute values may be calculated: 


|i ee, | " 


p+ ô? 


e? — 2ef 
eR a ee d 


i 
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The voltage across the (diode) capacities is found by multiplying i, and i, 
by l/oC (disregarding the slight difference). However, to judge the in- 
fluence of the asymmetry it is sufficient to consider equations (8) and (9). 

In fig. 14 the right-hand terms of these equations have been plotted as a 
function of fj[0. We had to assume a value for ¢ and chose e = ô. ‘ 

To eliminate the influence of asymmetry it is necessary to choose f high, 
which means a high intermediate frequency. We may write down as a 
condition 
& + 268 ' 

ar «1. (10) 


- 


A stronger condition is 


&?--2eB &@ 2e 


p —-gsty$b (11) 
and this is satisfied if 
2 
«1, (12) 
B 
or 


Now it is quite clear that the asymmetry can hardly be made smaller 
than 1%; so a minimum condition is 


52s 1 l (14) 
o ^ 100° 

say 
dw 1 
LA S 1 
w 20 Ge) 


To eliminate the influence of asymmetry in the push-pull circuit, the 
difference betweén local-oscillator frequency and signal frequency should 
at least be one-twentieth of the signal frequency. If the push-pull circuit 
is very heavily damped a smaller value for f may be tolerable, according 
to equation (10). 


Eindhoven, September 1946 
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ON THE THEORY OF COUPLED ANTENNAE 


by C. J. BOUWKAMP 621,896,671 


Summary 


The purpose of this paper is to provide formulae for the self and 
mutual impedances of an antenna system consisting of two identical, 
centre-fed, parallel, cylindrical wires. Tables of auxiliary functions 
are given facilitating numerical investigation in the range 
1<2nljfa< 2, O<d/fl<2, Q = 2 ln(2l/a) > 10, where 21 is 
the length of each antenna, d their mutual distance, 2a the wire 
diameter, and A the wavelength. Examples illustrating the general 
theory are deferred to a subsequent paper. 1 

Résumé 


L'objet de cet article est de fournir des formules pour les impédances 
propre et mutuelle d'un systéme d'antennes constitué par deux minces 
brins identiques, parallèles, cylindriques, alimentés au centre. L'ar- 
ticle comporte des tableaux de fonctions auxiliaires permettant de 
faire des investigations numériques dans la gamme 1 < 2zi/À < 2, 
0 < djl < 2, Q = 2 In(2l/a) > 10, où 21 est la longueur de chaque 
antenne, d leur distance mutuelle, 2a le diamétre du fil et 2 la lon- 
gueur d'onde. Les exemples d'application de la théorie générale sont 
réservés à un article suivant. 


1. Introduction 


As is obvious from first principles of electromagnetic theory, the radiation 
properties of a transmitting antenna ultimately depend on and are deter- 
mined by the distribution of current and charge. Once the currents and 
charges are known, the electromagnetic field is easily obtained by the 
classical method of vector and scalar potentials. Therefore, an adequate 
starting point in the theory of antenna radiation is to assume the currents 
and charges, that is, to consider them as given functions of time and posi- 
tion. In fact the older theories are all based upon this method, apart 
from a very few exceptions. Of course the theoretical results so obtained 
may be expected to agree fairly well with experiments if, and only if, the 
assumed sources are good approximations of the actual ones. 

The quasi-stationary theory often leads to useful approximations for the 
currents and charges. It is then customary to calculate the actual cur- 
rents and charges approximately, by first neglecting the effect of radiation. 
As a consequence, in the development to shorter waves there is a general 
trend to extrapolate such important concepts as capacitance and inductance 
to the ultra-high-frequency technique of to-day. On the other hand, the 
electrical engineer is well aware that he has often to return to more funda- 
mental principles, that is, to Maxwell’s equations of the electromagnetic field. 
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In this connection the antenna theory provides a striking example. The 
distribution of current in an isolated, centre-driven, cylindrical antenna was 
formerly assumed to be sinusoidal, and this assumption is quite sound, as 
pointed out by various investigators +), *),*),4). Though only the refined 
theory is able to treat satisfactorily such topics as anti-resonance, where 
the impedance is very large and highly dependent on the thickness of the 
wire, other corrections are usually snrall and almost negligible in practice. 
However, there are other examples which show that the older theories do 
not suffice at al15),9). The calculation of the self and mutual impedances 
of an antenna system in resonance is usually based on the assumption that 
the current along any of the conductors, whether driven or parasitic, is the 
same as that along a free centre-driven antenna of the same dimensions. 
This assumption is not justifiable. On the contrary, especially for non- 
resonance, the current distribution in a receiving antenna placed in a homo- 
geneous field is not equal to that of the same antenna when used as trans- 
mitter, let alone that a loaded or unloaded parasitic antenna located in the 
neighbourhood of the driven antenna would show the same current distri- 
bution as the driven one. Furthermore, one should be careful in phase rea- 
soning for coupled antennae because, in the neighbourhood of the trans- 
mitting antenna, space differences have little to do with phase differences. 
At any rate, the relationship between phase changes and distances travelled 
is completely different from that existing in the wave zone. 

Since a rigorous theory of the electromagnetic ‘coupling of antennae 
should be able to provide us with data concerning input resistance at reso- 
nance, resonance shortening, ete., there is only one way to choose: one has : 
to return to the fundamentals of electromagnetic theory — it is not so 
simple as to assume **convenient" currents; rather, the currents must 
first be calculated. 

The present paper contains some results of a laboratory report?) the 
publication of which has been delayed by the war. That report dealt with 
the radiation properties of the simplest case of the Yagi antenna, the system 
consisting of a centre-fed, straight wire in the presence of an unloaded para- 
sitic antenna parallel to and not displaced in length with respect to the 
‘driven conductor (both wires being thin cylinders of equal cruss-sections 

and lengths, and of perfectly conducting material). 

In passing we remark that following upon Hallén’s fundamental contri- 
bution to antenna theory ) numerous investigations were published by 
Ronold King and collaborators. One of their papers *) bears a close relation 
to the present report. However, since some of our results are either given 
differently or not dealt with by these authors, the present publication may 
be justified. 

' The basic ideas and methods developed here are similar to those of a 


* 
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former paper ?). Characteristic of the Hallén problems is the appearance of 
the large parameter Q = 2 In (2l/a), where 2l and 2a are respectively the 
length and the diameter of the wires. Whereas in ?) terms of the order (Y? 
were included, here we take into account only terms of the order (207; 
' otherwise the mathematics would become too involved. 
Finally, the present paper is devoted to the general outlines of the theory, 
numerical. applications being postponed to a subsequent report. 


2. Formulation in terms of the vector potential 


Let d denote the distance between two identical, parallel, cylindrical 
wires, both of length 21 and diameter 2a (1 2» a, d >a), the line connecting 
the centres being perpendicular to both wires. The latter are centre-fed by 
slice generators of driving potential differences V, and V, *). Furthermore, 
the two wires are supposed to be perfectly conducting. By virtue of the 
symmetry in the feeding, the current distribution is symmetrical with 
respect to z, where z denotes the distance along either antenna measured 
from the corresponding centre. Let I (z) and I,(z) stand for the currents, 
which we may suppose to flow at the surfaces of the wires. These currents 
are subjected to the condition that the resulting tangential electric field 
shall vanish at the surface of both wires. Alternative formulations of the 
problem are (i) the currents flow at the surfaces of the cylinders supposed 
to be hollow, while the electric field vanishes on the two axes, and (ii) the 
currents are flowing in the axes, while the axial electric field vanishes at 
distances a from the axes. 'These three different interpretations are e equiva- 
lent when effects of the order ajl are neglected ?). — 

‘Let pu(z) denote the axial component of the vector potential on the a: axis 
of the first antenna as due to its own current, I (z). Let further Po (2) 
be the same component due to the current l,(z) flowing in the second 
antenna. The functions pial) and gss(z) are defined similarly. Then, upon 
introducing r? = (z—C)? + a°, R? = (z—C)? sir d’, we have **) 


1 t el eE 
pue) =- f nq) — at, pale) = fro a. 
€ 2 r 
7 (1) 
1 T g iR ory 
c 


at, vost fnit a.p 


- 


m in 
*) As usual, the discussion is confined to harmonic vibrations vs frequency 0/275; the 
time dependence is exp(jwt). ` = . 
**) cis the velocity of light, k the wave number (k = w/e = = onjh, whet Ais the wavelength 
in free space). Gaussian units are used throughout. 
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. The axial components of the electric field due to the currents I, (2) 
and L,(z), at the axes of the antennae, can be found by differentiation 
according to 


d? ; 

jkE(z) = E + r) (vs + a) 
a 

jkE(z) = (s Ex ie (vs + Pa) 


for the first and for the second wire respectively. Now E(z) must vanish along 
the corresponding antenna, except at the centre, where it must cancel the 
impressed electromotive force. In terms of the delta function we may thus 
write . 
d? 
(is ale e) (vs + Pa) = —jk V, ô(2), 
3s Ifi t 
E + e) (vs + ra) = —jkV,, à(z). 


Moreover, as the g-functions are symmetrical in z, we have by integration 


Pulz) + Pal) = — $V, sin k|z| + A; cos kz, bier (2) 
Pr2(2) + Pra (2) = — & JV sin hls] + Ay cos ka, y E 


where the constants of integration, 4, and Ao, will be determined later on. 


3. Approximate integral equations for the currents, and their solution 


Analogous to the reasoning of paper ?), the functions qii(z) and Pa(z) 
are approximately proportional to the corresponding current distributions, 


viz.: , : 
I,(£) e?771— h(a) 


pal) she) OG) +> [HO a, O 


and its analogue for p(z) obtained when I, is replaced by I. As before ?), 
Q(z) is an abbreviation for 


d 2 
Q() = f amn O41 (1-F).2#1. 
- i d P A 
We thus obtain from (1), (2), (3): 
1 S 1 z? 
^ Q I,(z) = — $ jV, sin k|z| + A, cos kz — -- I (z) In ( — =) — 
c 


1 sO MB) 


lel 


I 
ler -jhR 
-jO O 
m 
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* 


together with a similar equation containing the corresponding quantities 
with suffixes (2,1) instead of (1,2). 

These equations are simultaneous integral equations for the currents 
I, and IL, which are approximately solved by a process of iteration, under 
the boundary conditions J,(+ l) = I,(41]) = 0. However, this set of 
simultaneous equations may first be transformed. into a set of mutually 
independent equations. For this purpose we introduce the following combi- 
nations: 

T,(2) = L,@) +L). 
Vi = Vit Vg, (5) 
A, = A, £ 4. 


While so doing we readily obtain from (4) and its analogue that 


1 E 
9L ay — $ jV, sin k|z| + A, cos inc He) s (1-5) — 
c 


l 1 
Ll (LG) e? ~ T,G) pay Z 
- l i at =) I,Q)-- 4L. (6) 


Evidently, the equations (6) are two different integral equations, one for I, 
and one for I_. They, too, have to be solved under certain side conditions, 
namely I, (1) = 0. If z = lis substituted in the right-hand side of (6) and 
the resulting expression is subtracted from (6), we obtain 


1 
9L) ~ — $jV, jsin k|z| — sin kit +4, jcos kz — cos kl — 


us nie E. ENG EM Le 
~ I, (2) a( s PT c+ 


eitt?) V -jkR 


1 e 
po Ly 


di + 


$- tf not 


g oe) ae 


mo | I,(£) ape” (7) 


As a first approximation we ignore the expressions on the right-hand side 
of (7) as far as they contain I, explicitly; thus 


NOE = [— 37V. fin k|]— sin kl + A, cos kz — cos kH]. — (8) 


To get the next approximation let us substitute (8) in the right-hand side of 
(7). The left-hand side of (7) then becomes equal to 


218 C. J. BOUWKAMP 


* 


L QI, (o) = — $V. m + TE " Si lo 
PN (2) + 5060 + N, 


(9) 


where the following abbreviations are used: 


f(z) = sin k|z| — sin kl, " 
g(z) — cos kz — cos kl, 


niet] fg 2 
F() = (teen ts PO) ars pte) in(1-5) 
* g(t) e" "7 — gle) 
=, 


H@) = | EIT 
1T yr 
gea 


=== d 
Teit +e i 


G(s) = | dg +- g(z) In ( — a) h 


(10) 


K() = J «(0 = 


Explicit expressions for the integrals (10) will be given in section 5. 
Except for the constants of integration, 4,, we have completely deter- 

mined the currents by (0). These constants can be obtained as follows. First, 

substitution of z = lin (6) leads to E 


=—4jV,, Bi ae cos kl — i 
1 I gin go qd? 
o -—— df F - NE exu dT. =d H 
: E ali) yop ob 3 HORIS 


_Then, under the signs of integration in (11) we substitute for the current 
I, the first approximation as given by (8). The final equation is linear in 
Aj; its solution is readily found to be 


O sin L— F() F H() 
As = HIVi Geos ki G FKA e) , 


We shall now return to the actual currents, J} (z) and I,(z). By. means of 
(5), (9) and (12).is is thus found that — - 


Le) = V, Yos) + Ve Ym(z). 


T(z) = V, ¥in(z) + Ve Y, (2). (13) 
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in which the functions Y,(z) and Ym(z) are known completely, viz.: 


Y,G)- T | nm F() — m js (a) + c(l) = G(z) 1-5 jc ] 
(14) 
c |H()—H(9) G(I) — G(z) K() — K(z) 
Yat — aig POR Peet Oo, 


where a, B are independent of z and defined by 


o, — LMF -HU | Qsinkl— F() + Hi) 

Q cos kl— G(l) — K(l) ^ Q cos kl — G() + K0) (5) 
gj í: L9 M NI Ben Ee) 

Q cos kl— G(I) — K(l) Q eos kL— e(t TX 


4. Expressions for the input and mutual E T E 


It is important to note that the set of equations (13) is the natural 
extension of one of the possible forms of the input-current - input-voltage 
equations of the antenna system considered as a four-terminal network. 
The latter equations contain the input currents rather than the current 
distribution, viz.: 

I(0) = YQ(0) Fi + Ym(0) Va S oi 
I(0) = Ym(0) Vy + Y,(0) V,. 


The driving-point admittance, Y,(0), and the transfer admittance, Yn (0), 
will now be considered in detail. As already indicated by the notation, they 
follow from (14) upon substitution of z = 0. The resulting expressions, 
however, can be simplified considerably with the aid of (15). One then ob- 
tains 


; Y,0) = FO) + ajo — G(0)§ — PKO, ) 


ai 
(16) 

Ym(0) = zi [H(0) + 810. — C(0)( — aK(0)]. 
Particularly when the two antennae are driven in phase by equal voltages 
the input admittance of either antenna in the id of the other is. 


given by 
Y, = Y(0) + Ya(0). 


When they are driven in 1 opposite phases, again at equal voltages, the input 
admittance is 


Ya = Y,(0) — Ym(0). 
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The explicit expressions for the symmetrical and anti-symmetrical admit- 
tances are readily obtained fom (16); thus 


2c Y= i [F(0) + H(0) + (a + f) (2 — G(0) — K(0) 4], 


(17) 


Y, = 525 [F (0) — H(9) + (e — 5) ja — 6(9) + K()1]. 


^ 
In the same way the corresponding impedance functions may be intro- 
duced. One then gets 


V, Ez Zo I,(0) + Zm I, (0) > 
Va = Zm I (0) + Zo 1,(0), 
where the driving-point impedance, Z), and the transfer impedance, Zms 


can be combined into the input impedances for the symmetrical and anti- 
symmetrical cases as follows: 


Zs = Zo + Zm Za = 2,—Zm. 
At the same time, Z; and Za are connected with Y, and Y, by the relations 


Za Ya = Z; Y, = 1. 


5. Evalaation of the integrals (10) 


Tt is convenient to introduce the following functions: 


Son: NS 
Sls) cs [ 7a. c@)= [—B9*a. 
o 0 


l They are related to the well-known sine and cosine integrals by 


S(x) = Si(x), C(x) = y + ln x — Gi(x), 


t 


where y is Euler’s constant. Moreover, we shall introduce functions E(x) 
and N(x) by 
E(x) = C(x) + jS(x), 
N(x) = Ci(x) —jSi(x) = y + la x — E(x), - 
while L(x) is an abbreviation for 
g T eee 


Lect os d 
(x) J TNI 
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After some tedious integrations it is found that 
Fio) = (sin k|z| — sin kl) In (1-5 )- $j }e™ DEM + 2kz) + e?" E(2kl —2kz)t + 


+ je? E(2k|z|) —2 sin kz| in(1 + Lean ia + E(kl — hz)t, 


|z| 
G(z) = (cos kz— cos kl) In ( — =) — $ je" E(2kl + 2kz) + e E(2kl — 2k2)l + 
+ cos kl }E(kl + kz) + E(kl = kz)? " 
H(z) = Zj e?" $N(Kl,) + N(kl,) — 2N (Kl) + 
+ dj e" IN (kl) + N(kl,) — 2N(kl,){ — sin kl L(z) , 
K(z) = e?" $N(KL,) — N(kL)| + 3 e™ 3N(kl) — IN(kl,)| — cos kl L(z), 
where 
l, — Y —zf + @+1—2, 
l = V -- 25 F d —1—2z, 
l= Y 4- 2) HE+ +z, 
l— V —29 4 4—1-4 2, 
l = a4 dios, 
l= 24 d? -- z. 


It is to be remarked that F(z) and G(z) are identical with — F (z) and 
— G,(z), respectively, given before 9). 

In order to calculate the various admittance and impedance functions 
we have to know the values of the functions above at z = 0 and z = 1, 
When land d are expressed in radians (x = kl = 2z1/A; y = kd = 2xd/A), 
then 


F(0) = — j E(2x) + 2 sin x E(x) , 


G(0) = — E(2x) + 2 cos x E(x), 
H(0) = j [N(x + y? + a) + N(Ya? + y? — x) — 2N(y)] — 
EET 


.—2sinx | ———— dt 
Verte 


K(0) = N(x? + y + x)— =N Ve yi —x)— -zoons | 


NL 
dt 
e+e 
F(l) = — $je* E(Ax) -+ j cos x E(2x) — In 4 sin x, 
C(I) = — 3 ei* E(4x) + cos E(2x) , 
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HO = 4 je [N(y) + NOTE 4- y —22) — 2 NUH? Fy? — x) + 
hje [N(y) + NG + y? + 2x) — 2 N(Y + y? + x) — 
A qure 
Yy? Fe 
K(l) = $e [N(y) — N(V4x? + y? —22)] + 
+ $e [N (V + y? + 2x) — N(y)] — 


2x gite 
— cosg | LÀ =s de. : 
se 


— sin x 


6. Tables 


The functions F(0), C(0), F(J), and G(I) are readily tabulated with the 
aid of existing tables of the sine and cosine integrals’). They are given in 
table I; the functions depend on x, not on y. 

The four remaining functions are less tractable because of the definite 
integral 

X ply te? 

ee (18) 
> h+’ 
The integral (18) has been evaluated by graphical methods 5); there is also 
available an analytical solution ?) involving double summations, and the ` 
present author evaluated (18) by another analytical procedure !?), further 
details of which will not be given for the moment. Only recently we deve- 
loped.an expression that, though not investigated on convergence yet, 
seems very useful because of its remarkable simplicity, the integral (18), 
when x > 0 and y > 0, being equal to 


Jy) "jfi ez e 


«ier 22 A «Set - yi 5-4), T 


where Jn denotes the ordinary Bessel function. To prove this irae we 
introduce a new variable of integration by 


= . " a . 
NE. J " (O1) 


which transforms the integral (18) into 
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and, next integrate term-by-term, after having expanded the exponential 
function according to a well-known theorem of Bessel functions, namely, 


exp fay (22) = xe F or ee 0: 


As numerical values of the N-functions are obtainable from the American 
tables of the sine and cosine integrals, the functions H(0), K(0), H(I) 
and K(/) can now be determined. The corresponding data are presented in 
tables II-V. They enable one to calculate the impedances and admittances 
in the neighbourhood of the first resonance (half-wave antenna, x ~ 2/2) 
when the distance between the two conductors does not exceed the length 
of either of them (d/l < 2). 


Eindhoven, June 1947 
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Contents of tables: 
E@) = [Eur [t bali He WENNS SPHERE ON 


Table I: F(0) = —j E(2x) + 2 sin x E(x), 
G(0) = — E(2x) + 2 cos x E(x), 
F(l) = — $ je” E(4x) + j cos x E(2x) — 1n 4 . sin x, 
G(l) = — $ e” E(4x) + cos x E(2x). 


Table II: H(0) = j [N(V2 T yè + x) + NV+ * x) —2N(y)] — 


rom 
—2sinx — 


Vy? ca 
Table III: K(0) = N(Vx? + y? + x) — N(x? + y? — x) — 


E PIT” 
— 2 cosx 7 == di 
yy: + 8 


Table IV: H(l) = 3je*[N(y) + N(V4a? + y3—2x) —2 N (V+ y?—2)] + 
+ je [N(y) + IN (4a + y? 22) —2 IN (V+ y? 4- 3)]— 


2x Qon 
— sin x | ——— dt. 
0 


Vy? + 22 
Table V: K) = 4 e?* [N(y )- IN(Y4a? + y? — 2z)] + 
Tp Ha ) + N(V4x2 + y? + 22)] — 


FEIER 


— cos x "Birra ccs t. 


TABLE I 


10 | 2009-0745; | — 0:588 — 0:583 j | — 0674 + 0629 | 0:629 — 0-493 j 
14 | 22004-08437 | — 0730 — 07547 | — 0620 + 06877 | 0:687 — 0-6167 
L2 | 2:385--0930j | — 0:890 — 09507 | — 0:547 + 0728} | 0-128 — 077457 
13 | 2:559--1:0027 | — 1069 — 131677 | — 0:458 + 0°750j | 0-750 — 0*8787 
14 | 2-722 41.0567 | — 1:267 — 1:405 | — 0:357 + 0:753 | 0:753 — 1-0097 
L5 | 2871-10877 | — 1:484 —1:661j | — 0:248 + 0°7347 | 0:734 — 1:185j 
L6 | 3:0024- 1092; | — 1:119 — 1:933j | — 0:134 + 076967 | 0:696 — 1:252 
1-7 | $1134- 10707 | — 1971 — 22157 | — 0:020 + 06387 | 0:638— 13557 
L8 | 3201-10177 | — 2:238 — 2:506 j 0:092 + 05627 | 0:562— 1:442 
L9 | 3264+ 09327 | — 2:663 — 2:8017 0192 + 04717 | 0-471 — 1:5107 
2: | 3299 +0°8157 | — 2:810 — 3:094 0:296 + 0°3677 | 0:367 — 1:5567 
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f989.0 + 865-0 — | Leseo -+ e$9.0 — | fe80.0--ze9.0— | £zvr.0— r05.0— 
£$6v-0 + 862.0 — | fesr.9 - €18.0— | fezro—z269.0— | fT08.0— 067-0 — 
f0LLO d-€£0.T— | £2S1-0 — T16-0 — fe1e.0— €£69.0 — | fr19.0 — 1ev.0 — 
£€99.0 — SST-L — £FTS-0 — 016-0 — L199.0.— 119.0 — | £L$9.0— $9£€.0 — 
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VALVE CHARACTERISTIC GIVING LINEAR 
MODULATION WHEN A FEEDBACK RESISTOR 
IS INSERTED IN THE CATHODE LEAD 


by W. W. BOELENS 
621.396.619.231:621.396.645.37 


Summary 


It is well known that a high-frequency voltage can be modulated 
with a low-frequency signal by applying both voltages to the control 
grid of a radio valve. If the T,- Y, characteristic is quadratic, there 
will be no distortion in the modulation. The available valves, however, 
generally have a characteristic that is not so much quadratic as 
exponential. A feedback resistor in the cathode lead was found to 
improve the linearity of the modulation; there was an optimal value 
for the resistance. 

The theoretical question was put as to what valve characteristic 
would give linear modulation with a given feedback resistance. This 
problem is solved in the present article and a simple answeris found. 
Two figures are drawn for the characteristics with the feedback 
resistance as a parameter. 


Résumé 


Il est bien connu qu'une.tension de haute fréquence peut être modulée 
par un signal de basse fréquence en appliquant les deux tensions sur 
Ja grille de commande d'un tube radioélectrique. Si la caractéristique 
J,-V, est quadratique il y aura modulation sans distorsion. Toutefois, 
les tubes disponibles ont généralement une caractéristique plus 
exponentielle que quadratique. Une résistance de contre-réaction 
dans la cathode parut améliorer la linéarité de la modulation; il 
existait une valeur optimum pour la résistance. 

Une question théorique se posait. Quelle forme de la caractéristique 
du tube donnerait une modulation linéaire avec une résistance de 
contre-réaction donnée. Le probléme est résolu dans cet article et 
apporte une solution simple et élégante à la question. Deux figures 
sont tirées des caractéristiques, avec la résistance de contre-réaction 
comme paramètre. 


l. Introduction 


There are several examples in radio engineering where a high-frequency 
voltage has to be modulated with a low-frequency signal. This can be done 
in many ways, one of the simplest being to apply the two voltages to the 
control grid of a valve. If the Ia- V, characteristic is not linear, the plate 
current will contain the desired modulation component, in addition to the 
components caused by the original voltages. The best results are obtained 
when the valve characteristic is mainly quadratic, as is well known. 

We came across this problem when engaged on an investigation in con- 
nection with frequency modulators. One of the first possibilities suggested 
is that of the xcactance valve with a small high-frequency voltage imposed 
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on the control grid, in phase quadrature with the voltage on the oscillator 
circuit. The low-frequency signal is also fed to this electrode, for changing 
the working point. Many examples of this circuit may be found in the 
literature of 1940 and thereabouts. 

The characteristic of a reactance valve should be quadratic. However, 
there are only a few types that satisfy this condition reasonably, and they 
have other drawbacks. The normal valve, with sharp cut-off, is too straight 
in the usual working range and can only be used as a modulator near cut-off, 
where the currents are low. The characteristic of the other type, the 
variable-mu valve, is more exponential and the approximation by a qua- 
dratic holds only over too small a part. 

Using a variable-mu valve as a reactance modulator we found that the 
linearity of the modulation could be much improved by inserting a resistor 
in the cathode lead, not by-passed for the low frequencies, so that feedback 
for the modulating voltage was obtained. 

It proved that a particular value of the resistance gave the best results, 
whereas the linearity was less with higher and smaller values, contrary to 
the behaviour of the normal amplifier with cathode feedback. 

In fact this was to be expected, for a curved characteristic is flattened by 
a feedback resistor in the cathode lead. Consequently, if a valve with a 
more than quadratic, e.g. an exponential, characteristic is used and a qua- 
dratic one is desired, it is evident that by applying a specified measure of 
feedback the best possible approximation can be obtained and that with 
more or with less feedback the result will not be so good. 

This, of course, is only a qualitative reasoning; in order to obtain a 
clearer insight the following theoretical problem was set up. 


2. Mathematical problem 


Let us assume that we have a valve with an extremely high dynamic 
plate resistance, e.g. a pentode, in the circuit drawn in fig. 1. Both the 
high-frequency voltage a cosct and the low-frequency signal 4 = A(t) 
are applied to the control grid; w is assumed to be high compared with 
all the frequencies and their harmonics, as far as they are of importance, 
contained in A. 

In the cathode lead there is a resistor by- — with an inductor and a 
capacitor, the values of which are such that the total impedance is zero 
for direct current and all currents with frequencies of the order of w and its 
harmonies, whilst the impedance is R for all currents with frequencies 
contained in 4 and their harmonics. In the plate lead an L-C circuit is 
inserted; it is assumed to have a constant impedance R, for the frequency w 
and all sidebands caused by the modulation with A, whilst the impedance 
is zero for the direct current, the frequencies contained in 4 and their 
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harmonics as as well for all harmonics of c, modulated as they are with 
À or harmonies thereof. 

The valve is limited neither by grid current nor by plate-current cutoff. 
A.C. voltage should not exist between the cathode and the screen or the 
suppressor grid. 

We want to know the valve characteristic for the case ae the voltage on 
the plate network is the high-frequency signal modulated linearly with 
the low-frequency intelligence according to a, 1 + mà(t)t cos wt. 


$4977 


Fig. 1. Circuit in which the valve is used. 
Impedance in cathode lead is 0 for direct current, 
R for A and its harmonics, 
0 for w and its harmonics. . 
Impedance in plate lead is — 0 for direct current and A and its harmonics, 
R, for w and its sidebands, : 
0 for all harmonics of w. 


3. Solution 


Let i denote the total plate current, i, that part of i composed of currents 
with frequencies contained in 4 and their harmonics, as far as they cannot 
be disregarded, and i, that part of i that is composed of the current with 
the frequency c and all currents with frequencies consisting of the sum or 
the difference of w and frequencies contained in 4 or harmonics thereof. 

The valve characteristic in the neighbourhood of the working point is 


represented as a Maclaurin series with the D.C. component ignored: 2 
n 
c v 
= > Sp i +s 
n=l n ! 


Thus z is the deviation from the normal plate current corresponding to a 
deviation v from the normal grid voltage. S, is the value of the nth deri- 

. vative in the working point of the characteristic, S, = d'i/dv". Conse- 
quently S, is the normal transconductance. . 


Because of the feedback, 


v =a coso + A— i; R. 
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Accordingly, 


e S 
i= X — (acoscot-4-A—i Ry. 
n-1 7 


From. this i, and i, can be calculated, considering that cos“wt has a 


D.C. part 
l 


-- (2k)! 
zl cos “wt d(wt) = FENE 


-n 


and cos" tot a part with frequency w and amplitude 
2i FM 2(2k + 2)! 
— | cost wtd(œwt) = —— —zt 
nj 4**(k + 1) 2 
Now . i i 
. 'e 1l . "E 
ty =z al (A —= i,R) tan ALS, 19% > 
a 
in which A, = FED and consequently A, = 1. 


In fact, according to the definition of i,, the powers of (4 — iR) ought 
to be developed in harmonics and intermodulation terms of 4, whilst the 
D.C. term should be ignored. But in the following the coefficients of the 
various terms of this power series will be made equal to the corresponding 
coefficients of a second power series, originating from the calculation of i,,: 
The-conditions resulting from this procedure will be the same either for 
the two power series or for the developments of both series in harmonics - 
and intermodulation terms, but as these developments would necessitate a 
complicated calculation the power series will be used. 

The first term, a = 1, is separated from the summation over a; the part 
with i,R is combined, with i, on the left side of the equation and then i, 
is resolved: - l ` 


o eo 
254 2 dis. ons 
k=0 k=0 


ETE 


i 
a=2 a! 


L=À 


lERIASaa 1+ RÀ 4S5 


a” 


If we define B, = FaF) EI 
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(A—i,R)* = 


is = @ cos wt = P E E BS = = T 
E A—iüR ' 
| = Q COS wt [È BSa + UR ), b : BS. 214-2 des 2 s( = (A—L RY § X Bien. 
In the second term the value of i, is substituted: 
5 = BSa: . 
DN —acosot | È BiSy i + —— + 
y B 120 bad 
l- DE 
E (A— i,R)* " R t È Ar Sara) G PiSu) 
$ SE) S BSu 7 
i i 1+R E LEE 


In the expression between brackets the first term is the amplitude of the 
carrier, the second one the value of the desired linear modulation, the third 
term comprising the distortion in the modulation. Consequently, there will 
be no distortion if this term is zero for all values of 4 and i,, that is, if 


"- R(E ASen) (X BiSa) 
235 mie for a = 2, 3, 4... 
= 1+ RE A,Sy.s 

k=0 


This can also be written 


Z B Sapat R oF ab Sur 


X Bus 1+ RS,4 R È Aui 
When S, and S, are chosen arbitrarily and 


RS, n—2 
ge, ne eG B ou 
Sa icc por m 


this condition is fulfilled; for the quotient on the left side then becomes 


( R S, i: 

La Rs ' 

and the quotient on the right side has the same value if the denominator is 
reduced thus: 
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a a RS, y 
1+ RS, +R¥A,Su41= 1+ RS, + RS, X A, s A: i = 


2k 


- C25) o (RS aa 


RS, IFRS RS 14-RS, 


With this value of S, the valve characteristic becomes 


RS, ] oe (1 -+ RS? (rris -)-5 


IFRS) mn! RS, 


TIT = ( 


The transconductance S can be found by differentiating this expression 
with respect to v: 


4. Discussion of the characteristic derived 


~ The characteristic derived is a combination of an exponential and a linear 
function. The extreme cases are (a) no cathode resistor (R = 0) and (b) a 
very large resistance (R—- co). When R = 0 the first expression for i gives 


S 
ir=0 = Sw + =. 


the quadratic characteristic that could be expected. 
With R—-co the exponential expression becomes 


ENT 
Sa 
To get a clearer insight into these characteristics, curves have been drawn 


for several values of R, while S, and S, are kept constant. For the calcul- 
ation new variables can be introduced according to 


S S RS 
te nfe gs 
S” go CSIF RS.. 


then the equation for the characteristic bécomes 


p 1 1— 
S: ¥=—(*—1)-—*x, 
e. [4 


and the formula for the tran’conductance 
S, dY 1] 


(Xeles as ack. X 2, ox 
Eu ps = —]1 . 
S, ax ric +o) 
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Curves for five values of R, including the extremes, are drawn in figs 2 
and 3. By comparing a given valve characteristic with these, the value of 
the cathode resistance necessary for a linear modulation can be found. It is 
often possible to use quite a large part of the characteristic. 

The same effect can be obtained by inserting a resistor in the screen-grid 
lead. From the ratio between screen-grid: and plate current and the ampli- 
fication factor between control grid and screen grid the resistance can be 
calculated that gives the same feedback as that obtained by introducing 
a suitable cathode resistor. But since these ratios are still somewhat 


T 0 +I $2972 
Fig. 2. Valve characteristics that give linear modulation with a specified cathode resistance, 


Fig. 3. Transconductance curves giving linear modulation with a specified cathode 
resistance. 5 
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dependent upon the other valve parameters, the value found will only be 
a fairly good approximation. The optimal resistance bas to be determined, 
by measurement. 

The trend of the curves in fig. 2 is to flatten with decreasing RS,, and 
one would expect them to flatten further when negative values of RS, 
are used. An examination of the exponential expression for the charac- 
teristic shows that if RS, is chosen just smaller than —1 (or ọ = —oo), 


Y= X, 


the straight line through the origin and the point (1,1). When values of 
RS, are taken between —1 and 0, curves will be found between the 
linear and the quadratic. 

Consequently, valve. characteristics that are curved but less than qua- 
dratic can be improved with feedback by a negative cathode resistance. This 
is of course the same as a normal positive feedback. There being no resis- 
tors with negative value, the circuit has to be changed; e.g. a transformer 
can be used that imposes a voltage, derived from the low-frequency plate- 
current component, in the grid circuit or in any other suitable place. 

However, in general a valve will be used that can be improved with a 
simple resistor. The other solution will only be chosen if great advantages 
of that special valve outweigh the complications of an extra transformer. 


Eindhoven, April 1948 
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SOME INVESTIGATIONS IN THE SYSTEM 
Na,0-PbO-TiO,-SiO, 


by J. M. STEVELS 666.115:539.213 


Summary 

A number of diagrams is given showing the vitreous and the crystal- 
line regions in the systems Na,O-SiO,-Pb;,TiO,, Na,O-SiO,-PbTi0, 
and Na,0-Si0,-PbTi,O,. 

Résumé 


Pour les systèmes Na,O-Si0,-Pb,TiO,, Na,0-Si0,-PbTiOg, et Na,0- 
SiO,-PbTi,O; l'auteur donne des diagrammes indiquant si à une com- 
position donnée correspond l'état vitreux ou l'état cristalline. 


It is well known that Ti** and Pb** ions may be used for producing a 
considerable increase in the refractive index of glass. Pb* * ions, however, 
make the glass very sensitive to reduction during the melting process, 
whereas Ti** ions tend to produce a coloured glass, especially if more than 
of the order of 5% TiO, is present *). 

Colourless glasses may be obtained, if TiO, is added simultaneously with 
ZnO and (or) CdO even if TiO, is added in fairly large proportions 1). 
Hence it seemed worth trying^to prepare lead-titanate glasses that, iu 
comparison with those prepared with Zn,TiO, and Cd,TiO,, should have 
the advantage of a considerably lower melting range, particularly so when 
Na,O is used as the fourth component. 

These arguments induced us to investigate the system Na,0-PbO-TiO,- 
Si0,. However, though the vitreous state was found to exist over a wide 
range of compositions, not a single of these glasses proved to be colourless. 

The reason for this behaviour is to-day (1948) much better understood 
than it was at the time of the investigation (1945). We have elsewhere 
discussed the colour of glass in extenso *) so that we feel Japie in only 
briefly treating the problem here. 

The Ti** ions may occur in glass as network-formers or as network- 
modifiers; in other words, they may have (for oxygen ions) a coordination 
number 4 or 6. In the latter case the absorption of the Ti** ions lies entirely 
in the near ultraviolet region of the spectrum, whereas in the former case 
the absorption extends into the violet part of the spectrum, thus giving 
rise to a yellow colour of the glass. Since both the Zn** and the Cd* * ions 
prefer the tetrahedral places in the glass, a major fraction of the Titt 


*) In keeping with common usage in glass technology, all percentages quoted are weight 
percentages. 
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ions is by these ions forced into the octohedral positions. Pb* * ions, on the 
other hand, prefer the octohedral places, so that by them the Titt ions 
are moved into the tetrahedral places, thus causing the yellow colour 
observed in our experiments. l 

Since the diagram resulting from our investigations may be of more 
general utility we shall briefly describe our experiments in the following 
section. 

Finally it should be noted that the boundary lines in the diagrams have 
been drawn by free hand so as to fit the observations in the most reasonable 
manner. 


Experimental results 


Three different mixtures of Pb,O, and TiO, were prepared, such as might 
be expected to act in glass as PbO + TiO,, PbO + 2TiO, and 2PbO + 
TiO, respectively *). Without preliminary sintering, these mixtures were 
then added to suitable amounts of SiO, and Na,CO, in order to obtain 
the batches used in the experiments. 

All the melting was carried out in alumina crucibles sintered at 1950 °C. 


By analysing a number of samples taken at random we found an average content of 
0-3 9/4 Al,O, in our glasses, the maximum observed being 1%. This proves pre-sintered. 
alumina a valuable refractory. 


In each experiment about 20 grams of a batch was fired during 2 hours 
at 1300 °C in an oven as described by Ouweltjes ?). Then the melt was 
poured out on an iron plate and, after adequate annealing, it was judged by 
visual inspection whether the system was (a) purely vitreous, (b) purely 
crystalline, or (c) a coexistent mixture of these two phases. In this last case 
the mixture investigated belongs to the critical region intermediate between 
the crystalline and the vitreous phases. The results obtained have been 
recorded in figs 1, 2 and 3. 

In the three systems investigated we observed a vitreous region (within _ 
the solid line), a crystalline region (outside the dashed line) and.a-compara- 
tively narrow intermediate region (between the solid and the dashed lines). 
It should be noted that the boundaries as drawn in these figures hold only 
for a temperature of firing of 1300 °C. For higher temperatures, the vitreous 
region would undoubtedly be larger, and conversely. 


* 
zz 
c 


Discussion of results 


After firing at 1300 °C the system Na,O-SiO, possesses a vitreous region. 
between 32% Si0,-68% Na,O and 76% $10,- 249, Na,O. If we raise the 


*) It is well known that Pb,O, added to the batch results in the presence of 3 PbO in the 
glass. E 
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temperature of firing the former of these boundaries will certainly not 
shift much, but the latter boundary will shift considerably. As expected, 
the system Na,OQ-lead titanate does not show a vitreous region, whereas 
for the system SiO,- Pb, TiO, (fig. 1) there exists a narrow range of glass 
formation at about 30% SiO, - 70% Pb, TiO, corresponding to a composition 
in mole fractions of about 0°55 SiO., 0:30 PbO and 0:15 TiO}. 


Fig. 1. Division of the system Si 
Na,0- -SiO,-Pb, TiO, after firing 

at 1300? C during 2 hours into 
a vitreous, a crystalline and an 
intermediate region. The batch 
compositions as ‘tried cxperi- 
mentally are represented in the 
diagram. 


1300°C 
o Glass 
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Fig. 2. Division of the system 
Na,0- SiO,- -PbTiO, after firing 
1300 °C during 2 hours into 
ieu a crystalline and an f300 C 
intermediate region. The batch 
compositions as tried experi- o Glass 
mentally are represented in the o 2 Phases 
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If the content of Ti** in the lead titanates is increased, the devitrifying 
influence of this ion, known from so many other facts, gains in importance, 
which results in the disappearance of the vitreous region in the other systems 
SiO,-lead titanate. 

Similar properties were observed in the quasi-ternary system where an 
increase in the amount of Ti** produces a contraction of the vitreous range 
in the diagrams shown. 


Fig. 3. Division of the system SiO 
WNa40-SiO,-PbTi,O; after firing 
at 1300 °C during 2 hours into 
a vitreous, a crystalline and an 


intermediate region. The batch " 
compositi i i 1300 C 
positions as tried experi- 
mentally are represented in the o Glass 
diagram. 
D 2 Phases 


* Crystalline 
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The glass with the highest weight percentage of lead titanate (fig. 2; 
composition 10% Na,O- 709; PbTiO,-20% SiO,, or in mole fractions: 
0:17 Na,O, 0°35 SiO,, 0:24 PbO, 0:24 T1O,) was found to possess a refractive 
index of 1:83. This glass was slightly yellow, while the colouring could not be 
removed by the well-known practice of replacing Na,CO; by NaNO;. 


Eindhoven, April 1948 
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Reprints of the majority of these papers can be obtained on applic- 
ation to the Administration of the Research Laboratory, N.V. Philips’ 
Gloeilampenfabrieken Eindhoven, Netherlands. Those papers of 
which no reprints are available are marked with an asterisk (*). 


1739: E. J. W. Verwey, P. W. Haayman and F. C. Romeyn: 
Physical properties and cation arrangement of oxides with spinel 
structure. II. Electronic conductivity (J. chem. Phys. 15, 181-187, 
1947). 


The relations between the electronic conductivity of certain spinels and 
the arrangement of the cations in the crystal structure are studied. Several 
arguments favour the assumption that Fe,O, contains both divalent and 
trivalent iron in the 16-fold position. The transition point in the neigh- 
bourhood of liquid-air temperature is probably associated with an increased 
degree of order at low temperature in the distribution of the 8 electrons 
between the 16 Fe-lattice points per unit cell. The considerably increased 
conductivity below the transition points shows tetragonal anistotropy 
when the crystal is cooled in a magnetic field. The possible distributions 
of the electrons in the crystal at low temperature are discussed. In more 
eomplicated spinels, containing other metal atoms as well as iron in both the 
divalent and the trivalent state, the electronic interchange is more or less 
inhibited by the foreign metal atoms. The higher values of their resistance 
in comparison to that of Fe,O, can be roughly described by an increased 
activation energy. The investigation of a number of substances with dif- 
ferent arrangements of the cations shows that the activation energy (and 
therefore the electrical resistance) is lowest for those cases in which the 
electrons can travel, as in Fe,0,, along the Fe of the 16-fold position. 

For the contents of this paper see also the article by E. J. W. Verwey, 
P. W. Haayman and F. C. Romeyn, Philips tech. Rev. 9, 239, 1947. 


1740: A. H. W. Áten, Jr: Activation of hafnium with neutrons 
(Science 105, 386, 1947). 


‘With slow neutrons acting on Hf a period of 20 sec is found; with fast 
neutrons periods of 20 sec, 10 min, and 6 hours. As the stable Hf isotopes 
are 174, 176, 177, 178, 179 and 180, the second period was initially 
supposed to be due to Hf 175. The results are compared with those of 
Flammersfeld. An isomeric form of 176, 177, 178 or 179 is now more 
probable. The periods found are useful for the determination of Hf as a 
contamination of Zr, whereas the long periods of Zr may be used for the 
determination of Zr as à contamination of Hf. 
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1741: J. A. Keverling Buisman, W. Stevens and J. van der Vliet: 
Investigations on Sterols. I. A new synthesis of 7-dehydrocholesterol 
(provitamin D) (Rec. Trav. chim. Pays-Bas 66, 83-92, 1947). 

A new synthesis of 7-dehydrocholesterol (provitamin D;) from cholesterol : 
is described, which gives a higher yield than the well-known Windaus syn- 
thesis. The synthesis is carried out via a 7-bromo cholesteryl ester, from which 
. hydrogen bromide is eliminated to give an ester of 7-dehydrocholesterol. 


1742: A. H. W. Aten, Jr: High-energy ions in crystal lattices (Phys. 
Rev. 71, 641-642, 1947). 

The valency is determined of P?? ions formed by (n,p) and (n,a) reac- 
tions due to recoil in crystals containing S and Cl, respectively. It is an 
open question whether the phosphate and phosphite ions are formed inside 
the lattice or whether they adopt their final states at the moment the crystal 
is dissolved. i 


1743: W. P. van den Blink: Note on the influence of the water content 
of an electrode coating on the hydrogen content of weld metal 
(Welding J. Res. Supp. July 1947). 

The question is discussed whether an increase in the moisture content 
of the coating of a welding electrode increases the hydrogen content of the 
weld metal. It is shown that both an increase and a lowering of the hy- 
drogen content may result, dependent on the partial pressures of H,O, 
CO, H, and CO, in the welding arc. 


1744: K. W. de Langen: The manifold of physical quantities (Physica, 
*s-Grav. 13, 349-352, 1941). 
In electrodynamics all operations are carried out in a manifold of quan- 
tities, each element of which may be written in the form 


a cm” g' sec"el” 
(el = electrostatic unit of charge). The numbers k, l, m, n determine the 


class of the quantity (dimension). The author advocates the use of quantity 
equations (“Gréssengleichungen”’). 


1745: J. H. F. Custers: The texture of copper wire drawn with back- 
pull (Physica, ’s-Grav. 13, 366-378, 1947). 

The preferred orientations of copper wire drawn either in the normal way 
or with backpull are investigated. In the outer zones these orientations 
show definite differences. In wire drawn with backpull the so-called conical 
fibre texture which predominates particularly in the outer zones has 
developed less intensively than in wire drawn in the normal way. It is, 
however, still an open question whether properties like tensile strength 
are improved in such a degree as to lead one to expect special advantages 


by the application of backpull. 
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NOISE IN A PULSE-FREQUENCY-MODULATION . -` 
os '. SYSTEM s x 6.3 
E m i o 
"E by F. L. H.. M. STUMPERS e y E a 

à . 621.396.619.16:621.396.822 

Summary " . j 

The optimum filter for pulse-frequency-modulation is derived: for ` 

. any given pulse form and large signal-to-noise ratio. For some special 
pulse forms the signal-to-noise ratio is calculated and it is shown that . * i 
normal frequency modulation gives a better result. À method is given "E 
for the calculation of the noise spectrum, which is valid for all signal- pe a 
to-noise ratios, though the intricacy of the formula restricts the possi- 


bilities for application. The noise threshold is estimated and the 
suppression of the modulation by noise is calculated. xu 


Résumé 


s 1 


L'auteur établit le filtre optimum pour la modulation de fréquence 
à impulsions (pour un grand rapport du signal au bruit de fond). Le — 
rapport du signal au bruit de fond est calculé pour quelques formes Apc 5 
spéciales des impulsions et on montre que la modulation de fréquence 
normale donne, encore un meilleur résultat, L'auteur indique une 
méthode de calcul du spectre du bruit de fond, méthode valable pour 
tous les rapports du signal au bruit de fond mais la complexité des _ 
` formules restreint les possibilités d'application. Dans la dernière ^ `: s 
~ partie on considère la suppression de la modulation en présence de E 
bruit de fond. ses : 


D j 2 < zi 
E r 


1l.. Introduction . l ` pue n 


Amplitude modulation, phase modulation, and frequency modulation ^ 2x 
` usually start from a sinusoidal signal. Instead any other periodic signal ` 
can be used for modulation purposes, and in the last years attention has. 
been drawn to the use of periodic pulses. In this case the unmodulated 


Signal is given by $3 "E ‘ ‘ 
i : ` F (t) cos Ot , i ' (1) 


where cy is the carrier-wave frequency (in radians per second) and F,(t) . ` 
, a periodic function of t, which is different from zero only for a small part — 
of its period. We shall choose the period of F,(t) equal to T = 2n/a,. 
When modulation is applied the carrier-wave frequency wg remains . 
constant and F,(t) is varied in accordance with the audio input in the 


s \ 


" z 
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same way as is the sinusoidal signal in ordinary modulation systems. In 


` , this paper we shall restrict ourselves to pulse-frequency-modulation, of 


which there are two forms. Firstly, in the periodic function ` 

Q0 o Be b: 3A}, cos kot + By sin kot = Re X. He pu (3) 
" 0 jl Puss Dan 0 E 3 
the phase ot is changed into 


wt + fo) dr, 


~, where v(z) is proportional to the audio input. Then the form of the pulse 


changes in proportion to the length of the period. In the second system the 
pulses remain identical and only their mutual distance is varied. We choose 
our fundamental period in such a way that F,(t) is different from zero in 
the central part of it, and when modulation is applied the centre of each ' 
period’ coincides with the passing through zero in a positive direction of . 


^ 7 . cos 3o + f v(t) dc} . 


' As a result of the modulation. the pulses shift in time. This shift is calcul- - l 


: ated in the following way. Observe a zero t, of cos «xt. Let the shift of >. 
- this zero (and of the attached pulse) be Mt). Then . 


] P tot dto 
l ^s cos Jot + @14ta + f e(r) dil = 0. 
Thus ` B "— P 
| > wA-—[*éá. 00 (3) 


. Since the effect of the modulation is continuous no extra-shift of k2x 


= has to be taken into account. At is a' function of t which so far is defined 


~ only at the zeros ty + k2z1]o of cos wt. There are, however, many pulses 


E for,each audio-frequency period, and we can link all the ordinates of At 
‘as a function of t by. a smooth ‘curve. Then the modulation is obtained 
` from the shifts At of the zeros by `, 


. 


a à; do i 
E a v(t) = 5, (41). » " (4) . 


` | ra " ` : * 
In addition to the shift caused by modulation, there is a shift caused , 
by disturbances and noise. In the receiver we cannot distinguish between 


- these two. Therefore the shifts caused by noise, too, are translated into an 


audio-output, which we shall now investigate. 

' Tn the mixer stage of the receiver the high frequency oy is changed into. 
the intermediate frequency w, and, mainly by the intermediate-frequency 
filters, F(t) is changed into F(t). Apart from the signal. 5 


Re JF(r) e^, 


i we receive > noise, "which after the filters may is given des 
el. Regt dnt. - 


etsa 
4 
^ 


+ % 


- 
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Wr ts Say Log 


E E rectifier followed by a low-pass filter gives alow-ffequeney output l 


roportional to 
m co JF) + e(9- 


“Let the noise be small compared to the signal. Without noise F(t) = 


* Let A to be the shift caused by the noise; then 


* 


+ 


Pia) + ARa) — HA D 
go) ^" € = 
F' (t) END 


m " ty ES 


Comparing this result with formula (4) we see that the noise-is — asa - 


spurious modulation 
; & (t) 
li alt = o0, 7 F (to n 


2. The optimum filter characteristic for pulse-frequency-modulation 


— Let the complex filter characteristic be given by fi (c). This means that .- ~ 


ro 


a 


a signal Re $A e+} before the filter is changed into Re ! f (w) A ett) 
8 ) i 8 1 i 


. after it. At the input of the receiver the noise is given by 


Re if ae e dol. 


' The mean-square amplitude of all noise femenis is the same. Aba the. 
noise spectrum more will be said in section * After it has passed the filter 7 


the noise is defined by 
Rejf rlo) fil) git dol = Re de exp r,(c + in) fil za 005) e iot del. 


p“ 


2 Hive €, is the intermediate —— 
Now we introduce a new function, 


fe)=f(w+m) (~o So < co), 


" fis) = 0 (oo < w < =o), l S 


andi in the same way r(w) i is defined. Then, l 


g(t) = Re ri r(w) f(w) e^ do = = Re b mi bi; +s) f(ko, + s) gà qs. 


a, /2 


The function g(t) defines the time shift at points a distance k2z/o, apart, 
and at all those points e"®* has the same value. Thus for the differen- 


. tiation it can be regarded as a constant, 


Maca 


£0 —'Re E: rà is f (lk, + s) r(ho + s) elite e" ds, 


E 


x 


- 


0). 
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The energy of the noise des the frequency s is 


" t aA ors? ENMf (hoy + sp t |f (kw; — s)|? to 
fa Ee 2[F GP o 


The original signal is 


Re TA (t) em = Reiz Cye™™ ps 
After passing the intermediate- "frequency. filters, this becomes 
» Re jF() et — Re |Z Cy filoz + ko) gru, 
um . F(t) = Re |Z C f (kay) gon 
„and, ' F'(t) = Re P Cr ikw, f (ko) Qi . (10) 
In equation (9) we can approximate l 
feats ifto — s) 

c o7 very y well by 2 ‘| f (kon) |. The energy for the noise incus. E then i is. 


w,2s°r? E a b) P. 


Ee (5G, Tan fe) Jon i 


(11) 


. The best choice for the filter characteristic is now deduced by the use of the ` 
“Schwarz’s inequality”. In our case this inequality yields for the quotient 


Lo dal), ee i x 
7 ' : 2 8 w,2s?r? 
Es) 2 =>; 
6) = xia ap (12) 
and the equality sign holds only when l 
i f* (ko) = Cy iko, e" ^ > 3) * 
` (f* (ko) is the conjugate; complex of fi(Fo)). * » 
Using a property of Fourier series we can also write 
s 27s? wr? i M 
Em E(s) = +; (12a) 
. d Tora ` 


Thus for ihe? best obtainable signal-to-noise ratio the mean square 
of the derivative of the "pulse with regard to time is conclusive. The opti- 
mum filter characteristic is — apart from a phase factor — the complex 
conju gated of the Fourier transform of the time derivative of the pulse. 

This result is at variance with that given by Van Vleck and 
Middleton D where the “simple criterion’ "of t the highest ratio of thé stgnal 

i 


t 


AA os 


dot . i ` . t x ES "M 


y - s EE" z * ~ 
NOISE IN A PULSE-FREQUENCY-MODULATION SYSTEM . - 245 . 

= : EI NEUE GR MR UNE SEEN S NN 
amplitude to the rms value of the noise amplitude is ‘postulated. For a 
large signal- -to-noise ratio this renis is easily derived, as after the filter 


. the signal is given by- ` E 
F(t) = Re $Z Ch Skos T NN (14). 
and the mean square of the noise amplitude 3i 5 propořtional to | 


+o c Fus l8 
z | e P dw w o Be fon) | =. 0$) 


Š 


2 


Then, according to the “Schwartz’s inequality”, the optimum filter charac- . 
' teristic is the complex conjugated of the Fourier transform of the pulse. 

Van Vleck and Middleton have proved that this result is also true for 

larger noise values. Are this **matched filter" and the optimum filter for 

, pulse-frequency-modulation realizable? The answer is that they < can be 

approximated as accurately as necessary. For if the periodie pulse i is given 


by F(t) cos wot and we define 


"7 MÜeF © Calm ct nfo), 06 
h(t) = 0 (—co < t € — njw, ajo, «tx eo), 
then the optimum filter for pulse- frequenéy-modulation i is-the filter with . 
transfer time impedance h(t)—t). See fig. 1. This: means ‘that such a filter 
gives an output h(t)—t) for the input unit function U(t). The unit function ; 
is defined by ` 
U(t) — TEM t «0, 
| U(0) = 4. Ar 
es U(t) =1,0<t< oco. 


Choose f, in such a way that h(tg—t) = 0 fort < 0. Then, for instance, Lee's?) - 
method for synthesis of electrical networks by means of the Fourier trans- 

, forms of Laguerre functions can be applied to approximate the desired 
filter characteristic. Another method is discussed by Lévy ?). aN 


` 


Fig. 1; Left: Pulse form. Right: Time impedance of the “optimum filter” for. pulse- ' 
frequency-modulation. The filter gives an output voltage proportional to the given torm 
for the input current function U(t). . 


` 
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$ ‘ 1 A 
In the same way the “matched filter" is the filter that gives the 
response h(ty—t) to an "input ó-function. - í 
The best result for pulse modulation is evidently reached also shen the 
“matched filter” of Van Vleck and Middleton is applied first, and the low- 
frequency output given by a linear rectifier is differentiated. An objection 
to this procedure may be made, as the largest value of F”(t) is reached 


. when F(t) is zero. Of course we cannot define the modulation by the num-. 
ber of times F(t) passes through zero. It is, however, possible to count only 


‘those zeros coming after a large deviation. We can, for ,instance, apply 
pulse renewal. Normally this means that a new ideal pulse i is given each 
time the received signal passes a value A in the positive direction (fig. 2). 


D 


S E . 53653 


Fig. 2. Above: Output of the linear rectifier in the receiver. Below: A new pulse is given - 
each time this output passes the value 4 in the positive direction. 


Tn the revised form, the passing through D in the positive direction of 
F'(t) operates a relay circuit and a new pulse is given at the first passing 


of a zero. This puts the relay circuit out of action. until the next puseing 
of D (fe. ae 


^ $3654 


"Fig. 3. Above: The differentiated output of fig. 2. Below: The first zero after each passing 
of the value D in the positive direction coincides with a new pulse. 


" F 


3. Application of the theory to special pulse forms 


` As an example we shall apply the theory to the pulse form defined by - 


T ^ o M) = e", p 


` 


` " tat 4 I 


" NOISE IN A SS SYSTEM |» 24:7 es 
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Where h(t) is defined asin n equation (16). The Fourier transform is . 
uoc o sspe Pelle cc 07v 
s 1 * e = a - ` 


‘portional to 


" m 4.8 . 


(It is assumed here diss € ^" is near ui to zero for t t= ajos to permit 


the use of the limits + co. ) 


The optimum filter characteristic for pulse- -frequency-modulation i is pro- - 
+ 


3 ^ 


Len, ofi) e o ete, n oa gere 


* 


E 


The characteristic of the ““matghed” filter is proportional to 


OO) ets | m 


By application of the equatións (11) to (15), we see that the noise energy 
for the filter f; and the frequency s is i 


- 


M Ez s = 2h 2r gn rh : Eu 
a uen ` 
" or for the band from 0 to Og o. ye T o OUS 
: PUE, 1S uS i 
E,(0, wa) = 3 — wr. : 


` For the second filter f, the noise-energy values are 


A 


“matched” alter fais ; : ML 


à 


gt 
= Eus m 2 z^ e A 5272 and E,(0, du) ==> h e 2 o prt 
+ a 3 a 


respectively. — . i i ` ME ko 4s 
Here e is the base of natural logarithms. On the TM hand the ratio 
of the noise energy to the squared maximum signal amplitude for the 


AS 


“and after differentiation, or for the filter fz, A (fa) = ear? ya . 
Now we shall investigate whether a better result for pulse-modulation .. 


noise can be reached when a filter is chosen with a characteristic similar' : 


- to the one of the matched filter but with a different constant, E 


flo = gom c EE 


The ratio of the noise energy to the squared maximum signal amplitude 
' for the filter fz is calculated in the same way: ec 


, 


NIE Dé SAT 


7 Alf) = a P y2n, ' KEE 
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The noise energy for the frequency s after this filter is - 


(e + BP 
e -> soo ep . 
and for the band (0, wa) ' s og! E 


f a 2)2 
. Es(0, wa) E 2d 
The lowest noise energy is obtained for 8 = a y3. Then the noise energy is 
0:7698 times the value for the matched filter, but still 2:003 times the best 
attainable value. The value of 4(f;) then is 37/3 —-1:155 times its 

- minimum value. 
. We shall now compare the signal-to-noise ratio for pulse modulation 
with the same ratio for ordinary frequency modulation. For pulse modul- 
| ation the maximum shift is Bo, where f l, for instance B= 0°8.. 
ı `. The maximum audió-signal energy is proportional to *w,?/2. This has to , 
be compared with the maximum audio-signal energy for ordinary frequency 
d modulation, Aw*/2. The ratio of the maximum audio-signal energy to the 
^.^ noise energy in the band (0, wa) is for ordinary frequency modulation 


~ i 0 Bos = ——— w, s? rie ya, 


w < re yz[2. 


a 


P -Aw® 3 
2 we Te 
"2 1 ` 
. and for-pulse-frequency-modulation E 
, Bo? 3 l a 


Ps 2 ax? T? 2.25 oy 


4 


The energy per second nécessary to HUE this signal-to- noise ratio 


is $ for frequency modulation and feo) j “oe " cos? Wot dt = = si Raya 2x. 
~ for pulse modulation. 
. For the same transmitter energy the signal-to- noise ratio for ordinary 
frequency modulation is Aw®/a?f? times its value for pulse modulation. 
The bandwidth of the frequency spectrum is 24w for oy modulation 


w/a? 


at the sweep is large compared to the audio frequencies) and (f. eg?" dw = 


= aj2z for. pulse modulation. The latter value i is flattered. If we ask for 
: the bandwidth containing 95% of the energy we get 3:92a, and for 99% 
even 5°15 a. In any case it is quite clear that for the same transmitter energy 
and the same audio signal-to-noise ratio, pulse modulation needs a wider 


attt 


eom band of the spectrum. We have proved this only for pulses of the form € e 


" aN 


4 A j C 2 tl $ a 
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E a pulse form F (t) corresponding to a transmitter dai F(t) cos T 
"a the audio Mepal to noes ratio for pulse frequency-modulation is 


« 


| e opas 075 00 su 
GIN = NS (S/N) ems ~ a). 
. Ao? g |Fy(Q)Pde c = 


~% 4 


. where (S/N); m. is the salie obtainable with ordinary Cae ana ation 
of the same transmitter energy, and oT = = In. i 


As any F(t) = Re iz Cy eot, 7 (2) 
. A . 6 . is Tx , . 
we can also write 1 4 
f? Z |Cy kof? E 
| (S/N), — Ae? Z|Gd* (S/N)g., - i : E : 


We shall apply formula (14) tó triangular and trapezoidal pose forms 
, (see fig. 4). ' 
^ (a) Triangular pulse form: 


(SIN = "FE (SIN ^ ^o. (99) 


. " P . E ù . f PA 
The bandwidth containing 95% of the transmitter energy is 3714 y, and . - 
for 99% it is 4y. . ENT i ; 

(b) For the trapezoidal pulse lotta, 


& 352? 
Aa? (1+3 7/8) 


f The bandwidth containing 9594 of the transmitter energy is 2y whin 
8-2 y, and 1:48 y when oe == y. For aia” the bandwidths are 3 y and 1: i D. 
i ppm ely. 

It is seen. that for these examples, too, the ndis. ratio for 
‘ordinary frequency modulation is greater. Moreover it may be more 
difficult to reach the theoretical ratio in actual pulse-modulation systems. 


E 
i 
A 


$3656 


(S/N), = (SIN) -^ ^ — - (19b) 


59555. 
£ Pg 4. Left: Idealized triangular pulse form. Right : Idealized trapezoidal pulse formi: ! 
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A. The alaian of signal-to-noise ratio “in general 


So far we have assumed that the noise energy is small compared to the ; 


signal energy. Elsewhere we have already given a calculation of signal- 


` to-noise energy for frequency modulation that does not depend on this 


assumption ^). Now we shall try to outline such'a calculation method 
for pulse modulation, without, however, entering into detailed applications. 
The pulse signal is passed through an intermediate-frequency filter and 


"rectified by means of a linear rectifier. Then pulse renewal is applied and 
a new pulse is given each time the signal obtained from the rectifier passes 


the value A in the positive direction. The new pulses are congruent. Though 
it is not necessary to do so, we shall give the new pulses in our calculation 
the form of a Dirac ó-function. When the new system of pulses passes an 
audio-frequency filter the output is directly proportional to the desired 
audio signal. This demodulation system is not the only one possible, but 


,we have chosen it as it is sure to give an undistorted output and to make a 


calculation of the results readily possible. . 
Then, let Ga signal and noise be given by _ 


it ae 2 wt) = Re F(t) + g(t) e. l E 3 


.^ After passing the filter the voltage is v,(t) cos (wot + 9). New pulses are 


given when v(t) passes +A in the positive direction or —A in the negative 


, direction, viz. 


_ valt) = ô (t) Af oy’ U’) + j TAb vy! Ut). i 


Now introduce the Laplace transforms and make a Fourier spectrum 


oe E (wy) = E fm e™ 


ue 


Sg Ki oic wie © 
i l* X 
" fa Em i X gini dt [a dz, f dz, EC jefe etn 4 e” "— t . (20) 
v n2 i 
- —o—ic —o-ic EL ` 


Thé: mutpus energy for the frequency m is given by 2 di fut , and for direct | 


* current by hh . i 


The Fourier spectrum of the receiver aparans is 


g(t) = X (an cos nt — by sin nt). 
¢ 0 ` ` 


` 


The probability distributions of a, and bn are 


v 


W (bn) dbn = = oC dbp . u (21a) . 
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(For more Si — shout noise see Rice 5)). sa ` 
Let the frequency characteristic of the intormediate-frequoncy f filter be 
'given by f (io), where, as in section 1, vo is reckoned from the central 


. frequency. After this filter we thus have » -9- f l "T 
050. 7 co F= E Offo) r, ^^ - 7". Qu) 
BO) = Z (an + ibn) f(n) e, . (ea) 
E P. v(t) = FO +g  '. A. (23) " Éi 


Introduce (22) in (23) and then (23) in (20). Write down also fm* in 
_analogous form. Then 2 fm fm* is a function of the coefficients an, bn. We a 
have to take the pe of this function for all values of an, bg: 


TENE ELE fut = 3i Tubs J Eres Ws) Mot dan dbi. — Q4) 

This i integration gives the result . E ‘ ‘ g NE k à 
-4x H H (zzi uh à 
2 fm fm" = Hi f: rint) dt E j i / ae 2 e) Ms Hen a) ds, às da, ds; (25) ` 

uy? Aa i 
where Xz-ZEIf( 2) a js? + nz + 5 Es. € + 2n (2124—2223) sin mh) + oa 
+ 2 (z123 + n?z,2,)eos n(t, — ta)t , - P l 
` H (zz) = gat- 4) tin "+ ga Alin a aon ; l 
and F= = F( (ti), F = F(t). < S 7 ` ; 


“We take g(n) = zi f (7) 7. ‘and of the exponential form we develop 
5 vo 
i ; C , aes 
. , &xp E 4 d g(n) 2n (z124 — 4924) sin nu + 2(ziž3 + n?zz4) cos nut >» (26) 5. 
.whére u = t,—t,, into a power series and integrate term-by-term. In . 1 
the linear term we introduce n= ko +s, where —co<k< co and: : 
— o2 < s < oJ. ` ! . "we 
f In this case the result of the integration with m to Zis Žas x ^ is: 


E 7-8 f [ 229 J ele + u) alu) + E 5 . s pu 


p Ce 


E ff ae au el b(t) n + u) — ele + u) ril w ala) + à i Ns 
kr ; 


ie f| sonet i i a: D 
AE rf [metes > E cig 
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where " 
BP Le (= = e E-A leE" e jur— A)go? J- F'"g e +. 
g (£^ Algo CPP C 4- A)g,? — — F"g a ; 
- = Yn BE + A)F' Et — D (Flag) 
and 


& q(t) = eae" ü + OF 18%; p EtA] OF AR E 
gt =Í “a(n) ean. 

_ In these forms 

gh = CZg(m), gh — CZwig), Ol) = B7) | e" dy. 


The limits of integration in (27) are os dni ajo. It is assumed that R 
- the bandwidth of the filters is large compared to œ : 
* For small noise energy the third of the four integrals in equation (27) 
is, dominant; it is equivalent to the approximation (11).-The first two 
integrals in (27) give only a small correction of the proportionality factor 
' of the triangular noise spectrum. The fourth integral is more important 
‘since it indicates the presence of a noise a independent of 
frequency. 
. In addition to the linear term of the power-series development of ma 
(26) we have also taken into account the quadratic term. This gives again 
a frequency-independent term and a term proportional to sè. As the | 
7 resulting. formulae, are rather long, we shall omit them here. 
We have applied the, theory to a pulse form & ^" 
_ mediate-frequency filter &'/?*' as suggested iñ section 3. A rough approxim- 
‘ation of the first-order term for the noise spectrum, corresponding to the 
, linear term in the Mid dd of (22), gives the spectrum - 


0026 9, e? "i Bea, Zo č s. 
x323 got + 1:2 gy? + COLE 931 + 2-61 eg 2 02 


and used an inter- 


In the same way. the second-order term for the noise spectrum is E 


N 


c 3 (go? + 0:06) o, et? - , 82e o, 2 
^: dite go? (0746 go? + 0-0075) (6 gu + 0:84 g? + 0-0075)¢% taza (1 + 5:33 egg?) a? 


It is tempting to try these first. and second-order terms as an 
approximate solution, for the output noise spectrum as a function of the 
i input noise-to-signal ratio. The experience with analogous. calculations for 
ordinary frequency modulation has shown that the convergence of the 
series, of which we now have only the first and second terms, is rather bad. 
(nth term proportional to n^). 
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E the seliehequnc] bandwidth « Wa is of the order of 0 05 to 0 La 
then, if 8v = 0:025, the energy of the frequency-independent noise is 
already of. the same’ order as that of the triangulár noise spectrum. This 
means that for this value of g, we are at the other side of the noise thres- 
hold.: (The noise threshold corresponds to the value of the input-noise- 
to-signal ratio, where the deviation of the simplified analysis ‘becomes 
apparent. It is not exactly defined. ) It seems that the noise threshold will 
be nearer to gj? = 0°01. Since 4 goy 2 is the rms value of the noise voltage 


after the filter, and the top value of the pulse is 1 before and $73 after, .. 
the filter, a ratio between the rms value of the noise and the top-value of ` : 


the pulse of 1: 8 is insufficient, and 1: 12 seems permissible, if we desire 
that the noise energy shall confirm the simplified analysis. The signal energy - 
calculated in section 3 was NETZ yz. Since a is from 10 to 20 wa and o, 
is of the order of 2 to 3 wa this makes the input-noise-to-signal-energy ratio 
at the threshold about 0'4, whereas for ordinary frequency modulation l 
it is about 0'1. This results in a slightly more favourable behaviour: of 
. pulse modulation for large noise values. 


-r 


5. Suppression of the modulation by noise . 


So far it did not matter whether the first or the second system of =N : 
frequency-modulation was chosen since no modulation was present: Now 
we shall only consider the system with identical pulses. We assume that 
the modulation is Aw cos pt and that the centres of the pulses coincide 


: with the passage through zero in the positive direction of cos Jwt Tc 


(Aofp) sin pil. The formula (25) can be used directly for the calculation: of 
the modulation energy, as only the repetition frequency of the functions F ` 
changes. This leads to the result that in the presence e noise the ji aia 
of the demodulated-signal frequency p is: 


Rog 
n" E à 


ajo 


"n 1 
3d C F'lgt — 
pu 
' -ajo ^ , 2 
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EU - } ( le) + "EL" 
EN ird - 4 en PAY Figg! m 
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It is sasiy seen that the integral has the limit 1 when no noise is present, 
The integral can be calculated since the pulse form after the filter, F(t) l 
- and the filter characteristic (determining gy and g) are known. We hive 


~ 


x 
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^ 
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‘again applied the formula to the pulse form € ?" and the filter charac- 
teristic go The result is shown in fig. 5. The abscissa indicates g,, the 


ratio of the rms value of the noise after the filter, auultiplied by y2 2, to 


A% 
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Fig. 5. Suppression of the modulation by noise. The received level of E as a 
` function of the ratio between the rms value of the noise ae the filter, multiplied bij VZ; 
to the top value of the impulse before the filter. 


r 


the top ae of the pulse before the filter (to be multiplied b» 2/ y3 3, if the 
ratio to the top value of the pulse after the filter is required). As the input 
| noise-to- signal ratio is a simple function of gy, it is easy to calculate the 
. curve for thé suppression of the modulation as a function of the input 
noise-to-signal ratio from fig. 5.'In most cases the integral: (28) has to be 
calculated by graphical methods. ' . 

I wish to express my thanks tomy colleague Mr Tj. Douma for an 
advanced copy of his report on “Methods of modulation and noise-signal 
ratio”, in which he tackles similar problems along different lines, and, for 
instance, reaches results very similar to my formulae (19) in the case of 
“triangular and trapezoidal putes 

Eindhoven, December 1947  . 
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.Summary | 


Measurements are given of the noise factor of grounded-grid valves 
at 7°25-m wavelength. In such valves part of the output noise cur- 
rents also flow through the input circuit, thus giving rise to a partial 
noise suppression. 

À general theoretical treatment of the problem is given, dealing with 
the influence of circuit losses, dielectric losses, transit-time effects, 
field inhomogeneities, and of an independent noise current in the 
output circuit which is not present in the input circuit. This theory 
is applied to grounded-grid triodes and to grounded-grid pentodes 
and secondary-emission valves, 

The experimental results for grounded-grid triodes agree qualitatively 
with theory. The various. effects mentioned above all give rise to the 
„same form of the curves: noise factor versus transformed antenna 
resistance. Our experiments prove that a loose antenna coupling is 
favourable for a low noise factor, but that a complete noise sup- 
pression is impossible. : 

It is shown that with a loose antenna ‘coupling the noise suppression 
is most pronounced in‘only a relatively small frequency band, so that 
for very wide frequency bands grounded-grid triodes are less effective. 
Measurements were. also carried out for grounded-grid secondary- 
emission valves. These measurements agree quantitatively with the 


theorctical results on long wavelengths. "The noise factor, however, is' 


much larger than with grounded-grid triodes. — " 


Résumé : 

L'article fait état de mesures du nombre de soufflement de tubes dont 

la grille est à la terre et effectuées à 7,25 m de longueur d'onde. Dans 

de tels tubes une part des courants de soufflement de sortie passe dans 
.le circuit d'entrée supprimant ainsi partiellement le soufflement. 
."Les auteurs donnent une solution théorique générale du probléme 

où entrent l'influence des pertes du circuit, des pertes diélectriques, 

du temps de transit, des inhomogénéités de champ et d'un courant 


de souffiement indépendant, présent dans le circuit de sortie mais pas - 


dans le circuit d'entrée. Cette théorie est appliquée à plusieurs types 
de tubes à grille mise à la terre: nodes: pentodes et tubes à émission 
secondaire. 

Les résultats expérimentaux relatifs aux triodes cadrent qualitative- 
ment avec la théorie. Les influences mentionnés ci-dessus donnent 
lieu à une méme forme des courbes du nombre de soufflement en 
fonction de la résistance transformée d'antenne. Leurs expériences 
prouvent qu'un couplage d'autenne lache est favorable à un faible 
nombre de soufflement mais que la suppression complete du 'souf- 
flemnent est impossible. 

Les auteurs montrent qu'avec un couplage d'antenne lâche la sup- 
pression du soufflement est la plus prononcée dans une bande relative- 


ment étroite de fréquences seulement, de sorte que pour de très’ ` 


larges bandes de fréquences les triodes à grille mise à la terre sont 
moins effectives. 
Des mesures ont également été faites sur des tubes à émission secon- 


. daire, Elles cadrent quantitativement avec les résultats théoriques 
aux grandes longueurs d'onde. Le nombre de soufflement est cependant us 


beaucoup plus grand qu'avec les triodes. 


*) At present, University of British Columbia, Vancouver. 
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l. Introduction. m m : ` 

Some time ago one-of the authors of this article published a paper on the 
theory of noise suppression in grounded-grid triodes +). In that paper, in 
the calculation of the noise factor F, the dielectric losses, Circuit losses, and 
transit-time effects were ignored; (F—1) was shown to he inversely propor- 
tional to the transformed antenna resistance Rj, and this was experimen- 
tally verified for relatively small values of Rj. 

A more thorough investigation which was extended to large values of 
Rj revealed that (F—1) attained a minimum value for a given large value 
of R; and increased for still larger values of Rj. Moreover, it was found that 
for very large values of R; the noise suppression was most pronounced 
in only a relatively small frequency band. , 

The aim of this paper is to show that the measurements may be quan- 
titatively explained by considering the influence of circuit and valve 
losses and of transit-time effects. In order to do so we shall first deal with 


these effects theoretically, and then compare the results with our experi- 


ments. 
` A similar theory may be given for grounded-grid terol aud pentodes as 


` well as for secondary-emission valves. The theoretical results are quantita- 


tively verified by experiments on grounded-grid secondary-emission valves. 


Fig. 1, shows the input circuit of a grounded-grid triode with short-cir- ' 


cuited output. The “cold” valve capacities form part of tlie circuit, whilst C 
denotes the detuning of the input circuit. Rj represents the transformed 
antenna resistance and R the parallel resistance due to circuit losses, dielec- 


‘tric losses inside the valve (glass, emission layer of the cathode), and losses 


due to the resistance of the electrode leads. The thermal noise of A and 
R is represented by, noise-current generators i’ and ig in parallel to the 
input circuit, such that à . > 
-— ART Ay T 4kT Av 


| Pos Go Wb —aecg 0 0) 


Fig. 1. Input circuit of a grounded-grid triode with short-circuited output. For the meaning 
of the symbols, see the text. 
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"In these equations k denotes Boltzmann’s constant, T "M incliti room 
"temperature, Av a small frequency interval, and a the noise ratio of R 
(a = 1 if R consists only of circuit losses, « a > lif dielectric losses cannot 
be ignored). =a 

When a voltage v is applied between grid and cathode, a current Bs 
will flow from cathode to grid and a current Sv from grid to anode. Due to 
electronic transit-time effects Syv and Sv are delayed in phase with respect 
to v, such that Sv is delayed more than Syv. According to fig. 1, S, forms 


pat of the total i input admittance of the pet circuit. Putting 
7. 


= t e J^ — x EjoG. n i $ (2) 


we have R, arid Ce denoting the input resistance and input capacity due to : 


electronic motion. "mE" 
_ According to (2), Ce is a negative quantity. Re and C, are independent of 
w, except for the highest frequencies where p, is no longer a small quantity. 


Hence' we have for the total admittance Y; of the input circuit (cf. fig. 1) 


1 l- 
Y= jc C 3 ` o. 
i EIRT + So n (3) 


^ 


so that 


= i (3a) 


i (zi gu) torte Gy 
The input circuit is tuned to the received signal when (C + Ce) = 0. 

Due to shot-effect a noise current i, flows from cathode to grid and a; 
noise current i,.from grid to anode. Owing to electronic transit-time ef- 

fects i, is delayed in phase with respect to i). In our theory we shall first‘ 
` assume that ij and i, are completely. correlated, but afterwards we shall 
drop this assumption *). i, gives rise to a voltage v across the input circuit, 
and this voltage v gives rise to a noise current S,v flowing into thé output 
circuit. If i) and i, are completely correlated, i, and Sw will be completely ` 
correlated too. This means that i, and Sw have to be added, taking due 
account of their correct phase relation. 

In our calculations we have to introduce also the capacity Cy and the 
resistance R,, defined as 


This is allowed if i/i, is a well-defined complex number, which is the case 
when i, and i, are completely correlated. 


SARS ERIE: 
*) Complete correlation means that i,/i, iña complex number independent of the intensity 
of the fluctuations (but dependent upon the electronic transit times). 


E 


4$, — iS, = ty x + joi . i (4) 
; i 0 


" 
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2; Calculation of the noise factor os n 3 


The noise factor F of a receiver stage niay he calculated from. the 
following definition ?): : EP E 


‘mean-square TAR current due to noise of the-receiver stage. 


mean-square output current due to antenna noise 


. (F—1) denotes the contribution of the stage without antenna to the noise 


x 


factor. 
The mean-square noise current flowing into the output circuit due to 


ï is (cf. fig. 1) 


AkT A» 
g PIS MEM 
and the mean-square output noise current due to ig is _ = 
AkT Av on 
i oF ASP (6) 


We finally have tò calculate the noise current due to emission fluctua- 
tions. The noise current (i) + Sov) flowing through the input cirgnit gives 
rise to the noise voltage v: 

-1 


v = — (ig + Sq) Fe ; +R tive) „Oro = ig YF, (7) .. 


and the noise current through the output circuit becomes 
"n ee ee ee oe "EN . 
(i + S) = irio SY; 1 =l E ta + juc) -++ isois Yi " = 


uis eee Hea m 


r 


2 Defining the e equivalent noise resistance R, of the valve by 


# = 4kTR,4»|S,/, 


D 


^ we biin for the mean-square value of p 


NT P 2 i 
(i + Sw)? = 4kTRnAy|S,P.[¥il~. lets tz R + R x) + o? (c+ a) | (8) 


, Adding (6) and (8), and dividing by (5) yields (F—1): 


(Fl) =a at 


(à + Sw)? |Y; PR, 
4kT Ay |S}? i 


+ 


=a RR. (tu + x) te"(c+ | (9) 
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. ` Considering (F—1)asa aiman of the tuning capacity, a minimum value is 
attained for C = —C,. It may be shown that C, is approximately equal 
- to Ce *), Hence the output signal current is practically tuned to its maxi- ` 
mum.value when the output noise current is tuned to its minimum value. 
_ Assuming the input circuit to be tuned to minimum | noise (C+ CG = 0) 
. we have according to (9) - 


ud + x)- 


RR | 
Rag Ri, Rn’ (Rn. Bn\? 
= 2 ge en ae A 
- at argen eu 
which is of the general form a EC g 
(Fl) = =F zt 24 + pe , (10a) 
Re f 


it has : a minimum value N 
(24 2/B) for RJR|,—YB. (10b) 


- The relation between 4 and B follows from (10). í 
Equation (10a) may be experimentally checked by measuring (F1 ) as 
a function of the transformed antenna resistance Rj. The constant B of 
(10a) may also he obtained from the “noise resonance curve” for R, = co, 
in which the output noise voltage of the receiver is plotted against the ' 
tuning capacity C of the input circuit. If the change in tuning capacity GU 
is so small (e.g. a few pF) that |Y;| remains practically unaltered, we may 


learn from equations (6) and (8) that the mean panes of the ipat noise `- ` i 


'eurrent of the valve is proportional to 


Ry 
gc (= v a + 0%(C + Co)? Ra? = B 0%(C + Co? Rn 2, IE 


As Bi is only a relatively small windy a an important increase in output 
noise current may occur for small values of (C + C). 


*) Theoretically, we have in the first order of approximation ?)4) 


ij(1— / JOTeg = */, J@T ga) 2 
S(1—!f, joteg) » 
S(1—" a, jov; — - *]s j@T ga)» 


i . & 


where Teg and Tga denote the electronic transit times from cathode to grid and from RES a 


grid to anode, whilst S is the 1f. transconductance of the valve. 
, introducing these relations into the definition of C, and Cy,’ we obtain i in the first 
order of approximation , 


` Ce = —f, Teg S, AE E Too Teg S, NE zu 


so that C, and C, are practically equal. . 
At present the theory is insufficiently accurate to calculate Ro. 


- 


- 
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Determining the values of C for which the mean-square output noise 
current of the valve is equal to twice its minimum value, we obtain ' 
according to (10c) an independent estimate of B, which may be compan’ 
to the value obtained from (F—1) as a function of R}. 


B ` 4 e 

We have now completed the general theoretical treatment of a grounded- 
grid-triode circuit. The only assumption which had to be made was that i, 
and i, were completely correlated. Dropping this assumption, we have the 
following possibilities. 


(a) ig can be split up into two parts, one part i, completely correlated to i, 
and another part iy independent of i. This case may occur at u.h.f. 

v , due to total-emission noise?), which is practically independent of 
shot noise. 


(b) i, can be split up into two parts, one part i, completely correlated to ig 
and another part i, independent of iy. This case occurs with grounded- 
grid pentodes or secondary-emission valves. In grounded- -grid pen- 
todes partition-current fluctuations flow into the output circuit, 
these fluctuations being independent of the shot-effect fluctuations 
flowing through the input`circuit. In grounded-grid secondary-emis- 
sion valves the same holds for the secondary-emission fluctuations 
flowing through the output circuit. 


The cases (a) and (b) might also be treated Aanleg as special 
forms of the following general case: 
iy and i, consist of a large number of independent parts such that every 


part of iy is completely correlated to some part of i,. This case may occur 


due to valve inhomogeneities, e.g. asymmetrical construction, field 


 inhomogeneities, inhomogeneities in transit time. It may be shown that 


this general case can be treated as a linear combination of the cases (a) 
and (b), by assuming | 


such that only i, and i; are completely correlated. Hence it is not neces- 
sary to discuss this general case. i 

We shall first discuss case (a). The part i, has to be treated in a similar 
way as ig was treated. before. The part ig gives rise to an additional inde- 
' pendent noise. voltage across the input circuit. According to (6) and (7) 
this may formally be taken into account by suitably choosing the value: 
of the noise ratio a of the resistance R in equation (6). so that this case only 
affects the quantity B of equation (10a). . - 

" 
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In case e (b) the part i; has to be treated in a similar way as i, was pre- 


. viously treated. The second part i, is an independent noise current flowing 
through the short-circuited output lead. In order to caleulate the noise 


factor of the stage we have to introduce into our previous calculations 5. 


n instead of i, and have to add the new term i, i? to (ij + Sw). E 
the new cee noise resistances Rj, and Rt by the relations 


= 4kTR, ‘Av |SyPs i2 = 4kTR’ Ay |S,p, (11) 


we obtain in aches to our previous calculations 


LE So) + B YIP R i» 


Ri 
Puer 4kT Av [Sf | 
or Á/- ` "g : : f 
: © R m DC 
(3) = ER [e ! etn) (c «J| + 


R R Re 


The latter term may become important ds large values of Rj, especially 
if Ry >Re (Re = 100 Q, R, is generally much larger). Usually, the input 
circuit is tuned to minimum noise. Even if C, were slightly different 
from C, it should be advisable to choose C = —C), because generally ` 
Y/R? > o (C,— Ce)’. ES 
Hence a becomes 


i l H 13? 
yes xn; (A =) RRS (s +i). a 
(M) =a 2g Ram) tx*x]-. gc 
(13a) is of the same form as (10). Without loss of generality we may 
ignore 1/R and 1/Ry against 1/R, and 1/Re, as this does not change the 
form of (13a). i this is allowed for secondary-emission valves. 
We obtain l "ow ^ 


Ry Rt RT R'R! R a, R! v d 
F—1) = 2 “1 — 4$42B4B 1, (13b 
( ) EUR T 2R, t gs y ture | ) 
such that l SN 
EE RaRa p RaRa. ag 
A-( Fx Buca. co 13) 
“PER R R E H9) 


Equation (13b) attains a minimum value 


(Fal) = ie S 


+ RIR, E eee Jalaj: a3) 
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Figs: 2 shows the Hs -hand factor of sty as ‘a function of Rj/R,. 
Obviously, a small value of Rj, n Ra is favourable for a low ‘noise factor. 

‘A comparison of (13b) and (10a) reveals that the two equations are . 
qualitatively the same. This makes it difficult to distinguish between the 
two equations, and therefore a careful quantitative experimental analysis 
is needed. ^ - ` , « “ 
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3. Experimental results for grounded-grid triodes- 


Measurements of the noise factor F as a function of the transformed 
R . z H . . -3° . 
antenna resistance R, were carried out, using a linear amplifier with 


. thermo-couple detector 5). Particularly for large values of Rj accurate 


measurements of the noise factor of grounded-grid triodes are very 
difficult to perform. The reason is that for large values of the transformed 
antenna resistance Ri the output noise current of the grounded-grid stage 
due to shot effect is suppressed within a few percent, whilst the output 


noise current due to antenna noise is small, because a large value of Rj 


means a very loose coupling. 
Hence only a very small part of the total noise output of the linear ampli- 
fier is due to the measured grounded-grid stage. A small error in the 
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determination of the part of the noise output that is due to the subse- 
quent stages of the amplifier may thus give rise to a large error in the noise ` ' 
factor. We finally succeeded in measuring that part (and hence (F—1)) 
with a good accuracy. "i - ; ' ` 
At a wavelength of 7-25 m we measured (F—1) as a function of Rj, the 

“noise resonance curve” of the input circuit for Ri = co, and R; for the; |. 
latter we found a value of 10000 Q for valve nr 1. P 
5 Fig. 3 shows (F—1) as a function of R, for two experimental grounded- 

grid triodes nr 1 and nr 2 having an amplification factor of about 100 and’ 

a transconductance of about 12 mA/V. For valve nr 1 the measured points .~ © 
(circles) were represented by the equation (full-drawn curve) T 


(F—1) = 225/R; + 0:18 + 0-00023 Ri, | 
. and for valve nr 2 (measured points denoted by crosses) by the equation, 
(full-drawn curve) f D 


(F—1) = 250/R + 026 + 000048 Ri. i 
The form of these equations is compatible with equation (10a). ^ >. * 


Ppt tT ET || 


[^ 500 5000 000M 
—— Ri 53366 3 
Fig. 3. (F—1) as a function of the transformed antenna resistance R{ for two experimental, : ~ 


grounded-grid triodes (nrs 1 and 2). Full-drawn curves are theoretical ones; the measured 
values are denoted by circles (nr 1) and by crosses (nr 2). 
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-Fig. 4 shows the noise resonance curve of valve nr 1 for Ri = œ. 

Measured points are denoted by circles, the full-drawn line perm the 

equation 


| 
Amplifier output = 1-00 + 0°12 h + (5 = | 


100 | 20 0 40 .50 60 70 8 90. 
x `~ —— Toning. Capacity 53365 

Fig.. 4. “Noise resonance curve" of the input circuit,of the grounded-grid triode nr 1 of the 
previous figure, taken for Rj = co (no transformed antenna resistance). This curve gives 
the output of the amplifier as a function of the tuning capacity; one scale division of the 
condenser corresponds to 0:225 pF. The fall-drawn curve is a theoretical parabola; circles 
denote, measured values. The contribution of the subsequent part of the amplifier to the . 
output noise was 1*00 mV. The arrows denote the value of the tuning condenser for which 
the mean-square value of the output noise current of the grounded-grid triode is doubled. ` 

P : 


* 


in which (C—C,,,) is in pF. The first term is due to the subsequent part 
of the linear amplifier. The second term, which has a minimum value for 
C= PEN represents the noise due to the grounded-grid stage itself. This 
equation is” also compatible with equation, (10c) as well as with 
equation (13). E 

Assuming the validity of equations (10) and (10c) we have for the noise 
output of the linear amplifier according to (10c) 


Ci + Gy [1 + ?(C—Cyrin®) Rs2/B].. — (10c) 


. Hence from the measured resonance curve we may calculate B. The result 


agrees with that obtained from the equation for (F—1) within the limits 


of experimental error. i 
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Finally, fig. 5 shows (F—1) for another type of experimental valve haying’ l 
an amplification factor of 50 and about the same transconductance. Un- ` 
fortunately we did not measure (F—1) for R{>2000 0. Fig. 6 shows the 
noise resonance curve for R, = co = the same valve: 


Fig. 5. (F—1) as a function of the transformed antenna resistance Rj for another type of ` 
experimental grounded-grid triode for which Fmin is lower than for the valves of fig. 3. 


These experiments show that values of F < 2 may be obtained for 
grounded-grid triodes at 7-m wavelength by suitably choosing the trans- 
: formed antenna resistance Rj. Experimentally it remains undécided 
whether electronic transit-time effects, independent noise sources, or 
inhomogeneities are responsible for the shape of the (F—1)-curve. However, 
: from a theoretical point of view it is not very probable that in triodes i, 
should contain a noise component that is independent of i. It would 
be more likely to assume that electronic transit- time effects are to a large 
extent responsible for the measured values of ( F--1). 
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`` Calculating Rn, a, and R, from (10) and from the measured values of 
. (F—1), we find for valve nr.1 a "o 


Rn Rn Ra [Rn , Ry 
Ry = 2250, e: x)-01. em x =) =0 52.- 
^ RTR, p oU TUE R c 


(The second result is less accurate than the others, because a change in 
.this term would only result in a relatively small shift of the theoretical 
. curve of fig. 3 in the vertical direction.) 


a 10 30 36 4 50 60 70 80 90 
ý aoe —Tuning Capacity n 
` , ` " (0 453367 " 
ES H Y . * H H . 
- Fig. 6. “Noise resonance curve” of the input circuit of the grounded-grid triode of fig. 5, 
:" taken under the same condition as in fig. 4. . 
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Introducing R = 10000 Q yields a E 2:0 and R, = 3000 Q. The deviation 
of a from unity may be accounted for by dielectric losses inside the valve, . 
valve inhomogeneities, and total-emission noise. The experimental value 
of R, is not very accurate, but the order of magnitude is reliable. 
. We also calculated R, from the u.h.f. noise theory ?) ") 5) of triodes. It is . 
beyond the scope of this paper to give a detailed account of this investi- ` 
gation, and we only mention that our final result was Ry = oo! This shows 
that the present theory is still in a poor form and has to be substantially 
improved. - . 
Our measurements show that it would be recommendable to use a 
grounded-grid triode with loose antenna coupling as a first stage in 


` 
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u.h.f. receivers or if. radar amplifiers. For receivers with a very wide 


band, however, such stages find less application, because the gain of sucha | 


"receiver stage becomes relatively low, so that the noise of the second receiver 
stage plays an , important part. : 3 , 
Moreover, the measurements of the noise resonance curve das that for 


-very wide bands the noise suppression is most effective in the middle of - 


the received band, so that for very large bandwidths the final noise factor 


of the stage may be much larger than the measured values given in figs 3 


_ and 5. Thisis one of the reasons why the noise factor of wide-band groundéd- 
grid stages may sometimes be relatively large. ` 


4. Noise factor of grounded-grid. pentodes and secondary-emission valves 


_ A theory of the noise factor of these valves has already been given in. 
section 2. Ignoring the influence of circuit losses and transit-time effects, ` 


which i is allowed here because the noise factor i is much larger than in the 


case of a triode due to partition-current fluctuations or secondary-emission 


fluctuations, we have to apply equations (13b) and (13d). In thesé cases 


the values of Rj, are ‘practically independent of frequency at 7-m wave-... -` il 


length. `, B 
Applying these results to ihe valves already mentioned, we have'for the 
noise currents in a slightly different notation 9): 


for a triode = = "X S 

i i ùu? = 2el.F2Ay, ` Fe = oF R i . 
: ce! * 
for a tetrode or pentode i "S. 


x) 


and for a secondary-emission valve 


(14a) 


, Ioh "e Ia 4 TEC 
= %I,Av | E S4. |, láb 
TT Av ela » |r, LL oe) 


[F2 + (x—8)]. — (1e)* 
In these equations I, denotes the cathode current, I, the anode current, 
_I, the screen-grid current of the pentode (obviously I, = I, + I,); 6 denotes 


i = i ô+ ele (z- 


the secondary-emission factor; if all primary electrons arrive at the second- . 


ary emitter and all secondary electrons. at the anode, we have I, = OTs 
` S, denotes the transconductance of the cathode current Ie; i; denise the 
noise current when the valve is used as a triode; F;? is the suppression 
factor for the emission fluctuations.'The constant y has a value between 
01 and 0:2 and depends slightly upon valve dimensions. x is a factor that 
has to be determined experimentally from noise measurements. The second 
term in equation (14b) is due to partition noise and the second term in 
equation (14c) i is due to secondary-emission noise. Hence we have: 


+ 
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` for a pentode u 
EE 


and for a secondary-einission valve , 


R? —ó " " 
ao (>) 
Ra F246 

* For both types of valve we have in the grounded-grid circuit, under the 
assumption |$ | = Sc 


—— E - (16a) 
2kT S, 


. according to the definition of R, and equation (14a), and hence 
R; e 
Rr? 20 y, (16b) 
in practical units. 

According to the above equations low values of I,/Iq for a | pentode and 
low values of (4—ó)/ó for a secondary-emission valve are favourable for a 
. low noise factor. Moreover, a large value of Fi? is important (this corresp- 

onds to a large value of S,/1,); the largest value of i is obtained in the 
exponential part of the characteristic for which F,? = 1. (n—6)/ó depends 
, upon the constitution of the secondary emitter and is practically indepen- 
dent of the applied voltage; for caesium under favourable conditions its 
value may be 0:25, but in our measurements on secondary-emission valves 
we found a somewhat larger value. The value of J,/Iq for normal valves 
is about 0-3, but smaller values (down to about 0°10) may be obtained 
` by using a large screen-grid pitch and thin screen-grid wires; still smaller 
` values may be obtained by electron-optical methods. 

The above theory was verified at 1:25-m wavelength. In this test we 
. used secondary-emission valves that had been developed by Dr G. Diemer 
of this laboratory. The measured valve had the. following data: 


I, = 1:03 mA, Iq = 412 mA; ô = I,/I, = 40, D 1/S, == 330 Q. 


The above value of 6, which was obtained for a voltage of 160 V at the 
secondary-emitting electrode, is somewhat smaller than usual, whereas 
the measured value of (x—6)/6 was larger. According to Dr Diemer the 
method of preparation of the secondary-emitter could still be improved. 

The measured values of (F—1) are shown in fig. 7 (denoted by crosses), 
whilst the full-drawn curve is a theoretical one of the type (13b): 
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F—1) = 64 = 4 64 -+ 382 —. 
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' Hence we have 


RR, Ry OR, ‘ 
li Rum = 64, 7 -= = 32, 
( RUR, Ry Re : 
or mE 
` R^ R! 
— =I, — =: 3-2, 
n Re 


t 
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. ——, Rj $3368 : 
Fig. 7. (F—1) as a function of the transformed resistance R; for a grounded-grid secondary- 
emission valve. Crosses denote measured values; the full-drawn curve is a theoretical one. 
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and, with the help of (16b) and (15b), 
[u—à E s 
y — 016, = ) —041.  x—59, 


which are quite reasonable values. 


Eindhoven, July 1947 
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THE EQUILIBRIUM BETWÈEN LIQUID SILICA 
^ . AND LIQUID IRON .- 
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Summary s 


The equilibrium between liquid SiO, and liquid Fe is computed 

with the aid of experimental data from the literature and thermo- 

dynamic considerations (see table III). The possible sources of error 
- are discussed. $ 


y. Résumé A 
L'équilibre entre le SiO, et le Fe liquides est déterminé à Paide de 
données expérimentales prises dans la littérature et de considéra- 


tions thermodynamiques (voir tableau ITI).-L'article comporte aussi 
une discussion des sources possibles d'erreurs. 


` 


- 1. Introduction 


The coating of à welding rod contains as a rule a large proportion of 
SiO, and, for that reason, the equilibrium between. liquid SiO, and liquid i 


Fe is of importance in arc-welding technique. In section 2 the reactión 
constant for the equilibrium between the pure substances will be computed 


from thermodynamic data taken from the literature, and in subsequent ` 
sections the results obtained will be used for a closer study of the actual‘ 


x 


equilibrium conditions under various, circumstances. - 


2. The reaction between pure liquid SiO, and pure liquid Fe 


D 


The equilibrium constant of reaction (1) between liquid, or vitreous, 
SiO, and liquid Fe under formation of liquid Si and liquid FeO, may. be 


computed from the corresponding constants of reactions (2) and (3): 


E 


k 


i SiO,(v) + 2 CO z? Si + 2 CO, , 2 Oy 
2 FeO; + 2 CO 2 2 Fej + 2 CO,, i i (3) 
i |. SiO, (v) + 2 Fer ZÈ Sij + 2 FeO. |^ Q0) 


. The equilibrium constant of (3) has already been computed in a previous. _ 
' paper 1). To calculate the reaction constant of (2) we shall make use of the > ` 


` standard enthalpies of formation and the standard entropies recorded 
in table I. -. . d 

The data referring to CO and CO, were taken from a report by the U.S: 

^ Bureau of Standards 2), and the standard entropy of Si from a publicatién 

by the U.S. Bureau of Mines 5), The value of AH, for SiO,(v) was 

computed from the enthalpy of formation of a-quartz, —208:3 kcal.mole™ 
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R86 >- 0. 77 |. Philips Res. Rep. 3, 271-280, 1948 
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ke 3 .TABLE I 


Molar enthalpy of formation, 4H, and molar entropy, s?, 
of vitreous SiO», Sis, CO, and CO at 25 °C and 1 atm. ! 


0 S. 
A Hos S59g«1 


keal.mole cal.mole-!.degree-! 


according to Roth and Troitzsch 4), and the enthalpy of the transition 
quartz glass — a-quartz, which is —3:0 kcal.mole™ according to Troitzsch 5). 

The difference in entropy, Sagg-7—Sp, between vitreous quartz at 298'1 °K 
and the same substance at 0°K, was determined by a graphical integration 
using the specific heats as observed from 10 °K upwards by Simon °) 
and by Simon and. Lange 7); this gave a value 10°30 cal.mole !.degree !. 
. Asa disordered phase, vitreous quartz possesses a zero-point entropy, which 
according to:Simon and Lange?) amounts to 0'9 cal.mole !.degree !, 
` and this must be added to obtain the value recorded in table I. 

From the data of table I we may now compute the reaction enthalpy 
and the reaction entropy of reaction (2), Pee we replace Siz by Sis. 


AH oq. = — 2 x 9405 + 2 x 26-415 + 205:3 = + 70-03 kcal, `” (4) 
` ASh = 450 +2 x 51-06 —11-2—2 x 47:30 = 0-82 cal.degree". (5) 


From these values, which only hold at 298°] °K, we can now deduce the 
reaction enthalpy and the reaction entropy at higher temperatures, if we 
know the molar enthalpies and the molar entropies of all the substances 
that enter into the reaction. For CO, and CO the requisite data are 
accurately known from spectral observations ?), while.for vitreous SiO, 
and Si they can be calculated from the calorimetric determinations of the 
molar specific heat at constant pressure. These are given by 


eS = = 1284 44 x 107 T — 3:02 x 105 T^? cal.mole7t, degree 1, — (6) 
cp™ = 5°70 + 082 x 103 T— 1-01 x 105 T? calmole degree, — (7). 


: formulae due to Kelley ?), though (7) has been slightly altered in connec- 
tion with later observations by Körber and Oelsen 9). 
` Vitreous SiO, being in the state of an undercooled liquid, does not 
"undergo a change in modification or aggregation upon heating. Hence its ` 
molar enthalpy and its molar entropy relative to 298-1 °K may be com- 
puted by the well-known formulae 
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298-1 


Si on the other.hand melts at 1688 °K idis heat of fusion of 111 


|. kealmole, so that for this substance we have . 5 
_ 1688 na T l ^ 
on — f “¢p(s)dT + 11100 + | cp()AT cal: mole, (10) 
2981 1688 i ! 
o de T 
Sp — S2981 = IE 2) ar dT 4 os + E pC dT cal. mole dogree ay: 


298-1 1688 ! 


where cp(L), the mias specific heat of liquid Si, is 6'5 cal. degit malet | 
For a.temperature of 1800 °K we thus eventually computed the values" 


given in table II; where the spectroscopic data or CO, and CO have`also ~ | 


been recorded. 


` 


` 


The molar enthalpy in cal and the molar entropy in cal,degree—* of vitreous SiO, Si, CO, 
and CO at 1800 °K and 1 atm, taking 298:1 °K as point of reference. 


hiso — henge 25420 20600 
"$1800 — Se983 28708 j 17°46 


Using these data we find the enthalpy and the — of reaction Q) 
. at 1800 °K and 1 atm to be à - i 


ru 03 + 20- 6 42x19 02 —25-42— 2x 11:835 = 4-19:58 kcal, 
S1so (2) = 0:82. t 17464-2x21:35 —28:08—25« 13:69. = CUPS 52 cal. degree. 
For reaction (3) we have 1) 


AH, (3) = —2 x 4°575 x 1685 = —15-42 keal, a bg 
AS (3) = —2 X 4575 x 1'615 = —14°78 caldegrec i. 


TABLE II E yog m 
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Hence we obtain for reaction IOR E 


AHiso (1) = A Hio (2 )— AH (3) = +95° 0 kcal, (12) 
AS, (1) = ASM500 (2) — ASty (8) = +20:30 cal.degree?. (13) 


3. The reaction between the components in solution 


In computing the actual equilibrium conditions for reaction (1) we have 
also to take into account that the silicon formed. will be dissolved in the 
liquid iron, and that the iron oxide will be dissolved partly in the liquid 
SiO, and partly in the liquid metal phase. 

"Tbe integral heat evolved in mixing x mole liquid Si and (1—x) mole : 
liquid Fe has been determined by Kérber and coworkers ?), whose data 
_ are reproduced in fig. 1; as heat is evolved, "the enthalpy of mixing, 4H, . 
is negative. From these figures we may read at once the differential 

enthalpy of mixing, Ahs that is, the heat effect when 1 mole liquid Si is 
. dissolved in Such a large amount of the liquid mixture that the change in 
. concentration may be ignored; Ahg; is seen to possess the constant value 
of —20°5 kcal.mole7t up to a concentration of about 30 atom % Si. 

For very small Si concentrations the differential entropy of mixing can 
be áppiosusned -by Ass, = —R In xg, so that in view of the. relation 


Aus; = = RT ln ag = = Ahs; — TAs, 


—4H 
kcal, ah E 


[ 
Fe . o8 
, . 53669 
Fig. 1. Integral enthalpies of mixing for liquid Fe and bas Si at a temperature of 1600 °C 
as measured by Kérber and coworkers ?). 
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“the activity y of Sii in lind mixtures didis in iron can bs repiesecneal by 


20500 


M LEE 4575 F 


LÁ e 98 xsi: Dl i (14) 
From its derivation it will be iss: thai (14) expresses the activity relative 
to pure liquid Si as standard of reference. 
The activity of FeO in liquid Fe has been computed in our previous 
paper 3), where for small values of Xreo we obtained 


:18300 - 


, P8000 gTa F 


n3 log x00 + (15) 
' The reaction constant of (1) is given by 


_ [as] [aro]? M 
T [aso] les" d 


» where brackets indicate the metallic phase, and wbare asio, and apo 
may be put equal to unity, because we are only considering very dilute - 
solutions (of FeO in SiO,, and of Si and FeO in Fe). Using (12), (13) and * 
the relation 70s 
“AH? . AS® 


uses 2 » 
so 4515 T 4378 qn. 
we are thus, for reaction (1), led to. 
E - 95000 20:30 
.] : o]? = 
og }[asi] [aro] -IET T 495" . 
or, after substituting oon (14) and (15), to 
24300 5,0 00000000 C 
deg ils] nal ee ee oc (18) - 


It should be noted that these equations essentially assumé that the con: 
centrations of Si and FeO in the liquid iron phase are so small that these 
two components do not influence each other’s activities. : 
Expressing the Si and FeO content in weight % Si and O this equation may 
further be written as . 


log 1% Si [% O = 4E 90. Qs) 


Though, according to the foregoing section, this holds Strictly only for 
a narrow range of temperatures around 1800 ?K, relation (19) can be 
applied without serious errors up to 2000 °K, a temperature at.which 


J. D. FAST, 


SiO, i is in ih liquid state under PT TE of equilibrium and at a pressure 
of 1 atm. 
The product 


[% Si] [% OF 


has experimentally been determined by Körber and Oelsen 1°). They 

-. obtained rather divergent values, fluctuating for instance between 2 x 1075. 
` and 9 x 10% at a temperature of 1873 °K; 3.6 x 10% was recorded as 
.the most probable value at this temperature, as compared with 1:2 x 10 - 
, computed from (19). It must be borne in mind, however, that these two 
data are not strictly comparable; for (19) refers to the equilibrium with . 
` vitreous SiO,, wliereas Körber and Oelsen's experiments were made with 
' reference to a crystalline SiO, phase (crystobalite). They investigated the 
equilibrium between liquid Fe and a liquid slag consisting of a homogeneous 
mixture of FeO, MnO and SiO,, but in the presence of a surplus of crysto- 
balite as a third phase; consequently their slag must have been saturated 
with respect to this crystalline SiO, phase. It may be added that the tempe- 
, Tature in these experiments never Butpassed. fhe melting point of crysto- 

balite (1980 °K). 


By the same methods as used above we have also computed the equilibrium between 
erystobalite and liquid iron which yielded ` 


log $1% Si] [26 of = — 22209 + 9-39 


: instead of (9). ‘For 1873 °K this expression yields EE - 
. [% Si] [9]? = 115 x 1024, . ^ ^ 


so that this refinement does not remove the discrepancy between the “calculated and the 
experimental values. 


r 


` ta 


. The influence of the amount of slag on the equilibrium conditions 


ps the various equations deduced above we shall now try to estimate 
` the total amount of silicon and of oxygen taken up in a liquid i iron phase 
when in equilibrium with liquid SiO,. 7 

, To compute what fraction of the FeO will be dissolved in the liquid metal 
and what fraction will be dissolved in the slag, we have to know the ratio 
of the amount of metal to the amount of slag, and also the activity of the 
FeO in the métal and in the slag. l 

A. rough estimate of the activity of Fe0 i in liquid SiO, is all that can be 
achieved. According to the phase diagram FeO-SiO,, as constructed by 
Bowen and Schairer !!) and reproduced in fig. 2, the two liquids are not 
miscible in all proportions, though the compositions of the two coexisting 
liquid solutions are not precisely known; at 2000 °K they are ‘lying i in'the 

neighbourhood of 4 and 40 moie % FeO. From the analysed oxygen l 
contents of samples of liquid iron ini equilibrium with FeO-SiO, solutions 
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rich in FeO, it fellowes that the TON of this component is ay equal, 
` to its mole fraction 12), And since the activities in two coexisting liquids 
must Be equal we obtain as a crude approximation for the liquid rich in — ^ 


SiO, at 2000 °K - . ` 5 
(areo) = 10 (treo), l .7 QM) 
_ the den lined indicating the slag phase. NEP 


The activity in the metallic phase at 2000 °K is by (15) 


` 


EC OX a [apeo] = 100 [*reo]> , l " (22). 


brackets denoting the metallic phase. In equilibrium the activities in 
metal and slag must be equal so-that from (21) and (22) we deduce 


tg l i (treo) = 10 [rro] - i - (23) 

Furthermore we have at 2000 °K from (18) , 

[xs] [ro]? = 1:95 x 107. li i (24) 
ES r X 1 
Ba 

H: : 

Lr l 
58E 27 

— $ G i 


Cristobalite ond liquid | 


Trieymite and liquid 


| fayalite ano Wustite 
f and liquid 


. 307,10 æ  3O 40 50 ee e, ` 
Weight per cent FeO : 53670 . 4 
Fig. 2. Equilibrium diagram of the system SiO,-FeO according to Bowen and Schairer n 

The temperatures corresponding to the two eutectic points fayalite-tridymite and 


fayalite-wüstite differ only so slightly (about 1 °C) that the two eutectic horizontals ` 
seem to coincide i in the figure. - 


^ 
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jf we start from pure SiO, and pure Fe then for each atom Si two 
. molecules FeO are formed; so we must have approximately 


07s "m : sio, N l 

" [xs] = [sco] + (%p Fe” (25) 
SiO,/Fe indicating the mole ratio of these two components. For a set of | 
different values of this ratio the concentrations in the metal and the slag 
computed from (23), (24) and (25) have been entered in table ILL, the 
concentrations of Si and O being expressed as weight % Si and O in the 
metal and as mole % FeO in the slag. " 


TABLE III 


Computed compositions of the metal and the slag phases, when liquid Fe is in n equilibrium 
with liquid SiO, at 2000 °K. 


Mole ratio 
SiO, 
i Fe | 


- 5: Discussion of results 


Sources of error in the foregoing arguments are the standard heat of 
formation and the standard entropy of vitreous SiO,, the heat of solution 
of Si in liquid Fe, and the compositions of the coexisting liquids in the 
system FeO-SiO, - : E 


"To arrivé at some estimate of the errors possible i in table n let us for a | 


moment assume, (a) that the standard heat of formation of vitreous SiO, . - 


is —206:0 instead of —205:3 keal.mole™, (b) that the standard entropy 
of this substance is 11-4 instead of 11:2 cal. mole 1.degree 1, and (c) that the 
differential heat of solution of liquid Si in liquid Fe is —19-0 instead of 
—20°5 kcal.mole"^!; these are all changes lying within the range of possible 
experimental errors, and chosen só that they will influence the value of the 
product [% Si] [% 0]? in the same sense. 

With these altered values (18) becomes 


i cs 
log [xsi] [tro] ————— 4+ 439, 


giving at 1873 °K ' i 
[% Si] A 0}? = 59 x 10°," 


" 4 ^ M" 
v 
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a result in much closer accord with the éxperimental value 3:6 x 1075 of 
' Kórber and. Oelsen !?) than the value of 1:2 X 107* computed earlier from 
(18). With the altered quamus (26) the top 1 row of table TIT is converted 


„into. ` à Tu t 


- A further inaccuracy in our theoretical deductions is that we have dis- 
regarded the interaction between the Si and OL atoms or ions in solution. 
Owing to the great affinity between Si and O, we must expect a mutual * 
lowering of the activity coefficients of these two components which will 
become more pronounced with increasing concentrations of Si and QO. 
Hence the product [% Si] [% 0]? may be considered as virtually con- 
` stant only i in a very limited range of small concentrations. With increasing ` 
concentrations the value of this product will rise as a consequence of the 
lowering of the activity coefficient of Si with increasing O content and a 
lowering of the activity coefficient of O with increasing Si content. , 
The decrease in the activity coefficients has experimentally been demon- - 
strated by Zapffe and Sims !?). They observed the composition of gaseous 
mixtures of H,O and H, in equilibrium with a liquid iron phase with some, 
Si dissolved in it and contained in an SiO, crucible, and in some of their 
experiments they also analysed the O content of the liquid iron phase. 
_ The ratio pg o/pg, is a direct measure of the activity of oxygen in the metal, 
while from work of Fontana and Chipman 14) and of Chipman and 
Samarin 15) the concentration of oxygen in liquid iron corresponding to 
given values of the ratio pgo/pg, is known. With -silicon dissolved in 
the liquid iron, Zapffe and Sims invariably obtained O concentrations -` 
higher than those corresponding to the activity in silicon-free iron, the . 
discrepancy increasing with the concentration of Si. For- example, a 
` Si concentration of 1 to 2 weight % was found, after heating to 1600 °C- 
for several hours in an H,O + H, atmosphere, to produce an oxygen 
concentration 3 to 5 times as high as that computed for Si-free iron; 
but at a Si concentration of 0:03 % the computed and n 
values were im reasonable accord. ; 
In most of their experiments Zapffe and Sims computed the oxygen 
activity from the ratio pyo/py, without analysing the corresponding 
oxygen content of the liquid metal phase. At constant temperature, the 
product [apo]? [95 Si] was found not to be constant, but to increase 


^ 
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N 


. right order of magnitude. 


a - 
` 


with apo. Since by (16) the product [axo]? [asi] is constant, we must ` 
infer that the activity coefficient of the dissolved Si, 


as; 


kg = —> 
Ysi 


diminishes with rising activity of the oxygen. 
Zapffe and Sims prefer to interpret their observations on the hypothesis 


that at high oxygen concentrations silicon is dissolved mainly as monoxide 
SiO, while at lower concentrations it is dissolved mainly as Si. 

From the arguments adduced in this section we must conclude that the 
concentrations recorded in table IIE can only be considered as giving the 


` 


` Eindhoven, January 1948 
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RETROGRADE SOLUBILITY CURVES > 
ESPECIALLY IN ALLOY SOLID. SOLUTIONS ~ 
| by J. L. MEIJERING . O Samar 


Summary . - 


' Using Gibbs's entropy of mixing gana Richards’s rule for the entropy 
of fusion of metals, a graph is derived thermodynamically, which 
serves to predict whether a solidus in a binary alloy system is retro- 
grade or not, knowing only e.g. the eutectic concentration of the 
liquid and the coexisting solid solubility at the eutectic temperature. 
No disagreement i$ found with the solidus curves determined experi- | 
mentally up till now. When the solid solubility is very low, a retro- `` "dg 
grade solidus is the normal thing to expect. ' , 

The grdph can be tested in a more quantitative way by using the 
data at the solubility maxima found experimentally. Then systematic 

_ deviations arise, at least when the solid solubility is rather low. An | 
analysis of their possible causes léads to the conclusion that impor- 
tant deviations from the Gibbs entropy of mixing can occur in dilute 
solid solutions when the solubility is small, owing to a loosening of 
the lattice by the substitution of solvent atoms by solute atoms. - 

Some remarks axe made on solidus curves in non-metallic systems, 

- . transformation curves in iron alloys and retrogradesolubility in liquids. — 

" Itis shown that Grube and Flàd's measurements in the Ni-Cr system, 
` and the thermodynamic data calculated therefrom, are “Incorrect. 


Résumé 


Utilisant l'entropie de mélange de Gibbs et la régle de Richards pour 
l'entropie de fusion de métaux, l'auteur établit thermodynamique- 

. ment un graphique servant à prédire quand un solidus d'un système -` 
d'alliage binaire est rétrograde ou non, en connaissant seulement p.e. la 
concentration eutectique du liquide et la solubilité solide coexistante 
à la température eutectique. On n'a pas encore trouvé d'écart aux .. 
courbes solidus, relevées expérimentalement: jusqu'ici. Lorsque la`- 
solubilité solide est trés faible, il faut s'attendre normalement à un 
solidus rétrograde. 

Le graphique peut étre contrôlé de manière plus quantitative en 
utilisant les données à la solubilité maximum trouvées expérimen- 
talement. Des écarts systématiques” apparaissent tout au moins 7 
lorsque la solubilité solide est plutôt faible. Une analyse de leurs 
causes possibles conduit à la conclusion que des écarts importants à 
l'entropie de mélange de Gibbs peuverit sé produire dans des solutions 
solides diluées lorsque la solubilité est petite, et dus à un relachement | 
du réseau lors de la substitution d'atomes du solvant par des atomes - 
dissous. Quelques remarques sont faites à propos de courbes solidus 
dans des systèmes non-métalliques, de courbes de transformation dans 
des alliages de fer et de la solubilité rétrograde dans des liquides. 
L'auteur montre que les mesures de Grube et Flad sur le systémé 
Ni-Cr et'les données thermodynamiques calculées à partir de ces 
mesures, sont incorrectes. . Eu 


1. Introduction ` 


In 1908 Van Laar 1) calculated several binary phase diera, starting 
from different melting points and enthalpies (“heats”) of melting for the 
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components A and B, and different mixing-enthalpy curves for the liquid i 
and solid phases, while for the mixing entropies the Gibbs “paradoxon”? 

. expression was used. Among the resulting synthetic diagrams were some 
of the type in fig. 1. Often a non-stable maximum solubility in the solidus . 
curve occurred also below the eutectic temperature in diagrams of normal. 
type, like fig. 2. The possibility of fig. 1 seems to have been practically 


forgotten for a long time. This will be due partly to the fact that 
Van Laar.did not stress the point of the retrograde solidus particularly 


zn 53660 
we ARA l . ° ‘Fig. 1. Eutectic system with a retrograde solidus. 


" s 


- besides the other results of his calculations *), but also to the absence 
_» of an experimental example for fig. 1 until 1926 (so far as the author is 
- es aware), So when in that year Jenkins ?) found a maximum in the Zn-rich 
_ solidus in the system Zn-Cd, which was confirmed by Stockdale 4), this 
"was considered so abnormal that a tentative interpretation was given, 
which made the maximum a discontinuous one, requiring an allotropic 
. transformation in Zn. i ; 


` 


Hansen ?) discarded this interpretation, and gave a continuous solidus 
as in fig. 1, stating, however, that this course of the solidus was against : 


* ` 


; B . 
" l y 53641 : E 
- Fig. 2. “Normal” eutectic system. - 


*) In his book ?) the maxima are shown in some diagrams, but not mentioned at all in 
_the text. ` : 


D 
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all ' previous experience and that no: adequate explanation for it was 


- 


Only in 1942 and afterwards were more -—" found, sued 
by Raub and coworkers9)")8). The maxima in the silver-rich solidus 
curves of Ag-Pb, Ag-Bi and Ag-Tl were very pronounced indeed. Mean- 
while Scheil, apparently unaware of Van Laar's results, stated in a short 
paper?) that a solidus starting from the melting point ‘of A will mostly . 


. end at x = 0 again at absolute zero temperature. The lower part of 
. the curve is of course metastable, but when the eutectic temperature is 


i 


relatively low, there is a good chance that the maximum will lie in the 


stable part. Scheil expects that the system Al-Ga will be found to have ` < l 


a retrograde solidus. The same prediction is made for Fe-S, as it will 
explain the fact that sulphur-bearing iron is more succesfully forged at 
1200 °C than at lower temperatures (above the eutectic one), where it 


D 


shows the phenomenon of red-shortness. *’ s 
, We now propose to examine the matter in a more quantitative way, and 
to derive an approximate relation which — in contrast with Van-Laar's^: 
results — can be practically applied. to experimental phase diagrams, | 


: especially of alloys. 


2. Enthalpy 'and entropy relations for the temperature dependence of ' 
_ solubilities . ` . 


The sign of the temperature coefficient of a solubility is given d the ` 


principle of Le Chatelier. In fig. 3a and 3b two different examples of :. 


enthalpy (“heat content” "curves of two-phase systems at a certain tempe- 
raturé are given. The sign of H is in the usual thermodynamical sense; ` 
thus in fig. 3a, on mixing, the system is absorbing heat from the surround- ` : 
ings. When x stands for the atomic (or molecular) fraction of B, H is the 
enthalpy of one mole of the mixture. The linear central portion gives H fo? 


the heterogeneous mixtures. so 4$ 


ee 


A 275 B 
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* 


Fig. 3a and b. Two examples of enthalpy-concentration ` curves for a system with a two- 
phase region. E 


* 
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T we take a concentration just inside this two-phase region, the course 
of the dashed extension of the one-phase E H-curve nearby teaches whether - 
. the temperature must be raised or lowered to make our mixture homo- 
. geneous. According to Le Chatelier in fig. 3a both mutual solubilities 
inérease on heating; in fig. 3b the right-side solubility must decrease on 
heating. If we call the difference in concentration of the coexistent phases 
. Ax and the difference in their respective H-values AH, it is seen that dx/d T 
in the phase diagram has always the same sign as (dH/dx — AH/Ax), 
_ dH/dx pertaining to the same phase boundary as dx/dT of course. Writing 
S for the entropy of mixing for one mole, we can also substitute (dS/dx — 
AS/Ax) for the above term in pa£entheses, since (dG/dx — AG/Ax) is always 
zero in equilibrium and C, the free enthalpy, is H—TS (T is absolute 
_ temperature). , 

Also known since a fon time are the quantitative versions ud these 
‘relations: 


dH AH dS AS. 


ods Ax dw 4x 7 ET 
aT pE ^——qq6 ^ 7 0, 7 
da? da? 


“It is to be noted that aG det is always positive for stable and nietas 
phases. 


~ (1) is identical with Van der Waals's coexistence equation for constant pressure. A short 
, derivation goes as follows: In equilibrium the tie-line (with slope AG/Ax = (G’—G)/(x’—x)) 
-/ must coincide with the double- "tangent. to the free-enthalpy curves of both. phases (fig. 4). 
When T is changed, 0G/dx must remain equal to 4G/4x, thus d 9G/óx = d AG/Ax. 
$ 9G dG AG) — ` 
T d) NEM a, b 1l ch d 
m mp + qe an = SF ecause small changes in x an 
‘x’ (at constant T) do not affect the fe of the tie-line, owing to its tangency. 
9G — oS eG, = S 
As == 8T —S, we get — AL aT + <> E dx = mc 3i dT, which is identical with ay 


These relations seem to be less universally ic than they deserve. Grube and Flad !!) 
i : . 


4 
t 
|] 
1 
i 
Y 


Fig. 4. Free- -enthalpy curves (at a certain temperature) of two phases; x and à x’ are their 
concentrations in mutual equilibrium. 
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have feasted the equilibrium 3 H, + CrO, > 3 H,O + 2 Cr (alloyed with Ni) at 1100° 
and 1200 °C, and derived the (H, x)-curve for th the Ni- Cr system therefrom. It is given in 
fig. 5, turned upside down, as they take H positive when the surroundings absorb heat 
from the system. With the help of the above rules for thé sign of dx/dT they would have 
seen immediately that their results are in contradiction with the phase diagram of.Ni-Cr 
(fig. 6), in which the solubilities increase with rising temperature. The trend of the solubi- 
lities in it is surely right, and is also confirmed by Grube and Flad’s measurements them- 
selves (in the heterogeneous region PH, ol pu, is constant for a given temperature). ` 
In a paper on the entropy of mixing in alloys Kubaschewski and Schneider 1°) derive an 
(S, x)-curve from Grube and Flad’s data, which is negative over the whole range of concen- 


* E * - 


Fig. 5. Enthalpy-concentiation curve of Ni-Cr at about 1150 ?C, according to idu and — 
Flad +) *). E f : : . à 


Fig. 6. Phase diagram of Ni-Cr (semi-schematical). 


® 


*) The calculation of the enthalpy by Grube and Flad was executed for round values of x, M 
including the sequence 40, 50, 80 and 90 at. 95. A straight line was drawn between - 


ihe points at 50 and 80 95. According to their own results, however, this straight part 


` Cn m. 
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should extend from 43 to 86 96, and the curved parts should be shorter and less . 


curved at the ends. Then the kinks, with their wrong directions, would have been still 
more striking. This also applies to fig. 7. - 


-— 
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trations (fig. 7)! This is termed to be unusual, but in qualitative agreement with a fall 
in the specific heat of Ni on alloying with Cr. Now the abnormal trend of this curve at 
x = 0 and 1 is practically impossible, as it would imply that e.g. the very first few Cr-atoms 
. substituted in the Ni lattice would take up ordered positions with respect to each other. But 
surprising is that these authorities on thermochemistry of alloys in spite of the unusual 
result fail to note that it is contradicted by the phase diagram. 


. 


fe. : ‘ft Nn. 


"Fig. 7. Entropy-concentration curve of Ni-Cr at E 1150 "C, according to Kubaschewski 


and Schneider !?) ise note on preceding page). ` 


= Oo. 


`- „The discrepancy on the Cr-side of the system is not so surprising, as here the values 
. , obtained for H and S are extremely sensitive to small temperature deviations. E.g. a 


‘difference of only 2? between the experiments at ] 200°C with pure Cr and with alloys (atomic 
fraction of Cr = x) would entail an error in the entropy of not less than 1:8 x cal/degree, 


' sufficient to make it positive over the greater part of the system! In the alloys poor in Cr 


neus equilibrium with Cr,0, was not always attained. 7 


3. Derivation” of a graph for predicting whether an alloy solidus will be 
retrograde or not 


B 


After this digression, which serves to emphasize the usefulness of the 
relations for the sign of dx/dT i in general, we apply them to the case of the 
solidus. For a general survey the entropy relation is indicated, because 


_generally the Gibbs expression for the entropy of mixing, 
PME: =R fe lù x + (1—s)In Q—4), ^ 


constitutes at least a reasonable approximation for bod the liquid and. 


-the solid phase, while the enthalpies of mixing of course vary widely for 


different systems. We will restrict ourselves firstly to (binary) alloys, 
which are the most important systems when we are concerned with solid 


solutions; all cases of retrograde solidus curves now known experimentally 


are in fact alloy systems. A further schematization is now possible, as 


„according to Richards’s rule the entropy of melting of monatomic solids 


is approximately 2:1 cal/degree. After a survey of these entropies for 
metals, calculated from Landolt-Bórnstein's tables, we chose the Shghey 
greater value of 1:1 R (2:2 cal/degree) as a mean standard value for “nor- ` 


mal" metals. The melting" entropies of Sb, Bi, Si 18) and Ga are much 
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greater, about 2:5 R. These elements ‘haved in the solid state a structure ^ ^ - ; 
with low coordination number, while in the liquid state the.structure is. ue 
probably-more close-packed; at least Ga and Bi are known to contract on 
melting. The melting éntropy of gray tin, by summation of that of white 
tin and the transformation entropy, also turns out to be large (2:5 R-3 R). . - 
We assume therefore that this will also be the case with Ge, which has 
~ diamond structure like Si and gray Sn. We take the melting entropy per ^ 
mole, Sm, for Si, Ge, Sb, Bi and Ga to be (2:5 + 0:2) R, for the other metals 
(1:1 + 0:1) R *). We ignore the relatively small individual deviations be- e 
' cause of the scatter of the values of different authors for one metal, and 
the temperature dependence of Sm, a consequence of the solid and liquid 
not having the same specific heat. 
Now it i$ just an obvious step to assume that for metastablé (and even 
unknown) modifications, too, the melting entropy lies between R and 1:2 R 
or between 2:3 R and 271 R, dependent on the kind of:structure and not RE 
on the individual metal. Thus Sm for e. g. body-centred cubic Ni and face- | ^ = 
centred cubic Bi would fall between the lower limits, and that for diamond-  ; 7 
structured Al between the higher ones. 
' We now take the case that solid A and B (where B has the same crystal 
structure as the stable modification of A, and thus in most cases will be : 
_ metastable) have precisely the same melting entropy =o R. Calling the -$ ,,- 
' atomic fractions of B in the solid phase and in the liquid phase x and y 
respectively, we write for the entropy of the solid phase (which is thus the’ 
pases with A-structure): ' x "E I j 


Ssol = -R ix In x--F (1—x) In (1—x)} 5 aa ae 
and for the entropy of the liquid phase: l | 
Sii = R jo—y In y—(1—y) In (1—y){. 

Thus (dS/dx)j = R In }(1—x)/x} and ` 


AS _ poy eyl) In (Ly) + xn s + (1—x) In (1—2) ae E 
" ES NEZ o | M S 


These two ‘expressions must be equal when the solidus (at the A-side) is * 


just vertical (dT/dx = oc). After a simple Henson, and writing? 
Brigg’ S logarithms, one gets: 


l—y 


log x = log y — 0-434 5. + ——. log (1—y) — = log (I—x). (2). 
, y e 


*) Se, Te and As are not considered as basis metals here. 
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' In fig. 9 the four curves bordering the two shaded rane give this function 
for the values of the parameter o : 1:0, 1:2, 2:3 and 2'7 respectively (from 
top to bottom). It is to be noted that the scale of x is logarithmic, that of y ' 
Jinear. The calculation of log x for a given value of y is easy, as the last ` 


atomic fraction — - $3647 B 


Fig. 8.-The curves give the entropies of the solid and the liquid phase, Gibbs’s expression 
for the entropy of mixing being used, and 1'1 R taken as the entropy of melting per mole. 
The entropies of two-phase mixtures lie on a straight line joining the points representing 
the coexisting solid. and liquid. In example I an alloy consisting of the saturated solid 
solution plus a small amount of liquid has a smaller entropy than the solid solution of the 
same overall concentration. Therefore the solid solubility must rise With temperature. 
In Pas II the opposite is the case. 7 


X s. 
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^ 


> 


term on the right-hand side is 0 both for x — 0 and for y — 1,and remains 


: small there between. Neglecting it, a provisional value. for x is firstly 
calculated, which is substituted in thé term in question. For the upper pair 
, of curves this correction nowhere exceeds 0°02; a second approximation is 


unnecessary. For the lower pair the correction can be. omitted, as it does. 


not exceed 0003 here. 
When c for A and for B (with A-structure) vary e.g. between 1:0 and 
1:2, the curve for A-B lies inside the upper shaded band, also when these 
two values of c are not precisely the same. : f 


Fig. 9 can be used for all binary alloy systems; it is not applicable to 
the solid solubility curves of any intermetallic phases, but only to those 


of the phases adjoining one of the pure metals. When this is Sb, Bi, Si, 


" Ge or Ga, we are concerned with the lower band, in other cases with. 


the upper band, which is thus by far the more important one. E.g., in 


the system Al-Si we need the upper band for the Al-rich solidus, and g 


the lower one for the Si-rich solidus. Of course the values of y and x to 


be plotted are atomic fractions of Si in-the first case, and atomic fractions 


of Al in the second case. BEP . 
Such a'band constitutes a boundary area, wherein the solidus is very 
“steep, and — owing to.the uncertainties of the generalizations used — might 
as well be sloping.to the right as to the left. In the area below the band we 
must expect (with an increasing certainty when the point representing the 


& 
Q Of 02 03 O04 05 06 OF 08. 09 HfÜ-gy 
20 % 40% 60% ` 80% inlig $3648 
Fig. 9. Graph used to predict wether a solidus is retrograde or not. The four curves bordering - 


. the two shaded bands represent equation (2) with c = 1:0, 1:2, 2:3 and 2*7 respectively. As 
for the crosses, see end of section 4 and table III. ~ 
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coexisting values of x and y is getting further away from the band) dT/dx 
to be positive, which i is required for the “retrograde part" of a solidus. On 
the other hand in the area above and to the left of the band we must expect 
dT/dx to be negative, which is “normal”. There is one restriction: when the 
curve x — y is crossed, dT/dx becomes zero and then positive again 
(4S/Axis negative for y < x). When the solid solution is more concentrated 
than the liquid (as in Cu-Ni) the solidus must rise with concentration. This 
is trivial and has nothing to do with retrograde lines; so we have omitted 
the curve x — y from fig. 9, and will only consider cases where x « y. 
In general no precise knowledge of the solid solubility is needed, e.g. 
when at a certain temperature the concentration of the liquidus is 60 at. % 
B, the solidus can be predicted to have a positive dT/dx (at that tempe- 
rature), when we only know that (at that temperature) the solid solubility ` 


` is less than 4°6 at.% B, when A.is a normal metal. 


The three-phase temperature (eutectic, peritectic) where solidus and 
liquidus terminate on decreasing temperature, will be often the only one 
where x is known, e. g. from an extrapolation of the solid solubilities at 


. lower,temperatures, where the A-rich phase coexists with another solid 


phase. Furthermore this temperature is crucial for classifying solidus 
curves in the retrograde or the normal category. When dT/dx is negative 


"here, it will not become infinite at a higher aa because a 


minimum of x can be excluded. *) . 

When on the other hand d T/dx is positive at the three-phase temperature, 
the solidus must have a yertical tangent at some higher temperature, pro- 
vided it runs right through to the melting point of pure 4. There are 
two cases, however, where a solidus of a phase adjoining pure A terminates 


43649 
, Fig. 10. System with miscibility gap in the liquid phase. 


) 
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"M F ; g 
*) It would necessitate — with the assumptions made concerning the entropies — an, 


increase of y, with T; such a retrograde liquidus has never been found in alloy systems 
and is incompatible with the assumed Gibbs mixing entropy of the liquid. See last 
section. 
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‘ina OU equilibrium at rising ng temperatures. too, and will only be 
classified as retrograde when d T/dx at this highest. temperature is already ` 
negative again. The first case is connected^with an allotropic transfor- 
mation in A; two examples predicted to be retrograde are the solidus curves 
“of yFe-Cu and yFe-S (table I). The second case is connected with a: 
miscibility gap in the liquid phase, and concerns the solidus CD in fig. 10. 
Practically always in such a case (example: Ni-Ag) x remains small along 
CD, and y relatively large along EF, so that as a rule the solid solubility 


will increase steadily from C to D, and we will not call CD a retrograde 


solidus. *) IZ E 


4. Application to experimental phase p 


The phase diagrams in Hansen 5) and, sofar as poai iis subsequent 
literature were examined on the’ basis of fig. 9. Table I gives the solidus 
curves, which are predicted to be retrograde; those in table II are labelled ' 

"possibly retrograde", because here the points representing x and y 
at a three-phase temperature fall inside the requisite, band, the lower one | 
for the right-hand ‘column. . i 

The eight solidus curves in the left-hand column of table I have dele 
been found to be retrograde, while the other ones in this table (mostly 
given as dotted lines) are not known experimentally. / 

As the two remaining solidus curves known to be retrograde, Cu-Cd | 
and Au-Sb, are contained in table II, no disagreement between theory and | 
experiments is found. The Cu-Tl solidus was found by Raub and Engel Dno. 
to be just about retrograde when determined microscopically, but definitely ` 
not so according to > their X-ray measurements. Fig. 9 favours the second 
possibility. ‘ 


Systems where no solid solutions are reported have not been included ` 
in the tables; the majority of these solidus curves with “zero” solubility. 
will be retrograde. The number of experimentally known ‘retrograde . 


solidus curves will increase enormously with the application ‘of refined 


‘techniques of determination ‘of small solid solubilities. The smaller the ' 


solubility, the higher temperature (or rather: smaller concentration in 
the coexisting liquid) at the maximum solubility. ‘Very great relative 
increases in solid solubility above thé eutectic temperature must be 
expected when this temperature is low (in comparison with ‘the melting 
point of pure A) and the solubility in A is small. Voce and Hallowes 14) 
found a tenfold increase in the solid solubility-of Bi in Cu even from’ 600* 
: (330? above the eutectic temperature) to 800 °C; according to fig. 9° the 
maximum lies still higher up. 


*) The typical phenomenon of partial liquefaction on cooling nevertheless exists here of 
course. 


` 


ei 


^ 


x 


=- ~ 


292. > . ‘ J. L. MEIJERING 


Very qualitatively we can say that it is only natural for a solubility to 
` increase with temperature, so long as the foncpntratuu of the coexisting 
phase (i.e. the liquid) is not coming “too near" . | 

The phenomenon of complete solidifiestion: at rising temperatures can ` 
have practical consequences not only on hot working, but also on sintering - 
| properties. 

Of the last a solidus curves in table II (“possibly retrograde"), 


the first four. have been determined experimentally; they are not found 


retrograde, but "Cu-Ag and Sb-Pb run practically vertical at the eutectic 
temperature. 5) Also very steep is the solidus of Ag-Hg 9), where log x. 


.. lies only 0°09 above the upper band in fig. 9. It is to be noted that quan- 


titatively d T/dx is also controlled by the value of d?G/dx? (see equation (1) 
in section 2), which is normally great at small x. The Sn-In solidus was 


, found by Rhines, Urquhart and Hoge ?") to be so steep at its lower end 


that they regard it with suspicion. Log x lies about 0°5 above the upper 


- band, but a value of 15 kcal for d?G/dx? was calculated to make that steep 


slope (+ 50^ per at.%) possible. Subtracting RT/x(1—x) = 7:2 kcal for 
the contribution of the entropy, there remains 8 kcal for d?H/dx®, This is a 


'^' normal value; when the enthalpy of mixing (in the Sn-structured phase) 


is assumed to be parabolic: H = —ax (1—x), d*H/da? = 2a and the mini- 

mum of H (at x = 4) = —12,i.c. — l keal/g.atom. , 
In those nine cases where the solubility maximum has been J 

one can also plot this maximum .x against the value of y at the tempera- 


. ture where it occurs, atid expect these points to fall in the upper band of 


` fig. 9. The result can be seen from the crosses in fig. 9 and from table ITI.” 
: The fourth column gives the experimental y, derived from tnax and the 
liquidus curves in Hansen; the fifth column gives the range of y theore- 
tically necessary to make the solidus curve vertical, derived from x,,, 
and the upper band in fig. 9. It is seen that only with Ag-T1 falls Yep 
inside this fange; in the other eight cases the deviations are all to thesame - 
side. Owing to the uncertainty in log Xmax the range of yu, should be in. 


` fact a little bit greater for the lowest systems in table III, while a variation 


of several atomic per cent in y,,, is possible, owing to the uncertainty in 


tax: But in all eight cases the discrepancies are too great to be explained 
in this way. Thus our relation does not stand up to this more rigorous test: 
the increase in solubility with temperature continues longer than expected 


`> theoretically. The success of the qualitative test at the three- -phase tempe- 


rature is due to the fact that this temperature lies well below: tmax in all - 
experimental cases up till now, which by the way will be more or less 


_ required for a pronounced retrograde effect. The chance that the 20 solidus 


curves in the second and third columns of table I will indeed turn out to 
be retrograde is more raised than lowered by the deviation from theory. 
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SOLID SOLUTIONS 


TABLE I 


Systems that theoretically should have a'retrograde solidus 


Zn-Cd Cd-Pb 
Ag-T1 *)5) Cd-Sn 
: Ag-Pb $y) Zn-Sn 15) 

Ag-Bi *)5) Zn-In 16) 
Au-T1 ?y5) Zn-Hg 
Au-Pb 7)5) Cu-Hg 
Au-Bi 75) Al -Hg 

Cu-Bi 15)5) ` Al-Ga *) 
Be-Al, 

' Be-Ag 17) 


Ll 4 
Co-Au 
Cr-Au 
Au-As 18)5) 
Ni-Bi 
yFe-Cu 
yFe-S *) 
W-Fe 
W-Co 19) 
W-Ni 2°) 
Mo-Ni 21) 
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The solidus curves concerned are those at the side of the first-named element in each 
system. Where no reference is given, the experimental data are to be-found in ‘Hansen 5, > 
When a reference preceeds the reference 5), the first one gives only solid solubility data, » 
and the liquidus from Hansen is used. i f E 


i2 TABLE II zo 2, 


Systems with a “possibly retrograde” solidus , l T 4 
"o. Cu-Cd 9)5) | Sb-Pb 23) 
Au-Sb 18)5) **) Bi-Sn 24) b 
Cu-Ag Ge-Sh ?5) i 
Pb-Hg Si-Ag ; 


In-Ga ?2) * Si-Al 


The subscript of table I also applies to this table. ~ ` 


2 "TABLE III 


Ag-Tl 0°64 0°63-0°69 005 R CIR ~ 
Ag-Pb 0:028 650? 0'365 0:47-0:52 04 R -LIR xo 
Ag-Bi 0:027 525? 0°32 0°46-0°52 . 055 R 18 R- X 
Cu-Cd 0°0255 650° 0°36 0:46-0:51 04 R ri R 

Zn-Cd 0:015 340? 0:27 0°40-0°45 055 R + 2OR 

Au-Sb 0:0115 550° 0:24 0°37-0°42 06 R 2:4 R 

Au-T1 0:009 800? 0:23 0:35-0-40 055 R 24R 

Au-Pb 0:0011 |° 850° 0:15 0:22-0-26 05 R 33 R 

Au-Bi 0:0006 900° 0:12 0:20-0:24 055 R 46R 


..— æ and y in atomic fraction of B; tmax in °C; R = gas constant.  ; 


*) Already predicted by Scheil ?)! ` . j n 
**) The solid solubility curve of Owen and Roberts shows a kink at 430 °C. No three-phase E 
temperature has been found here, however, by previous investigators 5), As three-phase 
temperature we take accordingly the eutectic one at 360 °C. ' 
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These deviations will be rather small (perhaps even of opposite sign) 
in the systems. Cu-Ag, Pb-Hg, In-Ga, Sb-Pb (see table II) and Ag-Hg, 
otherwise they should have been found to have a retrograde solidus. 

In all five systems the value of y 'at the three-phase temperature (and 
thus even more so that at a lower temperature where the metastable solu- 
bility maximum would be) is 0:60 or greater. Sb-Pb belongs to the lówer 
band in fig. 9, but the other four make it probable that it is no coincidence 
that Ag-Tl (see table IIT) dues agree with the upper band., Apparently 
this band should be raised above the theoretical course, but only to the left 
of, "say, y = 06. 


i 


5. Analysis of systematic entropy deviations 


Fig. 9, with the crosses included, will be a ‘rather good guide in the field 
‘of retrograde solidus curves in binary alloy systems, but the systematic 
deviations ask for an explanation. This will probably tell us something: 
about the ‘thermodynamics of mixtures, which can be of interest, quis apart - 
|. fróm retrograde solidus curves. 5 

From the derivation of equation (2) it can be seen that there are two possi- 
bilities: AS/Ax may be smaller or dS/dx larger than was calculated. The. 
‘sixth column of table III contains the values ôS, which must be subtracted 
‘from the entropy of the liquid alloy of concentration Yap (with the mean -` 
value of c = 1:1) to make AS/A«‘equal to the theoretical value of dS/dx. 
If we call the vertical deviations of the crosses in fig. 9 from the middle of 
the upper band A log x, then 6S = 2:3 Ry,,, A log x. When on the other 
, hand Sj, is maintained on the theoretical value, a positive extra linear 
term x AdS/dx must be added to S,q to equalize dS/dx and AS/Ax. This 
AdS/dx equals 6S/y,,) and not óS/(y..,— rax)» because besides the increase 

` in dS/dx, AS/4x is decreased a little. 

' The values of ôS (except that of Ag-TI of T are about as — as 
the respective Gibbs mixing entropies; in all four gold alloys the total. 
mixing entropy of the liquid would even have to be negative to remove the 
` discrepancy, which is very improbable. The systems Cu-Cd 28) and 
Zn-Cd 2°) have been examined by measurements of vapour pressures and | 

^. electroniotive forces respectively. For Cu-Cd the. deviation of the entropy 
from the Gibbs value is somewhat more than 0:1 R; for Zn-Cd we calculate 
somewhat less than 0'1 R from Taylor's activities. Both deviations apply : 

` to the concentrations in the fourth solum of table Di, and to tempore: í 
~ tures about 100° higher than tnax 

“The chance that the form of the mixing entropy curve of the liquid phase 

is responsible for a major part of the deviations in the eight cases (below 

` Ag-Tl) in the table thus seems negligible. We now consider the possi- 
("bility that the melting entropies at t tae are much less than at the melting ' 
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` ^ points. of the pure metals: Large difforetisse d in specific M between liquid 


and solid would be required to arrive at the discrepancies in the sixth. 


. column. Undercooled liquid Ag and Au should have great specific-heat |” 


“hymps”, and still more so liquid Zn. In the system Zn-Cd matters are 
relatively simple, because t,,. is about the same as the melting point of Cd, 


max 


and the temperature dependence of the melting entropy of this element ` 


can thus have no great influence. A simple calculation shows that under- 
cooled liquid Zn, between the melting point and 340 ?C, should have a 
mean specific heat of about 2} times its value above the melting point, 
to get rid of the discrepancy 6S. The assumption of such a, not directly 
controllable, specific-heat anomaly would not suffice: the specific heat of . 


the liquid 27%Cd- -Zn alloy between 420° and 340 °C (a wholly stable .' 


range) should also be much greater than the value averaged between solid - 


"Zn and liquid Cd, to convert the normal entropy of the liquid alloy at, 


420 °C into the abnormal one at 340 °C. It is all very unlikely. Still, an - 
examination of the melting entropies of the right-hand-side (B) elements 
is needed; not only because their melting points lie well below ¢,,,, | (except -` 


` in Àu-Sb and Zn-Cd), and specific heats of superheated solids are ‘still 


more hypothetical than those of undercooled liquids, but also because face- ~ 


centred cubic Bi, Sb, Cd and T1 *) are not known, and their melting en- 


tropies have been assumed to be 1-1 R (see section 3). (This last difficulty- 
does not apply to Ag-Pb, Au-Pb. and Zn-Cd, where both exnents have the | 


`- same structure). It is easy to see that this value 1-1 R must be diminished 


/. - This is not acceptable, even for superheated hypothetical modifications. 


by the values AdS/dx in the seventh column to explain the discrepancies . 
by deviating entropies of B (with A-structure) at tnax Nothing would be; , 
left for the melting entropy of B in the case of Ag-Pb and Cu-Cd, while in^ ` 


the other six cases (not Ag-Tl of course) it would have to be negative. 


Perhaps one or few of the eight discrepancies in table ITI could be thought 


` to be due toa combination of the three factors considered, but to explain 


all eight of them in this way (and not get one for Ag-T1) does not look 
feasible. Fortunately they can be accounted for by a fourth factor: the 
form of the mixing entropy curve of the solid phase (with A-structure). 
This means that the Gibbs values of dS/dx, namely R In }(1—x)/xt, should 


be raised with the values of A dS/dx in the seventh column of table III, - Í 


` while the entropy, of pure. B (with structure of A) is held on the same 


level as that of pure A. If this is really the case, entropy anomalies must , 
also be apparent from solubility data below the eutectic temperatures, 
where the liguid phase does not come into the picture. | 


* 


*) The high temperature modification of T1 has been found by Lipson and Stokes °°) 


to be body-centred cubic. — - » 
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When we Ens the logarithm of the solid solubility x of B in A (the coexist- 
ing phase having an atomic fraction of B that is fairly constant = x’) 
against 1/T, a straight line is mostly found when x remains small. When we 
write log x == —a/T + f, it is well known that 2:3 Ra = dH/dx — H’/s’, 
where H is the enthalpy of the A-rich solid solution and H' that of the 
coexisting phase *). The corresponding relation for the entropies is 

, ds S' 
tae 
where, (dS/dx),, is the difference between the real dS/dx and the theoretical 
Gibbs value for it; in contrast with dS/dx, (dS/dx),, can be treated’ as a 
constant when x remains small. We now look for which ‘of the nine cases 
-in table III this (dS/dx),, can be deduced, and compared with AdS/dx in 
the seventh column. In Cu-Cd, Au-Sb, Au-Pb and Au-Bi there is am inter- 
metallic phase coexisting, so that S’ is unknown; Ag-Bi is also not very 
suitable, as S' (i.c. the entropy difference between normal solid Bi and its face- 
centred cubic modification) can only be guessed to be roughly 1:1—2:5 = —14 
times R (see section 3). For T1, S’ will be much less, but no solid solubilities 
below the Au-T1 eutectic are known, and the three determinations in 
'Ag-Tl 3!) lie to both sides of the transformation temperature of Tl (be- 
sides: these solubilities of Tl in Ag are already rather large). In the remain- 
- ing two cases, however, Ag-Pb and Zn-Cd (where S' is virtually zero, 
as the coexisting phase is nearly pure B, with the same structure as A), 
(dS/dx),, can be found, from the "X-ray measurements of Chiswik and 


23RB— 


x" 


Hultgren ?!) and Boas 9?) respectively. As with these low solubilities the . 


error range of log x is rather large, the straight lines can be shifted some- 
what without violating the experimental results. A definite positive value 
for (dS/dx),, results, however, which is at least some 1'8 R and 2:0 R 
' for Ag-Pb and Zn-Cd respectively. Such values, móstly of the same sign, 


occur in several other systems. "They (or rather the values of f) are dis- . 


cussed by Scheil 33), who shows that (positive) deviations should arise 
when & is not small enough (see especically his fig. 11; it is to be noted 
that there log ixl (1—«)} i is plotted). But in our opinion Scheil goes too far, 
_ when he regards the matter as settled herewith,, „and evidently assumes that 
the deviations would disappear “when the (log x, 1/T)-lines could be extended 
: ‘experimentally to very low x. When the value of x used are only 1% and 


, less, as is the case in Ag-Pb and Zn-Cd, less than 0:5 R can be reasonably : 


accounted for in this way. So there remain in these two systems values for 
(dS/dx),, that are of the same magnitude as those of /dS/dx in table III. 
Thus it looks justified to attribute the systematic discrepancies in fig. 9 
to deviations of the mixing entropy of the solid solutions from the Gibbs 


*) This can also be easily derived from equation (1) in section 2. 


A 


` decreasing Xmax in table III, and.seem to be small in Ag-Tl, Cu-Ag, - » 
` Pb-Hg and In-Ga (end of section 4), where the solid solubility is rather large. 
. When we plot log x against 1/T for several solutes in the same basis ` 
‘metal A we expect the following: the smaller the solubility is (in the A 
experimental range), the greater a will be, but also (according to our point. ^ 4n, 

` of view) the greater f'will be. Thus on extrapolating the straight lines, they 
must cross each other before 1/T' = 0 is reached. Now this is just what Fink .. 


E * 
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mixing: entropy. The physical ‘meaning of these deviations can -soarely ` U 


be other than this: - PX ~ : 
When the solid solubility of Bi in Ais shall, the substitution of A-atoms by’ 

B-atoms will generally loosen the lattice einsudorably; resulting in an extra 

rise of the entropy with concentration. ^ 
"This also explains qualitatively why the déviitious AdS]àx rise with' 


^ 


and Freche 34) found when plotting simultancously the solubilities of Ni, - 
Cr, Mn, Si, Cu and Mg *) in aluminium. All six lines passed virtually through 
the point with coordinates 1/7' = 035.1078 and log x = -+ 0:26 (x = atomic - 


:* fraction). From their values of f we calculate (dS/dx), — S'/x’ to be . . 
4:8 R for Al-Ni and 2:3 R for Al-Cu. Admittedly the influence of S’/x’ . 
` ,ean be somewhat different in the six cases (in five of them the coexisting 


phase is an intermetallic one, in Al- Si it is the diamond-structured Si-rich 
phase), but still the results of Fink and Freche give further support to the 
view that the lattice-loosening effect, can give great deviations in dS/dx. 
It is only desirable to put this effect on a more quantitative theoretical basis, ` 


‘so that we can see that the deviations must indeed be expected to bé so. 


great. TT 
If we call the dissert (Debije) temperature Ó, the TM SUN of. 
the entropy on 'O (at temperatures sufficiently larger than O) is given 


by S— —3R In O. In solid solutions O will be a function of x. The values 


for pure A and pure B (with A-structure!) we call O, and 6,. Putting S | : " 
,. for x = 0 and x = 1 at the same level, we find : ` 


Em =3R = d In@ jax — In 6, "n In LR 
We now make use of the Lindemann formula ` : E E 


LIN" In.O = const. dde Ts — ln Aw e 


' where Tm, Ay and V are absolute melting point, atomic weight and atòmic 


volume respectively. This formula gives very satisfactory results for pure 
metals, and we think for a. rough calculation it may be applied for solid 
solutions too. While Aw and V may be interpolated, e.g. linearly, and are 
of minor importance in the casés we-are interested in, the estimation of 
a melting point for a ‘solid solution presents : a difficulty. It is obvious to ` 


*) in the order of increasing solubility. 


- 
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define it as the temperature where the free enthalpies G of solid and liquid 
are equal; when diffusion wexe virtually stopped, the solid solution would 
melt sharply at that point..In general it cannot be located between the, 
solidus and liquidus, but in dilute solutions we shall show it can. 

In fig. 11 the free-enthalpy curves for the solid and the liquid phase are - 
drawn for a temperature just below the melting point of pure A. The 
atomic fraction of B we call here u; x and y (given by the common tangent) 


‘are the values of u for the solidus and the liquidus at this temperature, and 


zis that for the melting “point”. For the free enthalpies we can always 


_ write (for binary alloys, or wile systems without a dissociating compo- 
. nent B): , : 


- 


G,— RTuln ua d bu, e (3) 
Gig = RTulnu+ a+ bu, (4) 


- when u is small enough, so that terms with u? etc. can be ignored. It fol- 
. lows -that z = (ag—2,)/(b,—b,). When we take the common tangent hori- 


` zontal (which we are allowed to do of contae), we find by differentiating . 


Cia and Gr: a ] 
RT (nx+1)+=RT (my + 1) + b= 0. ^ . (5) 


.' This gives b—b, = RT ln (y[x). After multiplying the first and sécond 


members of equation (5) with x and y respectively, and subtracting the 


l results from Ei (with u = a) and (4) (with u = y), one finds >- ^ 


saoo ; . (yd, = RT (y). 
© Thus l v z (> x/y) : ' a (6) 
Y. Juge rS Sr ge 


..0 X . -2 =u Y x $3650 
Fig. 11. Free-enthalpy curves of solid and liquid phases, at a temperature close below mel- . 


^ . ting point of pure A. Common tangent chosen as horizontal axis. 
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Therefore, when the intial slopes of the solidus and liquidus curves, at the 
melting point of pure A, in the phase diagram are known, the initial slope 
of the “melting curve" ean be calculated, and thus also dIn O/dx and 
(dS[dx),. for x = 0, provided that the cee point of pure B with 4 
structure is known. -` 
Appreciable deviations of ajax must t obviously arise when the solid. 
solubility (or rather x/y) is very small *). For the five systems in table IV; 
where A and B have really the same structure, (dS/dx),, is given as calcul- |. ' 
ated with the complete Lindemann formula, with linearly interpolated 
values for the atomic weight and volume. Aw and V give contributions of 7 y+, 
the same sign as Tm; those of V are small (0:2 R or less), but those of 
(except i in Au-Pb) are quite appreciable, as can be seen by comparing the | 
second column with the third, where only the influence of Tm on Ó is 
taken into account. ; Woo Gent ee 
In the last column the values of 4 dS/dx (for the die — TEE 
systems, compare table IIT) respectively (dS/dx),,—S'/x' (for the two . | 
Al-systems, compare p. 297) are given, which should not differ too much ` 
from (dS/dx),. It seems that the lattice- -loosening effect can be indeed 


ER 


largely responsible for the entropy anomalies encountered. > ` p e 
- ANE. " E gc 
TABLE IV E "ec 
ds) ^ (0048857 EU 
"E (52)... Az or | . A ; a E 
Lindemann ' $ (28) S 
complete | only Tm dxle x uas ; " 
j 135R |. TIR i 
25 R 4 "FOR us : BO Diem 
| 50 R | + 33R » E ey 215 4^ 
33 R| - 23R ; 
! 67 R : zv R E 


Recently Lawson 1^), in a paper on segregation of solid solutis: also , 
calculated approximately @ as a function of x. The extra entropy can be. L 
written as 3RH/(Q, + Q,), H being the mixing enthalpy of one mole, ' . 
and Q, and Q, the heats of sublimation of both pure components. This EN 
formula gives much smaller values; for Ag-Pb and Zn-Cd one gets only "M 
about 0:2 R for (dS/dx),, at x = 0. The difference in results is due to the `v. 
loosening of the lattice being viewed with regard to sublimation, by Lawson, 
and with regard to melting, in this paper. 


' *) For a rough orientation we add that, according to the interpolation formula (6), z lies | 
between the geometric and the arithmetic means of x and y. ` : : PS 
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6. Retrograde solidus curves in systems of non-metals 
The melting entropy of compounds (per mole) generally increases with 
the number of atoms in the molecule, although when rotation can occur 
“in the solid state (e.g. in camphor), it may be small. Consequently (see 
section 3, equation 2) we can say that, generally speaking, retrograde 
solidus curves in systems of compounds are more confined to cases of 
low solid solubility than in alloy systems. As the mutual solid solubilities 
of compounds are often véry small, the number of theoretically retrograde 
solidus curves must be very great. Perhaps in some cases they can manifest 
. themselves in anomalies in the behaviour of slightly impure substances 
below the melting point. . d 


7. Retrograde allotropic-transformation curves 


We can also apply the considerations of section 2 on the two coexisting 
curves which start from an allotropic-transformation point in A, when B 
_ and A form solid solutions. When the transformátion is lowered in tempe- 
rature by the.addition of B, and the boundary of the high-temperature 
phase reaches fairly great concentrations of B, the other boundary may 
well show a relatively large maximum concentration, because the transfor- - 
.matión entropy is generally small. The author knows of no other cases than 
several iron-alloy systems, where such a retrograde transformation curve 
has been found. In Fe-Mn 3), Fe-Co 3) and Fe- Ni 37) the a-boundary 
starting downward from the a—> y transformation in Fe at 900 °C was 
found retrograde. A simple quantitative thermodynamical treatment is not : 
‘feasible, as the differences in specific heat are relatively important. and 
change the transformation entropy considerably. As is known, in iron its 
sign is even changed above 900 ?C, which gives rise to the reversed trans- 
, formation y—> a at 1400 °C and (in systems where B stabilizes a with ` 
respect to y, e.g. Fe-Si), to the so- -called y-loops, where both the a- and . 
the y-boundary are retrograde, 


i = n 


8. Retrograde solubility in liquids p 
| “Retrograde” *) liquidus curves are universally known (e.g. the solubility 
of several salts in water decreases on heating), but from a theoretical 
l point of view their occurrence is much less natural than that of retrograde 
solidus curves. . dao 
In fig. 12 a short piece of the entropy curve of a liquid is drawn to both `` 
.-sides of the point representing the concentration of the liquid in equilibrium 
with pure solid A (this is not essential; the solid may just as well be a 


~ *) The quotation marks are meant to indicate that here we are not interested in the 
maximum concentration of the liquidus being continuous o: discontinuous (at the" 
three-phasè temperature). 


"n P e E so à ge i. 


"n E FA RO ga 
RETROGRADE SOLUBILITY: CURVES IN ALLOY SOLID SOLUTIONS `. 301 ` 


-solid solution or e.g. a salt-hydrate). The straight line givés the entropies 
of the ‘two-phase mixtures. It has to be less steep than the curve of the 
liquid, if the concentration of A in the liquid is to decrease on rising temper-'. - 
ature (see section 2). But (metastable) liquid A must have a higher entropy 
than the solid. Evidently the complete entropy curve of the liquid phase 
must have a part that is convex to the concentration axis (d?S/dx? positive). 


- x , 
t r 


A X | 4365 p ut 
` Fig. 12. Part of entropy- concentration curve of liquid phase andi its heterogeneous mixtures 
with solid A, in the case that the solubility of A in the liquid decreases on heating. : 


H 
D 


. 
` 


This may partly fall in the stable portion of the curve (to the right in 
fig. 12). The positive curvature means that there is a range of liquids that | 
lose entropy by mutual (isothermal), mixing. This is of course quite pos- 

- sible (by a stiffening or ordering effect), but still rather curious. _ 

The same considerations can be applied to miscibility gaps in liquids. .: Si 
When the whole entropy curve of the liquid phase has normal ‘curvature, 
and we- ‘draw the tie-line joining the two points representing the coexisting 
liquids, it is seen that both mutual solubilities must increase on heating. 
When one or both solubilities decrease, the entropy curve must have a: 
part with abnérmal curvature. Again, without further knowledge of the. | 
system, we cannot say whether this part is confined to the metastable and 
unstable regions of the liquid. i 

When a miscibility gap closes ina lower critical point (e.g. in triethyla- 
mine-water), we are sure that there is a region of stable liquids with abnor- 
mal d*S[dx?. This follows directly from the fact that 0°G/dx? is zero at 
the critical point, and positive below it. Thus — 93 G[üxto T. = = pM is 
positive in the neighbourhood of the critical pons 
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' III. CONTINUOUS LOADS |. 


. Summary ; : a oer E 


This third and last paper of ihe series considers the problem of con- 


- tinuous loads. A copper-sheet anode is hit by a beam of electrons on Sous 


s the front side, and cooled by a water current at the back. The equa- - 

` tions of heat conduction are solved by considering the heat flow 
between an infinite arrangement of foci alternately generating and 
absorbing heat. The rating capacity may be limited (1) by the 3 
permissible maximum témperature of the front or (2) by the maximum .. 
amount of heat transferable to the cooling fluid. A balance between 
these two factors can be obtained by a suitable choice of the anode 
thickness, which now enters as an essential feature into the problem. 
The line focus and foci finite in all their dimensions are separately 

d treated, while in a final section the gain 1 resulting from a combined 

use of water cooling and a rotating anode is computed. 


Résumé. i M ' ‘ 


Le — et derniér article de cette série traite da probléme de la X 


charge continue. Une anode constituée par une plaque de cuivre est ~ 
touchée du côté antérieur, au foyer, par un faisceau d'électrons, + 
. tandis que la chaleur développée est évacuée par refroidissement par 
eau du côté postérieur. Le probléme de la conduction de la chaleur . 
peut étre résolu en considérant un nombre infini de foyers également — . 
espacés entreux et produisant et absorbant alternativement de la. 
chaleur. La charge maximum peut étre limitée par "'Q) la température 
- .-: admissible au foyer ou (2) la quantité de chaleur qui péut être trans- 
mise au maximum à l'eau de refroidissement. Un équilibre peut être , Ss 
trouvé entre ces deux facteurs limitatifs par un. choix judicieux de 
` Pépaisser de l'anode qui apparait ici comme une grandeur essentielle. 
Les foyers linéaires et-les foyers finis dans toutes leurs dimensions sont 
traités séparément. Le dernier paragraphe est consacré aux avantages, 
en ce qui concerne la charge admissible, de l'emploi combiné d’ une 
anode tournante et du refroidissement par eau. 


` 


5. A line focus and a stationary anode , C078 "RD: 
Fig. 9 depicts a tube with stationary anode as PE ly used in eee 
structure analyses !). The anode A, connected to earth, is cooled. by a flow 
of water. The X-ray beam leaves the tube through two windows L of 
low absorbing power, which are protected against secondary emission: by 


the sereen S attached to the cathode. Special care has been devoted to . 


obtaining a homogeneous beam of electrons, and consequently a homogen- 
eous brightnéss of the focal spot, this being important for an exact inter- 
pretation of diffraction patterns obtained with such a tube. 
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Fig. 9. Diagram of an X-ray tube as used for crystal analysis or stress investigations, 


Fig. 10 visualizes the flow of heat through the "anode. The corresponding 
differential equation and boundary conditions are: 


r 


Z 


2 27 - 
Ca (35) . 


` when [x| < à: : (36) 


whenlx|2 564.70 : 


where 26 is s the focal € W the bd per em length: and d the thickness 
-of the anode, the focus being supposed a line focus. - 
: Now consider an infinite number of plane line foci perpendicular to the © 


the plane of drawing, 


of width 26, and distances 2d apart; as shown in , 


` fig. 11; then, if these line foci are alternately producing and absorbing 
heat at the rate of 2W watts per cm length per second, the temperature: 


distribution in this system between the planes z — 
. identical to that prevailing in the anode of fig. 10. 


* xw 


0 and z = d will be. 


77/29: Yi 
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Fig. 10. Schematic representation of the conduction of heat through the anode. 
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(2 n-f)d 


Fig. ll. pom of an infinite number of foci alternately generating and absorbing 
heat, used as a substitute for E solving the problem indicated i in fig. 10... 


` That the boundary conditions are satisfied in the plane z = 0 is evident 
from symmetry. To prove that they are also satisfied for z = d, let us first 
, assume that all the sources change their sign; thereby all temperature gra- 
dients, dT/dx in particular, change. sign also. Next we turn the system 
through 180° about the axis z = d in the xz-plane; this will leave dT/dx for- 
z — d unchanged, and will at the same time bring the system back in its _ 
original position. hi 

We conclude that, for z = d, dT/dx must be equal to —dT/dx, and hence 
must be zero; thus for z == d the temperature is constant, and ins - 
constant value may be put zero without loss of generality. 

We can find the temperature distribution for the arrangement of fig. '11 
by applying the principle of superposition, equation (35) being linear. 
A true line source at point O (fig. 12) perpendicular to the plane of drawing, 
and generating heat at the rate of dW watts per cm length, produces a. 
temperature difference between points P and Q given by 


dm 
n dn d 


T= T= EA 
i Amk p 


Q (37) 
- as it is easy to show. . 

We are mainly interested in the temperature difference between points 
in the planes z — 0 and z — d; let us therefore consider two such points, 
P and Q; both at a distance x from the plane x = 0 (see fig. 11). Let us 
"moreover consider an element of the focus in the plane z — 2nd located 
between (x + 7) and (x + y + dy), and of heat capacity (—1)^ 2W dy 
per unit length; then the temperature difference between. the points 
P(x, 0) and Q(x, d) produced by this focus elemeniti is 


Wd / (2n 1} +y? 
zk (2n) d? -Hye 


aT = (— 1) (38). 
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and ihe actual temperature difference betanéd P sad Q is found by inte- 
grating over the focus width and by summing over all the sources; this . 


gives Pis 
. ono pa Ce ETE 
zxkT . DAETA - 
— = cp | dyla V ——————— 3 3 
LC fe V asl; o. 0 
mem -x-—ó 
or 
akT d 
TT 2 cy [ert lyd rw 
nz —o zd ss gi 
+ 2; (ay? k dyin Vnd + 72. (40) 
: ii ELT 
But since . : 
(2n —19 = }2 (~n + 1)— in 
and (i = t, 
` the contributions of the sources at z = nd and z = — (n—1)d will annihilate 
eách other in the fixst sum, so that we are left with 
ne -po -zx i 
“we i oaa 
zt (es imm Ys qt (42) 
neo > es) 


^ It may be worth mentioning that — the same —2 can be used 
when the distribution of the load is inhomogeneous; we have then only to 
bring W under the sign of integration. And the method of solving this 
problem by means of'a set of image foci also applies to short or intermediate 
‘exposures where the temperature distribution varies with time; for the 
fundamental differential equation remains linear in these cases. 


Fig. 12. Illustrating the heat conduction around a single line source of heat. 
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When d is of the same order of —— or lies than ô, ô? may be 
a in comparison with (4d)?, and 2) simpfifies to 


um dis in ETEF +7? + fink VERT, 


8d 


In }(2d)? ce n? die = (6 + i In }(2d)? + (ô + x)? tab 


- xd 


+ (6-2) In} (2d)? + Meus a s + 4d 3arctan 4 note + don = 


and 


* 
ó—x 


f ln y? dy = (6 + x) In (8 + x) + (6—x) In (5—2)—2ő 


. we finally obtain 


= (8 + =) In fade + (6 + at + (9 —2) n a? + (ó — x) +4 


T - =) — 6-3) (8+ 3— 


+ arctan 
— (8— x) In (6-2) 201444 281m = —26. NC 


The maximum temperature in the centre of the focus is found by putting 


x= 0, which idi . A i ; E owl 
kT, 28 4d 2 8 EN 
E ccenc T j 2 E 
Wd nd með E t (a uai a ae 


If we neglect lateral dissipation of heat we should have 


Wa 
Tm => 2, 


k 


d ^ d s 
m TE eO) - 


, 
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so that the right-hand side of (45) represents the reduction in the tempe- 
rature relative to this case: This relative reduction has been plotted as a 
function of the ratio 26/d in fig. 13; curve I. : ` 


Fig. 13. The quantity S = kTm/Wd, measuring the decrease in the maximum temperature 
relative to the case where no heat is dissipated in a lateral direction, and plotted as a’ - 
function of 26/d or 2R/d; the load must be understood to be continuous, and homogeneously 
distributed over the focal area. i 2 

u^ Curve I: infinite line focus. Curve II: circular focus. 


`~ 
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The temperature distribution across the focus is'given by (44), which for 
ô< d simplifies to i 


: 
mT 2610 — (5 + x) In (6 42) —(6—#) In (6-2). (46) 


_ After dividing by (45) we find that the ratio T/Tm can be expressed as a 
-. function of x/ó, the ratio 2ó0/d serving as parameter; for 26/d = 0°5 this | 

function has been plotted in fig. 14, curve I... : 

In fig. 15, curve L, we have plotted the specific rating capacity for a 
copper anode, and a focus 1:2 mm wide, assuming that the temperature 
of the water-cooled surface is 100 °C (see below), and that the permissible 
maximum temperature of the target is 300 °C. Because of the small angle 
under which the X-ray beam is leaving the target and of the high absorption 
of the soft X-rays emitted by. copper, only slight roughening of the surface 
can be permitted, so that the maximum temperature must be kept at such 
a low value. : . 

A second limit to the rating capacity is set by the temperature of the 
water-cooled surface, which should not rise above 100 °C. This cooled sur- ^ 
face will not be at a uniform temperature, because the drop in temperature 
between the copper and the cooling. water will be proportional to the heat 
flux per cm?, This heat flux will be greatest at the centre and to this point 
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‘we shall direct our attention. The permissible maximum: heat flux will 
be that flux for, which the surface temperature reaches 100 °C, and will 


a.o. depend on the speed of the cooling water. 
: CREATE 4 


: LX) f 2 3 
` Lir] ‘ à 
Fig. 14. The temperature distribution in the focus for a continuous and homogeneous load. 
Curve I: infinite line focus; 26/d = 0-5, Curve IT: circular focus of radius R; 2R/d = 0'5. 


E 


150 


Fig. 15. Specific focal load as a function of anode thickness for a copper anode and a 
homogeneously loaded infinite line focus of 1-2-mm width. 
. Curve I: assuming that the permissible maximal temperature of the focus is 300 °C 
‘and that the water-cooled surface is at 100 °C. Curve II: assuming that the maximal heat 


current across the cooling surface is fixed at 24 W/mm?. 


. 
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The heat flux will be praporiional to the temperature gradient oT/ox 

- at the cooled surface, and this gradient may be computed in the same way 
. as the temperature itself. An element (—1)" 2Wdx of the image focus in the 
plane z — 2nd (fig. 11) and at a distance x from the yz-plane will contribute 
to the temperature gradient in the z-direction at the point O, d an amount 


i F ea) ap. a 


E" sk neier UD 


. t 
By integration, and by summation over all sources we find the actual . 
temperature gradient to be 


oT W^ : (2n — 1) d u 
[2073 Lev fads Ld ws (88) 


Li 


which after performing the cL NE 


oT 4” 
Oz 


P ; 
n 
a2 (—1) arctan Tg Sig * DUM 
In fig. 16, curve I, we have Tonu the ratio of the maximum heat 
flux at’the cooled surface'to the maximum heat flux in the focus, 
“as a fuüction of the ratio of focus width to anode thickness. If the 
-focus width is large compared with the anode thickness, the temper- ` 
ature gradients at the front and at the back are the same; but if the 
' focus width is of the same order as or less than the anode thickness, the 
divergence of the heat flux causes a considerable reduction in the 


3 4 5 6 
— 2i or 2f. $4668. 


. Fig. 16. The ratio of the maximum heat flux across the cooled surface to the heat flux i in 
the focus, plotted as a function of 26/d. : 
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|. determined by experiment. 
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temperature gradient at the cooled surface. Consequently the thicker 
the anode the greater will be the maximum possible heat transfer from 
“copper to water. Curves» II in fig. 15 shows how the maximum rating 
capacity in the focus increases with anode thickness, when the maximum 
specific, heat flux across the cooling surface is set at 24 watts/mm?. 
It was observed that this heat flux raised the water temperature to just 
below the boiling point when the water current was flowing at its normal 
speed of 8m/sec. — . : FÉ 
The optimum thickness of the anode is that for which the water tempe- 
ratute remains just below 100 °C while the focus is as its permissible maxi-: — - 
mum temperature. This condition is satisfied at the point of intersection . 
of curves I and II in fig. 15; a thickness less than that fixed by this point -. 
nécessitates a reduction in the heat transferred to the cooling water; a s 
greater thickness necessitates a reduction. in the load in order to keep the 
' target temperature at iis permissible value. For the tube described above, 
utilizing a line focus 1 2 mm wide and a cooling current of 8m/sec, the 
optimum thickness of the anode is 2 mm. The maximum specific load ofthe 
focus is then 80 watts/mm?, in good accord with a value of 72 Warum 


As mentioned earlier, experiments showed that for a cooling-water 
current of 8m/sec the maximum’ amount of heat that can be dissipated 
is 24 watts per xum? of the cooled surface. The highest resistance to the 
transfer of heat occurs in a thin laminary boundary layer where the - 
conveyance of heat takes place by pure conduction. As the thermal -~ 
conductivity of watér is 0-006 watts/em°C, it follows that for a wall ~ 
temperature of 100 °C, a water temperature of 20 °C, and a heat transfer 
of 24 watts/mm?, the boundary layer must be of the order of 2 x 10¢mm_- 
thick; this is of the order of magnitude that might hydrodynamically be 
expected. It may be added that, if the turbulence in the cooling current, ^ '; * 
. is artificially increased, the thickness of the boundary layer will decrease ~ : 
and the heat transfer will be improved MES 2098 7 , 


6. A two-dimensional focus 


For a circular focus Müller 3) has computed the temperature distribution un. 
and the conditions of heat flow, under the assumption that the specific 
load’ decreases from the centre to the periphery according to a Gauss- 
function. By following the same line of reasoning-as adopted above for the 
' line focus, we shall easily arrive at more general formulae valid for a focus te i ] 
of arbitrary shape and with an arbitrary distribution of the load: These ' 
will then be applied to a circular focus with a homogeneous load, where 
we shall be led to qualitatively the same conclusions as Müller. 

We have now to use the three dimensional differential equation 
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dT T oT : 
= =0 50 
dx? oy? TUN oz pU 


with the boundary conditions 


> : wW 
à z=0: VUE a R 
' oz k 
i oT i 51 
i P — = 0 outside F, 2 6 ) 
2 Oz 
zd: T=0. 


As in fig. 11 we shall again assume a set of image, foci located in the 
planes z = + 2nd, alternately generating and absorbing heat, and with 
the same distribution of the load as the true focus at z = 0. The actual 
temperature distribution in the anode will ihe be the same as the distri- 
bution between z = 0 and z = d in this system. 

Since the foci are now finite in the direction of y also, we must instead of 
(37) use its three-dimensional analogue. A source element dF with a capa- 
city (—1)" 2WdF will produce a temperature difference between two points 

-P and Q at a distance r from the z-axis given by 


WaF( 1 E 
dak Y Qupd Only gt 


: dT = (—1)" (52) 


"^ where o measures the distance between the projections of P (or Q) on the 
xy-plane and the element dF (see fig. 17). By summation and integration 
over all sources we obtain 


n= +o 


uS ` T = —1)" Tonn dF, 53 
: "EES - 2ak D (=) IE. d? +. 92 a (>s) 


n= o 


the terms with V@n—1} d? -|- g? cancelling. 
out. In this expression W may be any 
function of x and y, and is independent 
of n. We shall now apply this equation to 
some particular cases. 


Fig. 17. Illustrating the formulae for computing the 
temperature distribution in a homogeneously loaded 
circular focus under a continuous load. 
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A) A circular focus with homogeneous load 


If the thickness of the anode is large compared with the radius of the ‘ 
focus we have Rid< 1, and the terms forn—0 sh be ignored; this gives 


` 


wW pg 
= — P apc zi [^ d 54 
oak) o Qak nh. eap- (4) 
F E - NE 
Inside the focus we have E i 
; r«R (fig. 17) 
and , ! 
, R? = r? + g?—2rpoos g. 
or , ; a 
Q = r cos p + IR? — r? sin? p, i 


giving 


*3 R-r Rar ` ] . l 
wW ] : 
T = — (2. d —2 d . NW PS . 
mat | le 2 fie oe 
i o R—r š 
By partial integration we obtain ; 


wW i 
T= 5 Sam (Rre) 2] + 2 f ap 
3t ° 


0 0 . 
Or .- 2 WR T mE 
rT--——E(. 55) - 
^ zk R ( ) 
where E(r/R) i is the complete elliptic integral of the second kind and of ` ^ 
- argument r/R. *) , 
` Outside the focus we have 
r—RA. 


which leads in a similar way to 


T-UTRQ-RÓ-: ORO seo 


` where K(Rjr) and "(Rn are the complete elliptic integrals of the first 
and second kind, now of argument Rjr. i : 


A az 
fs E(k) = | VI—# sir? y dy 

0 À "P 
and f . : wu tue 


aj? dv f 
" 6 V1—k? sin? y 
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Thus for R< d the temperature T. at the centre of the focal apoti is 
by (55) 
Tm = WRjk - 0 t . (57) 


The temperature distribution across the focus under these circumstances 
“is represented by curve II in fig. 14. 
When R > d, we have evidently 


= Walk, - l (58) 


' since in this case no appreciable divergence of heat current will occur. 

Whenever the focal diameter is of the same order of magnitude as the 
thickness d, the terms for n = 0 in (53) must be taken into account, which 
requires more elaborate calculations. The result i is TOEA in fig. 13, 
. curve II. 

We may infer from these expressions that thi eMe rating capacity 
will be inversely proportional to the diameter of the focus, when the focal 
dimensions are small compared with the thickness of the anode. Hence the 

` permissible total load increases as the square root of the focal area. 

_ When, on the other hand, the focal dimensions are large compared with 

anode thickness, e equation (58) will hold ened; and the total load will vary 

- in proportion to the focal area itself. i 

` From the shape of the temperature- -dissiidión curves for a line focus 

` and for a circular focus as-shown in fig. 14, it may be concluded that an 
isothermal focus can- be achieved by applying a load heavier at the edge 
than at the centre. For a given size of the focus the rating capacity will 
then B somewhat higher than fora homogeneous load. 


` -B) ‘Elliptic focus with homogeneous load 


If the focus i is an ellipse, in all its dimensions small compared wiih the 
thickness of the anode, the maximum temperature at the centre can be | 
shown to be ni . . ` 


7, 2 My TENES (59) 


where a and b denote half the major and minor axes of the focus, and 
where K is once more the complete elliptic integral of the first kind. 
As particular cases we mention 


Wa 
k 


? 


(i) i , a= b (a circle), which gives Ta = 


- Wa 
(ii) - ‘a= 3b, which gives Tm = 0°51 age 
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C) Rectangular focus with homogeneous load 


For this case the maximum m temperature at the centre has been computed ' 
from (45): as 


“Tm == ee aTe ”)+omf Pes o 


where 2a and 2b are ilis length and the width of the focal spot. This 
yields for a = b (a square) 


: 112 Wa S 
i ; Tn = NE EL 2 
and for a= 3b a . - 
' 0:59 Wa i 
Tm; SE " 


d. Rotating anode x 


When the time of exposure is indefinitely increased the specific rating 
capacity for a rotating anode, as computed i in section 4, is reduced to zero as a 
consequence of the assumptions (1) that the anode does not itself dissipate 
- heat and (2) that it possesses a finite heat capacity. With such tubes as 
depicted in fig. 4'of our second paper, a certain amount of heat can, however, 
be dissipated by radiation, thus permitting the application of a continuous 
load of some hundreds of watts, on which instantaneous loads of up to. 
50 KW can be superimposed. This suffices for medical diagnostics. The’ 
temperature requirements under these circumstances have already been' 
discussed in section 4. ` * 
| For other purposes, such as crystal analysis, much heavier continuous 


loads are required, and this has led Müller +), Astbury and Preston 5), Du " 


Mond and Youtz €), Fournier, Gondet and Mathieu 7) to constructing tubes-.- 


with rotating anode and water cooling combined. 
` A complete though fairly complicated calculation of the temperature in 
“the focus of such a tube was accomplished by’ Du Mond, Watson and 
Hicks 8). We can, however, arrive at reasonably exact results in a much ' 
simpler way as follows. During the passage of the beam the temperature 

in a the focus rises by an aniount i (see eq. (15)) - 
wad E . (81) 
Dyke’ : 


» where, as hefore, 26 measures the width of the focus, D the diameter of the 
focal path, and v the number of revolutions per second. This temperature 
rise is superimposed on the temperature T, of the front face of the anode 


" 
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just before the passage of the beam. Roughly we may put T, equal to the, 
temperature the front face would assume if the power input W were uni- 
formly distributed over the entire area traversed by the focus, which gives 
Wd 20 
T, = — —- 62 

? k aD e 
The actual temperature of the front face will fluctuate about an average 
temperature given by (62). The temperature just before the passage of the 
beam will consequently be lower than this value, but as, owing to the 
water cooling, the average temperature will be comparatively. low, the 
difference will be of little importance. By adding (61) and (62) we obtain 


: 2 ,1/ 2ó «d ]1/óv ` 

Tm = wy as (1 Pu i5) 16a] 
- in good agreement with the results of Du Mond, Watson and Hicks. 
: From (63) we may compute the rating capacity for a continuous load; 
the rating capacity for one revolution will be only slightly higher, since the 
temperature rise T, is the same in buth cases, while T, is low in comparison 
with T,. Müller has actually calculated the temperature for a circular ` 
focus, entirely neglecting the basic temperature T,?); for his tube, the 


anode of. which had a relatively large cerns this makes but little 
. difference. 


When D = 38 mm, v = 50, the focal width 26 = i 2 mm, and the anode ` 


thickness is 2:0 mm, we obtain for a copper anode 


x 


T, = 43103 W and T, = 0:52.09 W. 


Assuming a’ permissible maximum temperature difference bets front ` 
and back of 200 °C, the rating capacity will be 410 watts/mm?; that is 
five times as much as for a stationary anode. However, as already pointed ` 
out in section 4, a rotating anode permits a higher maximum temperature, 
so that a reasonable lifetime can be realized with even double this load. 
The use of a rotating anode has the yet further advantage of a consi- 
derably enlarged cooled surface. Since the cooled surface increases with the 
' diameter of the anode, while the rating capacity by (63) only increases 
as the square root of the anode diameter, the specific heat flow will be 
‘reduced. For instance under the conditions specified above the heat flow 
at the back of the anode will be only 4 watts/mm? so that only a moderate 
. speed of the water current will be required for effective cooling. 
Since T, is small compared with Tj, the.anode thickness will not be a 
critical factor and. will be of much less importance than for a stationary 
` anode. The situation may be compared with that prevailing in a rotating 


e 


ES ` 
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tungsten anode with ‘copper backing, where we also found that the thickness ` 
of the tungsten target has relatively little influence. 

It will be generally advisable not to reduce the anode shidkuess below 
1 mm,since then the high local temperature in the focal spot will produce 
.. high local temperature gradients at the back.of the anode, which will neces- , 
sitate a greater speed of the cooling current. 
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ABSTRACTS OF RECENT SCIENTIFIC PUBLICATIONS OF 
. N.V. PHILIPS’ GLOEILAMPENFABRIEKEN 


Reprints of the majority of these papers can be obtained on applic- — 
ation to the Administration of the Research Laboratory of N.V. i 
Philips’ Gloeilampenfabrieken, Eindhoven, Netherlands. Those papers 
of which no reprints are available are marked with an asterisk (*). 


1746: J. F. H. Custers: Note on the measurement of specular and 


diffuse photographic density (Photogr. J. Sect. B 87, 59-63, 1947). 

Ín measuring the density of photographic films, the smallest value or 
so-called diffuse density is measured when the measuring instrument 
catches the whole transmitted flux, and the largest value or so-called 
specular density is measured when only the flux transmitted pom to 
. the layer is recorded. 

The author has made some measurements in order to- test a method 
recommended by Pitt (1938) for separating specular and diffuse densities. 
, He arrives at the conclusion that Pitt's method can be used only for 
po or layers scattering light according to Lambert’s cosine law, whereas 
it,is of little value for all ordinary photographic films or plates because 
these show a scattering mechanism obeying quite different laws. 


1747: P. M. van Alphen and C. J. Dippel: New technical possibi- 


lities in.the micro-reproduction and multiplication of documents 

(Rapports dela 17me conférence dela F.I.D. Berne 25-30 aoüt 1947). 

. An analysis is made of the possibilities and limitations in connection 

with the resolving power and optical conditions for recording a micro- 
. picture and making it legible. 


'. The contents of this paper partly cover the articles by C. J. Dippel add 


co-workers in Philips tech. Rev. 9, B and 289, 1947. . 


= 1748: J: Hoekstra and C. P. Fritzius: De ‘hechting van verf en 


vernis (De Verfkroniek, Amsterdam, 20, 195-198, 1947.) (The 
adhesion of paints and varnishes; in Dutch). ` ` 


Paint adhesion may be defined as the energy necessary for lifting a a 
unit surface of paint from its base. As it is practically impossible to mea- 


sure this energy, a method is looked for in which a paint film is drawn 


from the base under specified conditions while the applied force is measured. 
The authors, choosing a shearing force rather than a force perpendicular to 
the film, describe a method in which the upper surface of two metal blocks 
with a metal strip between them is painted. After unscrewing, the us is 
drawn off in parallel with the paint layer (see also Philips tech. Rev. 8 
147-148, 1946). f Y 
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n9; J. T. H. Custer: Diffusion of water into ^ polymer (J. Polymer 
` Sei. 2, 301-305, 1947). 


In contradistinction with usual methods, the diffusion of water into à 
polymer is investigated by starting from a disc of the material surrounded . ` 
by water. In this way actual-service conditions are often closely approached. 
Since a theoretical basis is desirable, equations are given for this type 
of diffusion and experiments are described from which values for the 
constant contd be derived. 

: 1750*: n J. Bouwkanp and N. c de Bruijn: The electrostatic field 
of a point charge inside a cylinder, in connection with wave guide 


theory (J. appl. Phys. 18, 562-577, 1947). 


The field of a point charge inside a hollow infinitely long circular cylinder 
is studied. The case of an axial point charge is treated in detail. The 
surface-density function is obtained as the solution of a Fourier type of 
integral equation. Then the potential caused by these charges is obtained. -~ 
A second method works in the opposite direction. Here the potential is 
obtained as solution of a boundary-value problem. A third method is 
based on ,the theory of Fourier-Bessel-Dini. series. The potential is. 
developed into discrete normal solutions of the potential equation in cylin-, 
drical coordinates. It is emphasized that the study of the potential problem : 
can serve as a guide in questions of wave propagation in hollow circular 
cylinders. In this connection the third method is shown to be extremely 
‘useful. This is demonstrated in the case of acoustic waves inside a cylinder, : 
caused by a harmonically vibrating point soürce. 


1751: N. Warmoltz: Variational principles in the theory of the cathode 
fall of a glow discharge (Physica, 's-Grav., 13, 479-480, 19477). 

One has to demand that a function, taking into account the formation . 
(ionisation) and the transport of the ions as well, attains an extreme yalue | 
for the real field distribution. Attention is dráwn to a recent remark of 
Seeliger (Phys. Z. 45, 141, 1944) who criticizes Rogowski’s theory of the ` 
cathode fall. By following a procedure given by Seeliger it ‘is possible. 

 to'find an infinite number of these fünctions, but it seems 'difficult to 

select a function permitting a simple physical interpretation. 

1792: C. J. Bouwkamp: A new method for computing the energy of - 
interaction between two spheres under a general law of force 


(Physica, *s-Grav., 13, 501-507, 1947). 


A new method is communicated, based on the theory of Bessel functions, 
for calculating the energy of interaction ae two homogeneous spheres; on ~ |, -* 


y* 


s 
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the assumption that V(r) is the mutual potential energy of two unit point 
masses a distance r apart. Particularly, when V(r) is proportional to the 
nth power of l/r, an early result of Bradley is obtained. For integral values 


' of n subject to 1 < n < 8 a limiting process leads to logarithmic terms. 


1753: K. F. Niessen: On a cavity resonator of high quality for the 
fundamental frequency (Appl. sci. Res., "s-Grav., Bl, 18-34, 1947). 


The quality of a cavity resonator, the cross-section of which is a 
parallelogram of a very special shape, is evaluated. It is shown that this 
cavity resonator may be used where a good quality is required, without 
the possibility of lower frequencies occurring, when the cavity is used as 
a part of a triode generator. 


1754: M. J. Druyvesteyn: Experiments on the effect of low tempera- 


ture on some plastic properties of metals (Appl. sci. Res., 's-Grav., 


Al, 66-80, 1947). - 


The yield value, breaking strength, elongation, and hardness of a number . 


- of pure polycrystalline metals are measured at room temperature and at 


—183 °C. The yield value was always higher at —183 °C than at 20 °C,’the 


difference being relatively small (< 75 per cent) for the cubic face-centred 


: and a number of hexagonal metals (e.g., Mg). The same difference is large 


for the body-centred metals and for Zn, Cd, and Sn. The former metals 


- have a larger elongation at lower temperatures, the latter, however, 


become more.or less brittle at low temperatures. The breaking strength 
and the hardness generally increase with decreasing temperature. ! 


1755*:J. A. Haringx: Over sterk samendrukbare schroefveren en rubber- 
` staven en over hun toepassing bij trillingsvrije opstellingen (Disser- 
tatie, Delft, 1947) (On highly compressible helical springs and rubber 

_ rods, and on their application'to vibration-free mountings; in Dutch). 


The contents of this thesis will appear in full in Philips Res. Reports. 
Part of the subject has been treated in Philips tech: Rev. 9, 16 and 85, 1947. 


1756: Balth. van der Pol: Wiskunde en radioproblemen (Simon Stevin, 


Groningen, 25, ne 198, 1947) (Mathematics and radio puse 
Dutch). 


À lecture read before the Matheaineeal Centre at Amsterdam. An 
English translation of this paper.was published in Philips Res. Rep. 3,- 
174-190, a dd under number R 19. a 
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THE SYNTHESIS OF PASSIVE; . 
` RESISTANCELESS FOUR-POLES THAT MAY ` 
VIOLATE THE RECIPROCITY RELATION 


by B. D. H. TELLEGEN 6213925 — 
x n " i E 
Summary IS 


The most general, passive, resistanceless four-poles of a certain order 
that may violate the reciprocity relation are investigated. They can 
be realized by means of inductances, capacitances, ideal transformers, 
and ideal gyrators. Of every order there are two types of four-pole, NE 
which can be transformed one into the other by connecting an ideal : ` . 
gyrator to any one of their terminal pairs. E ; 
The necessary and sufficient conditions of realizability are derived. ` 


Résumé : mE "ad EC &. 


Les plus généraux quadripóles passifs, sans résistance, d'une certaine 

ordre, qui peuvent transgresser la relation de réciprocité, sont étudiés. 

Ils peuvent étre réalisés au moyen d'inductances, de, capacitances, 

de transformateurs idéaux et de gyrateurs idéaux. Pour chaque ordre | ' ' ` 
il y a deux types de quadripóles; on peut passer de l'un à l'autre en ` ' i 
connectant un gyrateur idéal à quelqwune des paires de bornes. 

Les conditions de réalisation, nécessaires et suffisantes, sont établies. 


l. Introduction , l i MN 
In a former article 1) we showed that besides the four known ideal, linear, 
constant, passive network elements — the capacitor, the resistor, the : 


inductor, and the transformer — a fifth similar network element can be 
conceived, which we termed the gyrator. The ideal gyrator | 


aa : 
is a four-pole defined by E. ES A 
i f v= —s,) . . ' 
l MP l oar . (1) b = 
Ye = sia), ' 3377 
which violates the reciprocity relation. In circuit diagrams Fig. 1. Symbol for 
. we shall represent it by the symbol of fig. 1. the ideal gyrator. 
In this article we shall discuss the synthesis of passive, | 


resistanceless four-poles that may violate the reciprocity relation, and we . 
shall show how this can be achieved with the help of the ideal gyrator. f 
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„2. The concept of order of a four-pole 


As im a discussion on the synthesis of resistanceless four-poles satis- ` 
fying the reciprocity relation?), we begin by introducing ‘the concept of 
` order of a four-pole. For this purpose we connect the four-pole Z, whose - 
equations are' 
V, = 2,1, + Zè Ij 
Vo= Zan h + Zos T. 


` (2) 
where sis coefficients Zij are rational functions of the frequency param- 


eter A = jw, in the way indicated in fig. 2 to a four-pole r containing no 
capacitors and no inductors, whose equations are 


=V = Ta h t ny I5, 
— Và = rg, Ty + T L.j 


The order of the differential equation of the free 
vibrations of the system so formed we call the order 
of the four-pole.. . : 

By eliminating Vi, V4, and I, or I, from (2) and 8 ) 


we arrive at’ 


(3) 


SI - 


Fig, 2. The four-pole (Zu + ri) (Zee + 799) — (Zire + ri) (Za Tg) = 0, 
Z connected to a 

four-pole r contain- OT 

ing no capacitors 


and no. inductors. Ly Zo — Am + reg + T1159 — T1449 — M + 
e" E ` + Tuas — TiTa = 0. (4). 


` To obtain from this the differential equation of the free vibrations we bring 
“ZiZa — ZiZa Zi Zz» Zyg, and Z,, to the same denominator and put 

i ` pow ra l 

` Ae s B, H, H, D : 
£uc Za =.> ty = In = Cc’ ZyZo9—Zy ee 2 
A, B, C, D, H,, and H, are thus oe hia in i with sed coefficients 
between which there exists the relation — ' p 


£ 


AB—H,H,— CD... i (6) 


' We may suppose that these six polynomials have no common factor. 
By substituting (5) in (4), multiplying by-C, and replacing A by d/dt, 
the differential equation of the free vibrations is obtained. The order of 
the four- -pole i is thus equal to the highest degree in 4 of A, B, C, D, Hy, 
and H, 
Four-poles may now be classified by their order. 


` 


4 


“ 
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_ 3. Various forms. of the four-pole equations : ` a 


_ By introducing the polynomials 4, 5 C, D, H, Hy the four-pole sone 
tions (2) take the form - 


* A H. i i s 
V= T L+ Tis 2 
E Au 


>` H B 
id ox cl 


Instead of expressing V, and V, in terms of I, and I, as is done in (7), we » 
can also express I, and J, in terms of V, and V,, or T, and V, in terms of V, 


and L,, or V, and I, in terms of I, and V}. From (7) and (6) we can thus ui 
derive the following three sets of equations : EE" ` 
= B H. 
L=. = n- T,, 
D D 
H y (8). 
hee D Vs, 
z C ‘A 
L= —V,-—h, 
. A A 
(9) 
H, D 
"em DU ae 
D H. 
h= dob e 
H C (10) 
I, = a I, -.— Y, | 


* ? ae? i * D. 
We see that the common denominators of the coefficients in these sets ` 
are successively C, D, A, B. *) These equations illustrate the usefulness . - 
of the six polynomials connectéd by (6) in characterizing a four-pole. 


4. efans four-poles ` 


If the equations (2) belong to a resistanceless four-pole, it is shown in the 

_ appendix, in section 5, that both Z,, and Z are imaginary, and that of 
Zia and Za the i T parts are equal and the real parts are oppositely- ` 
equal. As by (5) Z,, = A/C and- Zą = B/C, both A/C and B/C will be 


imaginary. As by (5) Zia = Hj/C and Za = = H,/C, we introduce two new 
ae H and K, defined by . 
(OHQ—H-K H,=H+K. : ' (11) 


*) If we express E and V, in terms of I, and F}, or I, and V, in terms of I, and Fp, the 
common denominator of the coefficients becomes H, or H,, respectively. 


` 


e 


` 


TUR 


` Là 
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Then H/C will be imaginary, and K/C will be ral By .the introduction 


of H and K equation (6) changes into 
^ - AB—-H* = CD— K. 


(12) 


We’ can now ‘distinguish between two types of resistanceless ie oo, 

. namely either A, B, and H containing only terms of even degree in 4, and 
C, D, and K containing only terms of odd degree in 4, or vice versa (for the 
zero order this means: either A, B, and Hare constant, and C, D, and 

^ Kare zero, or vice versa). If we connect an ideal gyrator to any one of the 
terminal pairs of a four-pole of one of these types, it transforms into a 

. four-pole of the other type. If, for example, we connect a gyrator with 
gyration resistance s to the primary terminal pair of a four-pole charac- 
terized by the six polynomials A; B, H, C, D, K, it transforms into a four- 
pole characterized by A’, B', H', C', D', K', such that A’ = s?C, B' = D, 


H' = sK, C' = A, D' = sB, K' = sH. 


We shall now investigate the number of independent parameters charac- 
terizing a general resistanceless four-pole of order n. The number of coeffi- 
‘cients of an even and an odd four-pole polynomial together is n + 1; so the 
total number of coefficients of all six polynomials amounts to 3(n + 1). 

` By (12) there exist relations between these coefficients. As (12) contains 
only terms of evén degree and the highest degree is 2n, it leads to n + 1 
relations between the coefficients, so that there are only 2(n + 1) inde- 
pendent coefficients. As a four-pole is characterized by the ratio of these 
coefficients, a general resistanceless four-pole of order n is characterized 


‘by 2n + 1 independent parameters. 


` 41. Four-poles of order zero 


(a) A, B, and H constant; C, D, and K zero. 
- Substituting this in (9) and (11) we come to 


H 
deeds 
A n g z y,— ru. 


which constitute the equations of an ideal transformer. 


(b) C, D, and K constant; A, B, and H zero. 
. Substituting this in (7) and (11) we come to 


. E. 
: | nes. 
: K 
ye f. 


Q3) 


(14) 
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4:2. The most general four-poles of order n 


By (7) we see that A/C is the impedance between the primary terminals . 
: of a four-pole when the secondary terminals are open (I, = 0). For a four- 
pole of order n, A/C will therefore in general represent the impedance of a’ 


resistanceless two- -pole of order n. We shall show that this condition, 
-together with the conditions for 4, B, H, C, D, K stated in section 4, is. 
sufficient for the realizability of the four-pole. In special cases A/C may 


represent an impedance of order less than n. These will Be dealt with in . 


section 4-3. 


For n — 0 the above statement is proved i in section 4'1. We shall now ' 


prove it for n = 1. We must distinguish between two cases: the degree of 
A, B, and H can exceed that of C, D, and K by one, or vice versa. 
(a) A, B, and H of degree n; C, D, and K of degree n—1. 


. We put "S 
A= ay bar. N 
B-—b + bA +..., 
H= hk LhA-..., 
| C — ol pe +..., a—N S 
d ` D = d, + d + dise pI” 
K= kant + kya" +... E s 
From (12) it follows, if we pay attention to the terms with 72", that 
; RUE E Agby— ig? = 0. l ' — (26) 


We start from the four- -pole equations of the form (7) which by (11) may jes 


' written as - 
^ A H K 
¥,=41, «(S al 


` 


C 


H K C ~ 
n= («E ht gh 


AJC, BIC, id H/C all have a pole at 2 = co. To remove these poles we 
split these fractions into two partial fractions by putting 


: » . 4 aA A’ b 
C a C’)? 
p = 
= (18) 
i C a. C 
H hà W 


qo. 


s 
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The fractions A’ IC, B’ JC, iud H'|[C' have zeros at A= co. As AIC: repres- 

ents the impedance of a resistanceless two-pole of order n, it follows from ` 

the theory of two-poles?) that a,/c, is positive and that “A'/C represents 

‘thé impedance of a resistanceless two-pole of order n—l. 
Substituting (18) in (17) we get 


a A hà E D. 
' QUERR E aTr 
* 1 1 


C C 5 
(19) 
ht ʻa B' 
V, = LE HS + (vh 
This represents the series connection of a as defined by 
gd hyd 
Y= v hs aa 2: 
hà b à pu 
, EE E i, 
e 


‘which, by virtue of (16) nid the positiveness of ids can be represented by 
an ideal transformer with an inductance in parallel to one of its terminal " 
~ pairs, and a four-pole defined by . . 


ze cd A’ " K 
ZEN n-cu€[-2e 


H B' 
n-(S toti 


, as is illustrated by fig. 3. — , 
. To investigate the order of the HC pni (21), we calculate the quantity . 
- D' defined by l 


+ 


. (21) 


` 


A'B'—H? + K? 
D' = pobre qoe P 


C 
By substituting the values of 4’, B', H' from (18) we get 


AB—H? + K? — (Aby + Bay —2Hhy) Af, — 
Rc D m 
53763 = D — (Ab, + Bay — 2Hh,) Afe, , 


u Po. , a polynomial of degree n—1. We have thus found six 


B, Hare of higher polynomials, A’, B; H', C, D', K, satisfying a relation 
degreethanC,D,K. of the type (12), containing only terms of even degree 
i or only terms of odd degree, of which 44', B', H' axe of 
degree n—2 and C, D', K are of degree n—1, and of which C/A’ represents 
the admittance of a resistanceless two-pole. The four-pole defined by these 
quantities has thus properties similar to those of the original fone pole, 


D' = 


“A 
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with the exception that it. has the T n—1, and that .A', B', H have a 
degree one less than the degree of C, DK. ‘ 


(b) 4, B and H of degree n—1; C, D, and K. of dones n. 
This can be treated quite analogously to the former case. | We start from 
the four-pole equations of the form (9) which by (11) máy be written as 


ae . 
ha Gut aa) 

K D Q2) 

m=(F+4 eager a 


Now C/A, D/A, and K/A all have a pole at 4 = co, which can be removed 
by, a splitting into partial fractions. The four-pole can correspondingly be 
represented by the series-parallel connection of a foür-pole consisting of an - 
ideal gyrator with a capacitance in series with the primary terminals (or an 
inductance in parallel to the secondary terminals, which is equivalent to this), 
and a four-pole of order n—1, as is illustrated by fig. 4. 

The four-poles of order n—1 that enter in figs 3 
and 4 can again be represented by a combination as 
in fig. 4, respectively fig. 3, leading to four-poles of . 
order’ n—2. Thus, by alternately splitting off a series 
connection of an ideal transformer with an inductance 
in parallel to one of its terminal pairs, and a series- 
parallel connection of an ideal gyrator with a capacit- — nee 

B : wes " Fig. 4. Reduction 

ance in series with its primary terminals, the order of of a four pole if A, 
the four-pole can be successively reduced until we come B, H are of lower, 
to a four-pole of order zero which, as shown in section  degreethanC,D,K. 
4-1, can be realized by an ideal transformer or by an 
ideal gyrator. Thus we have shown that the. conditions mentioned in the 
beginning of this section are sufficient for the realizability of the four-pole. 


M 


The reduction of the order of à four-pole discussed above is based on the ` 
removal of poles at 4 = co. We can also base this reduction in a similar way ` 
on the removal of poles at 4 = 0. We must distinguish between two cases: A, 
B, and H can be of even degree and C, D, and K of odd degree, or vice versa. 


(a) 4, B, and H of even degree; C, D, and K of odd degree. 
NS put '" A=% dados "os mes E 
i : B=b +5 22+..., 

H=hħ +h B+... C : 

C = ch + eg BH. o ` f (Q3). 

D= d + dhh H.a, i . 

K= kh + kg +... 
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~ 


From a2); it follows, if we pay attention to the terms without A, that 
fn 3 (24) 
We start from "T four-pole equations of the jani (17), where now A/C, 


B/C, and H/C all have a pole at 1 = 0. To remove these poles we split 
these fractions into two partial fractions by putting ; : E 


where C' = C/A. 
The four-pole can thus be one by the series connection of a four- 
. pole defined by- 
hy 

V7,=—,4+—1 

177 E CA 2: 
I E E b 

A V, hada, 
"which ean be represented by an ane NUM with a capacitance in 
: parallel to one of its terminal pairs, and a four-pole defined by 

AN ' K 

d l Y= eh F (z — T Ih, 


- (27) 
* s y. E t +5 a A +5 . 
2 C 
where K' — K/A, as is illustrated by fig. 5. 


. To investigate the order of the four-pole (27) we 
E calculate the quantity D' defined by 


"E. "nt 12, | 
pras ind Se 


- 3 V g : SS77/ 
By substituting the values of A’, B’, H' from (25) we get ^ Fig. 5. Reduction 
of a four-pole if A, 


i He a oe a — dure EE 
i CA : degree and C, D, K 
= D/A — (Ab, + Bay — 2Hh,)[c 22, are of s degree. 


-aa a polynomial- of even degrees  - 
, Thus we come to six polynomials or f which A’, B, H' as well as C', D’, K’ * 
are of degree one less than that of 4, B, H, respectively C, D, K. 


* ` 


e6) 
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E (b) A, B, and H of odd degree; C, D, and K T even ura : NS 
`| Starting from the four-pole equations of the form (22) wé are led to the. E ` 
series-parallel connection of an ideal gyrator with an inductance in series .; 

with the primary terminals (or a capacitance in parallel 
to the secondary terminals, which is equivalent to this),' a 
and a four-pole of order one less than the order of : d ` | D 
i the original four-pole, as is illustrated by fig. 6. ' 


The methods discussed for the reduction of the order 
of a four-pole of order n all started from A [C represent- 
ing the impedance of a resistanceless two-pole of order poem 
n. Instead, we may also start from B/C, D/B,or D/A. Fig. 6. “Reduction : 

. representing the impedance of a resistanceless two- _ ofa four-pole if A; 

pole of order n. We can thus develop four alternative . B, H are of odd. >~ 
modes of reduction, illustrated by fig. 7 d, e, f, and g. hide iw ud 

Fig. 7 and its caption summarizes all our results on the 

reduction of general resistanceless four-poles. "Es 
. By starting from the ideal transformer or the ideal gyrator, and using ` 
fig. 7, we come to circuit diagrams for the general four-pole of order n 


000000 
Li 
* 4 


Sc £ : g "o OX d ? 


Fig. 7. The reduction of general resistanceless four-poles. ` 
. a and e: A, B, H of higher degree than C, D, K; degree of A, B, H diminished by 2, degree 
of C, D, K not diminished. 
b and f: A, B, H of lower degree than C, D, K; degree of 4, B, H not diminished, degree of 
C, D, K diminished by 2. 
c and g: 4, B, H of even degree, C, D, K of odd degree; degree of 4, B, H and of C, D,K > 
diminished by 1.  : €t 
` dand h: A, B, H of odd degree, ps D,K ii even T Ee degree of 4, B, H and of C, D, K 
cones by 1. 
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containing 2n--1 elements. As we saw in section 4, this equals the number 
' of independent parameters, and so all these circuit diagrams contain the 
minimüm number of elements. The number of L’s and C's in these diagrams 
is equal to n, the order of the four-pole; the number of ideal transformers 
. and gyrators is equal to n-4- 1. 
In fig. 8 circuit diagrams for the two types of general resistanceless four- 
pole of the zeroth, first, and second orders are thus drawn. Besides these, 
many equivalent circuits are possible. 


4 - 39774 
' © Fig. 8. Synthesis of general resistanceless four-poles. 


s 


. The circuit diagrams for general resistanceless four-poles without gyrator 
' developed in-a former article ?), and which for the zeroth, first, and second 
orders are reproduced in fig. 9, are special cases of the circuit diagrams of^ 


.. fig. 8. By making the gyration resistance of a gyrator equal to zero the: 


latter turns into two short-circuited terminal pairs; by making the gyration 
resistance infinite the gyrator turns into two open terminal pairs. By means 
of this the four-poles of zeroth order of fig. 8 directly turn into the four-poles 
of zeroth order of fip. 9. By replacing the gyrator in the first-order four- 
poles of fig. 8 by short-circuited terminal pairs, two of the four first-order 
four-poles of fig. 9 arise. By replacing in the fist-order four-poles of fig. 8 
the C or L in series with a gyrator branch by an L, respectively a C, in 
parallel to the other gyrator branch, and by then replacing the gyrator by 
two. open terminal pairs, the other two first-order four-poles of fig. 9 arise. 
In an analogous way, from the first second-order four-pole of fig. 8 four 
second-order four-poles of fig. 9 may be derived, and from the second second- 
order four-pole of fig. 8 one second-order four-pole of fig. 9 may be derived. 
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"This illustrates that the synthesis of resistanceless four-poles that may 
violate’ tlie reciprocity relation is simpler and more. symmetric than the - 
synthesis of resistanceless four-poles that satisfy the reciprocity relation. 


[andes | Resistanceless four-poles without gyrator P i 


— hack m ns 
E TOM 


s eae Zero Even(>0, 
_ 3 : 5 


— 
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Fig. 9. Synthesis of resistanceless four-poles without gyrator. 


4:3. The necessary and sufficient conditions of realizability 


. In the preceding section we investigated the-case where A/C represents. 
an impedance of order n. This is not a ne€essary condition: A/C may also 
‘represent an impedance of order less than n. We shall now investigate , 
what additional conditions are required in this case to come to a set of 
necessary and sufficient conditions. Here we shall only give the results of 
these investigations, details of which are given in the appende sections, 
6-8. 

In general the polynomials defining a four- sido of order n are of Teen n. 
Any such polynomial has n zeros. When the coefficient of the term of degree 
n of a polynomial tends to zero, one of its zeros tends to infinity: There- 
fore we shall conceive every polynomial defining a four-pole of order n to 
have n zeros; some of which may be infinite. : 

: Keeping this in mind, we can state that if A/C represents an impedance 
of order less than n, A and C must have common zeros. In the case of * 
J. ^. resistanceless four- -poles these common zeros are always imaginary, zero 

and infinity included, and in at.ledst A or C these zeros are simple. 


` 
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For any such common zero, B/C and D/A, have corresponding simple E 
poles with positive-real residues: Now, B/C and D/A represent the imped- 
ance between the secondary terminals of the four-pole when the primary 
terminals are open or are short-circuited, respectively. Poles can be removed _ 
from an impedance by splitting it up into partial fractions, as demon- 

, strated by Foster). Physically this removal of poles corresponds to 
' splitting up the impedance into several parts in series: a pole at infinity 
corresponds to an inductance; a pole at the origin corresponds to a capa- 

citance; a pair of conjugate-imaginary poles corresponds to a parallel 
circuit of an inductance and a capacitance. Thus the removal of common 
poles from B/C and D/A corresponds to splitting up the four-pole into a 
two-pole in series with the secondary terminals and a four-pole of lower. 
order. : 

Tf a common zero of A and C is simple in both A and C, the correspond- 
ing residues in B/C and D/A are equal, so that we can perform this splitting 
up of the four-pole by splitting up B/C or D/A at will. If a common 

"zero is multiple in C but simple in A, the corresponding residue in D/A 

_« Will be smaller than the residue in B/C. We can then perform the splitting . 
up of the four-pole only by splitting up D/A. Conversely, if a common 

l zero is multiple in Æ but simple in C, we can perform this by splitting up 

- B/C only. If by this process all common zeros of A and C have been 

, removed, we are left with a four-pole of lower order which may be tealizedd 

by the methods of the foregoing section. b 

.' We thus come to the following 


E 


Theorem 


27^ The necessary — sufficient ee for six setpoint A, B, H, C, 
. D, K in 4, without a common factor, to represent: a passive, resistanceless 
four-pole of order n are that 


(a) the highest degree is n; 

(b) the coefficients are real; 

(c) AB—H? = CD—K?; 

(d) A, B, H contain only terms of even degree and C, D, K contain only 
terms of odd degree, or vice versa; ; 

(e) A/C represents the impedance of a — eee two-pole; 

(f) if A and C kave common zeros, these are imaginary, zero and infinity 
included, and simple in at least A or C;  . ' 

(e) if such a zero is simple in C, B/C has a corresponding simple pole with 
a positive-real residue; 

~ (b) vif such a zero is multiple in C, d has a earren panding ae pole with 


a positive- -real residue. 
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If A/C represents an impedance of order p < n, the four-pole may be. 


realized by a four-pole of order p, whose A/C-value is the same as the A[C-value ` 


of the original four-pole, with a resistanceless two-pole of order n—p connected u 
in series with its secondary terminals. l 


"The above theorem may be stated in other equivalent forms. n the D 
first place, C and 4, ànd B and D may be interchanged in (g) and (h). 
In the second place, in in (e) A/C may be replaced either by B/C, or by ` 
D|B, or by D/A, and corresponding changes in«(f), (g), and (h). These thrée 
cases lead to a realization by a four-pole with a resistanceless two-pole 
in series with the primary terminals, or in parallel to the secondary ter- 
` analea or in pazallsl to the pisat terminals, sis aan 


APPENDIX 


5. A property of resistanceless four-poles os i 
The mean dissipated power m a four-pole is equal to the real part of 
Vu 1," +- V2 1,* , 


where the asterisk denotes the conjugate-complex value. For a resistance- 


less four-pole this must be zero. If such a four-pole is characterized by the a 


- equations 
V= Zalh + Zahi 
EE n= Za T; + Zo L, 
we come to ! . M 
(£u |f + Sy I, I,* + Za Ty I5* + Za P) =0. (28) 
If I, = 0, he leads to Re (Z,,) = 0; therefore Z, is imaginary. By similar 


‘reasoning we may show that also Z, is imaginary. The equation (28). ie 


Mine reduced to : 
Re (Zi I L* + Za I; 1*) = 0. Qu) 
ae Re (1, Pj= Re (L I,*) and Im (I, L*)- — Im (L I,*), we get 
Re (Zi; + Za) Re (I, I,*) — Im (a — Zy) Im (,1,*) = 0. 
As this must be true for every value of I, L* , we finally come to 
Re (Zi + Za)=0 and Im (Zis — Za) = 0. 
Thus. of Zo and Zn the imaginary parts are equal and the real parts are 


oppositely equal. 


, 
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.6. An auxiliary theorem on four-poles 


“ 


„From every four-pole we can deduce a two-pole by connecting the two 
pairs of four-pole terminals to two pairs of terminals of a six-pole. For the 
six-pole we choose one consisting of two ideal transformers and an ideal 
. gyrator, as is s illustrated by fig. 10. The four-pole equations we write in 

the form (17) 


A H—K 
4 Fehr Lh, 
(30) 
` HAK B 
P= C toh. 


If the transformation ratios are u, and ug 
and the gyration conductance is t, we can write 
the six-pole equations as 


Fig. 10. Two-pole deduced from ~ E Rm — tK. i wT. l 
. a four-pole by means of two i d B d. + ukg, i 
transformers and a gyrator. Il = tV. "+ ide > (31) 
di V; = uV, + üV 


_ By eliminating I}, Ia V,, V, from (30) and (31) we can calculate the 
impedance Z = V;/I, of the two-pole. If we put : 


j = aid puc d p B. 
T ? ES E 
B 
and make use of (12), we then come to 
2A + 2 12B 
porre Rd dii 
BPC + 2B,64K +. BD 


' Thus, if 4, B, H, C, D, K are six polynomials representing a passive four- 


.. pole, for every ‘value of ay aa Bi» Pa (32) represents the impedance of a 


passive two-pole. . * oT n 


. T. The conditions of section 4-3 are necessary 


We have already proved the necessity of conditions (a) - (e). To eave? 
the necessity of (f) we suppose A and C to have a common zero that is not 
imaginary. As the numerator and the denominator of the impedance of a 
resistanceless two-pole cannot have zeros that are not imaginary, from. 
(32) we conclude, by putting f, = 0, that a non-imaginary zero of C must 
also be a zero of A, H, and B. Further we conclude from (32), by putting: 
dg = 0, that a non-imaginary zero of A must also be a zero of C, K, and D. 
Such a zero is therefore common to all six polynomials, and thus these 


^ ` 
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have a corresponding common factor which may be divided out. So the only . 


common zeros of A and C that have to be considered are imaginary zeros. 

Suppose now, 4 and C have a common multiple zero. As the numerator 
and the denominator of the impedance of a resistanceless two-pole cannot 
have multiple zeros, from (32) we conclude, by putting f, = 0, that a multi- 


ple zero of C must also be a zero of A, H, and B. Further we conclude from ` 


(32), by ' putting a, = 0, that a multiple zero of A must also be a zero 
‘of C, K, and D. Such a zero is therefore common to all six polynomials, 
which thus have a corresponding common factor which may be divided out. 
So the only common zeros of A and C'that have to be considered are 
simple in at least A or C. i 


-To prove the necessity of (g) and (h) we first prove that a common zero ` 


of A and C is also a zero of H and K. From (12) it follows that a common 
zero of A and C is also a zero of H?—K?. As such a zero is imaginary, and H 


is an even function and K an odd function, or vice versa, for this zero H - 


' is real and K is imaginary, or vice versa, and so H?—K*? is the sum, or the 
| negative of the’sum, of two squares. This can only be zero if both terms 
are zero, and a common zero of 4 and C is therefore also a zero of H and K. 

If such a zero is simple in C, and it is not a zero of B, B/C has a corre- 
` sponding simple pole, which, as B/C represents the impedance of a resist- 
anceless two-pole. has a positive-real residue. If such a zero is siniple in C, 
and it is also a zero of B, it follows from (12) that it is a multiple zero of 


CD, and it is therefore also a zero of D. Thus all six polynomials have a ' 


common zero, which may be divided out, so that this need not be con- 
sidered. o e 

If a common zero of Æ and C is multiple in C, it is simple in 4. In an 
analogous way we may then prove that D/A has a corresponding simple 
pole with a positive-real residue. 


4 
^. & 


8. The conditions of section 4:3 are sufficient 


As, by condition (b), the coefficients of A and C are real, the conjugate 
complex of a common zero of 4 and C is also a common zero. To every 


common zero of A and C there corresponds a common factor of A and C.. 


If we multiply the factors corresponding to two conjugate-complex zeros, 
we come to a factor with real coefficients. So, in considering a factor Q 
corresponding to common zeros of A and C, we can Puppose'ü: to have real 


coefficients. From condition (f) we know that the zeros of Q are imaginary . 


` and simple, and so Q contains only terms of even or of odd degree. 
In section 7 we deduced from conditions (b), (c), (d), and (£ ) that Q is 
also a factor of M and of K. So we can put a 


à Ji AQ» C= = Cy „H= H0, K= KoQ, (33) 
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where Aa, Cos Hy, and K, are polynomials with real coefficients, of which 
A, and H, contain only terms of even degree arid C, and ‘Ky contain only 
terms of odd degree, or vice versa. 
^ Let us first suppose that Q corresponds to zeros that are simple i in C. 
By condition (g), B/C has corresponding simple poles. So we can split up 
_ B/C uniquely into.two partial fractions by putting 


UNE LM Ba P (34) ` 
: C CQ GQ 

where B, and P are polynomials with real coefficients. If C, contains only 

terms of odd degree, B, will contain only terms of even degree, and vice 

versa; and the same holds for Q and P. Moreover, we saw that the zeros of 
- Q are imaginary and simple; and, by condition (g), the poles of P/Q have 

positive-real residues. So P/Q represents the impedance of a realizable 

resistanceless two-pole. ` 


By substituting (33) and (34) in (17) we get - 


Á H, K, 
Y=], 9 c m 
a + (2 a) g 


H, K B, P s) 
n- a) t o) 
Em 0 


C C 


4 
This represents a four-pole characterized by Bs By, Cy, Hy, Ky with a 
two-pole of impedance P/Q connected in series with its secondary terminals. 
To investigate the four-pole we consider the function D, defined. by 


(6) 


[ a E Do= 


ABa — H? -+-+_K,? 

NE ^ B 
From (34) we get ; 
"o , B = BQ + GP. . 20. (31) 
Putting (33) and (37) into (12) we get 

(A44By — Hè + Kj) Q = (D — APyG. (38) 
As C, has no zeros in common with Q, D—A,P has Q asa factor. Thus ` 

'N ck ' 
D—A,P  A,B,—Hyg-- Kg I 
_ Q Co . 


is a polynomial with real coefficients. If C, contains only terms of odd (or 
of even) degree, D, will.also contain only. terms of odd (or of even) degree. 
. ~ If Q corresponds to common zeros of A and C that are multiple in C, 
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` 


from condition (f) we know that these are simple in A, and from condi- . 
_ tion (h) that D/A has corresponding simple poles with positive-real residues... 


We then can in a manner analogous to the one above, by splitting D/A . 


into partial fractions and using (22), also come to a representation of the - 
four-pole by a four-pole characterized by six polynomials Ay, By, Co, Do, 
^ Hy, Ko and a resistanceless two-pole in series with its secondary terminals. 


After removing all common zeros of A and C, we are left with a four- -pole ` 


which is characterized by: six polynomials that fulfil the conditions (b)- (e). * 
and which c: can be realized by the methods: of section 42. m 


M 


Eindhoven, December. 1947 `- "oM 
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‘DISSIPATION OF HEAT px FREE CONVECTION *) 


by W. ELENBAAS mes t 536.28 ^ 


Summary 


A body differing in temperature from the surroundings loses energy 
not only by radiation but also by conduction and convection. The 
general laws governing the latter dissipation of heat are investigated. 
The many quantities governing this transfer may be combined into 
a few dimensionless numbers by means of similarity considerations. 
This leads to an important simplification and facilitates the survey 
of experimental and theoretical results. First, the above-mentioned 
considerations -are applied to bodies that may be characterized by 
one linear dimension only (the vertical plate, the horizontal cylinder, 
the sphere), and further, to bodies characterized by two such 
quantities (the vertical cylinder of finite height, cooling ribs, the 
inner surface of vertical tubes). z 
Résumé 
Un corps qui se trouve à une température plus élevée que celle de son 
ambiance perd de la chaleur par rayonnement et aussi par conduction 
et par convection. Le présent article traite des lois et principes géné- 
raux qui régissent la perte de chaleür par cónduction et convection. 
Des considérations d'analogie permettent de combiner les différentes 
` grandeurs qui apparaissent dans les équations fondamentales en un 
petit nombre d'indices numériques sans dimension. Il en résulte des 
simplifications considérables et cela nous permet de donner un apergu : 
synthétique de données expérimentales et de considérations théori- 
ques, dans ce domaine. 
Avec cette facon de considérer les choses, l'article traite successive- 
ment de corps caractérisés par une seule dimension linéaire (la plaque 
verticale, le cylindre horizontal, et la sphére), et de corps caractérisés 
par deux dimensions linéaires (le cylindre vertical de longueur finie, 
les ailettes de refroidissement, et la surface intérieure d'un tuyau 
vertical). 


Symbols and definitions 


Suffix w means that the quantity should be taken at the temperature 
of the wall (dy). . 

Suffix co means that the quantity should be taken at the temperature 
of thé medium at a great distance from the body (#,, ). * 

Suffix m means that the mean should be taken, for instance: 


E Tx ow 
1 ~ 
m= x3 | $9) de. i NE 
Dw — Boo y d , ` l 


Suffix s means that the quantity should be taken for the hydrostatic state. 


*) The paper is essentially identical to that published in De Ingenieur 60, O 21-O 34, 
,.1948, by the same author, under the same title. 


"specific heat at constant pressure. 


‘acceleration of gravity.- 
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a l/A, Nusselt's number. 

P g o? B Ow/n’?, Grashof's number. 

e V ljn, Reynold's number. 

cp 7/4, Prandtl’s number. 

e cp V/A, PécleUs number. ` ros 
heat conductivity. ` 


density. 


viscosity. s 
coefficient of cubic expansion; for gaseous media f —/T,.: 


E 


velocity; u, v, and w are velocity. components - in the x, 
y-, and z-directions. . 
coefficient of heat transfer = the dissipation of heat per unit 
of area per unit of time and per unit ót temperature dif- 
ference. . >> 


a — mean value of a on the surface. 
lL. = linear dimension. - 
d = diameter. | 7 . 
h = height. ` 
T = temperature in °K. l ; 
D - temperature in Led 807 
o" — difference of temperature as Wu cn to remote sections of ^ 
the medium, 0 = T— T,—92—5. 
fo. = time. . i = 
o — quantity of NS dissipated per second. ` 
F` = heat-dissipating surface. | ‘ 
[WY . Re] = the so-called Poiseuille coefficient. 
b == spacing between the cooling ribs. ^  — E ' 
ô = plate thickness of the cooling ribs. E I 5 
S o — surface of the cross-section of a cylindrical tube. 
^U = circumference of the cross-section of a cylindrical tube. ~ 
r = hydraulic radius of the cross-section = 2S/U. 
y. — the angle that the plates or Gy Und eHs make with the vertical. 
p = pressure. 
| Ps = hydrostatic pressure. 
P = oe | , 
l. Introduction M : ; G à 


In the anode of an X-ray tube or of a E AE valve, in electrically 
cheated wires (such as the filament of an incandescent lamp, or a heating 


ki 


-lement of an electrical furnace), in the windings of a choke coil or a 


- 


840 W. ELENBAAS HN. 


transformer, in thé plates of bárrier-layer rectifiers, ‘and in many other 
apparatus, energy is transformed into heat. As a consequence of the 
heat developed, the peas of these bodies rises above that of the 
surroundings. As the temperature difference i increases, the amount of heat 
dissipated rises until a state of equilibrium is reached, where the amount 
of heat developed is equal to that dissipated. ` 
It is often desirable to calculate the temperature if the amount of 


heat produced is known. Very often one aims at reducing the dimensions ` 


of the apparatus, or parts thereof, as much as possible with a view to 
saving space or lowering the weight, the load, and with it the temperature, 
being increased to the highest permissible value. In a number of cases 


one wants the body, such as a furnace or a filament, to reach a certain 


temperature. In order to ascertain the connection between the amount 
of heat Ø dissipated per second; and the temperature difference with respect 
to the surroundings, we shall first- investigate the mechanism of heat 
transfer. l è ` 


" 


2. Radiation, conduction, convection 


It is usual to divide the dissipation of energy into heat ET bs 
radiation, by conduction, and by convection. In this paper we shall not 
consider radiation because the laws governing the radiation of heat are 
generally well known, and in most cases it is possible to investigate this 
cause of heat transfer separately, and study the loss of heat by conduction 


and by convection apart from radiation. This is evident from the follow- 


ing argument: if a body is cooled by a liquid, the difference in tempera- 


- ture from the surroundings is usually so small that the loss of heat by 


radiation is negligible in comparison to that by conduction and con- 


 vection. If the cooling is accomplished by a gas, the amount of- heat 
' radiated may be considerable (e.g. in the case of the filament of a gasfilled 


incandescent lamp or of a heating element in an electric heating unit), 
but in this case the radiation penetrates the surrounding medium without 
appreciably heating it, and it is only absorbed when impinging upon the 
wall of the tube or that of the room. Thus radiation has practically no 
influence upon the conditions of the surrounding medium; hence the loss 


' by conduction and by convection is practically unaffected by-the radia- 


tion loss, which therefore'may be simply added to the former. To measure 
the contribution of the radiation one may put the body in a vacuum, the 


radiation losses then equalling the energy input when the equilibrium is 


reached, or one may measure the radiation by suitable means (thermo- 
pile, etc.). i 

As to the heat transfer by conduction and convection, it may be pointed 
out that the primary phenomenon is always conduction. For it can be 


ta E E 


z = r EU 
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à ; "EET 
"shown experimentally that at the surface of itg body the medium is 
"practically at rest with respect to that surface. Whether we have a flowing 
medium (in the case of convection) or whether the ‘medium is stagnant 
(in the case of pure conduction), the heat at the’ surface of the body must 
_ always be carried away by conduction only. If-the heat conductivity of the 
medium should be zero, heat transfer by convection would be im- 
possible too. . 

If n is the distance from a point in the medium to the surface of the 
body, measured along the normal to the surface, and — dó/dn the tem- 
perature gradient, the energy dó transferred from a surface element dF 
equals ` i 


. 


t 


dð = — (4 d#/dn), dF, ` i (1) f 


where À is the heat EA of the medium, while the suffix w means : 


D. that for a and d#/dn the values at the surface of the body should be taken. 


If the convection currents in the medium i increase, the value of dó/dn 
increases, and with it that of dØ. This may be understood by remembering 
that the stronger the current, the faster the liquid heated by the body 
is carried away, the medium remaining cool to within a shorter distance 


from the surface of the body. Hence the temperature gradient i is larger. 


In fig. 1 the behaviour of the temperature as a function of the distance 
from the surface, is represented in three different cases: (a) without any 


flow (pure conduction), (b) in the case of natural or free convection; in -` 


i 


—— M n. $ 
Fig. 1. Temperature ® as a function of the distance n to the e ener surface. The ` 
temperature of the body is #, and that of the surroundings 9s 
a. pure conduction without convection currents. 

b.. natural cooling or free convection. 

c. forced convection. 


` 
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this case the motion of the liquid-is caused by gravitation in | association 
à "with the density variations occurring as a result of the temperature varia- 
tions brought about by the heat-dissipating body, (c) in the case of forced ' 
convection, where the motion is determined by external conditions. In 
this case natural convection occurs at the same time, but generally it may 
be neglected in comparison to the forced convection. 
x ` In the present paper we shall not deal with cooling by forced convection, 
l restricting ourselves further to stationary conditions, the energy transfer 
® not depending on time. 


3. The equation of heat dissipation f à ` 


According to Newton’s rule the heat transfer is proportional to the total 
.. . surface area of the body and to the temperature difference between the 
| body and the surrounding.medium. If 0, represents the temperature of the 
body and ð, that of the medium at a great,distance from the surface, the 

.. flow of heat through an element dF of the surface is given by 


dD = a(0, — 9, dF. . i (2) . 


According to Newton’s law a is a constant. However, in the case of —ÜÓ 
convection this simple rule with constant a does not hold. Nevertheless 
one may retain equation (2), a then simply meaning the quántity required. 
If we introduce the quantity o= $9 — 0.5 , the heat transfer (2) assumes 
the form . : 


: dd =a Oy dF, 


` 


the total energy transferred becoming 
e T = D = J a Oy dF. 


If Ow is constant all over the surface, the body having a constant tem- 
- perature, then 


: Jr g $—O0,[JadF. - © (3) 


D 


- Introducing the average value a = (g a dF)/F, we obtain: 
ó—6,aF. ^ (4) 


-The above transformation, however, does not yet bring about the 
solution of the problem, all the difficulties being embodied in the quan- 
tity a. 
.' To find a relation from which a may be deduced, we shall submit the 
` state of flow and the temperature distribution of the medium to a closer 
„scrutiny. ] d 
The velocities and the temperatures of the medium -will appear to 
. . depend on a number of quantities, such as the density (0), the viscosity (m) 


* 


` 
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the heat conductivity (å), the coefficient of cubic expansion (B), the 
specific heat at constant pressure (cp) and the acceleration of gravity (g). . 


Further, the conditions i in the medium depend on the size and the shape 
_of the heat- -dissipating body and on O,. In, addition; the differential 


equations obtained appear to be of such a complicated form that an’ 


exact evaluation of a is in general not practicable. Calculations have there- 


„fore been carried out in the case of bodies of a very simple shape only,. 


whilst moreover use has been made of simplifying suppositions. 


Notwithstanding, from consideration of the differential equations one - 


important conclusion may be drawn, namely, that the above-mentioned 
quantities and parameters only occur in special combinations. Therefore 
the theoretical and experimental results may be expressed as relations 
between these special ooimbimations (characteristic numbers). 


4. The velocity field, the pressure field and the temperature field 


Let us consider a body cooled by natural convection. As observed above, 
the temperature differences give rise to convection currents in the sur- 
rounding medium. At a given point in the medium the temperature and the 
velocity. have definite values not dependent on time. This means that 
stationary conditions only are considered. Turbulence is not accounted for, 
it being of secondary importance, at least in the case of natural convection 
and in the immediate neighbourhood of the heated body. ‘ 

Therefore we may say that a temperature field and a velocity field exist, 


‘to be described by the quantities & (or ©) and u, v, w, the velocity compo- 


nents in the direction of the coordinate axes OX, OY, OZ, which are func- 
tions of x, y and z. The Z-axis will be chosen pointing vertically upwards. 
. Further, the pressure in the medium may be described by-a pressure field. 
However, the pressures and the velocities of the medium are so closely 
related that we shall consider them together under the heading ' “velocity 
field”: S - 
À) Apart from boundary conditions "uie velocity field i is dinis io 


two differential equations. The first equation is the fundamental hydro- . 
dynamic equation of Navier and Stokes for a liquid: with internal friction. 


This equation is based on Newton's law: force = mass X acceleration, 
applied to an element of volume dxdydz, o dxdydz being the mass of the 
liquid in this element. The x-component of the acceleration is 


du du uds dudy ðudz ðu ou: ðu du 


d w'wa wa wa du "a rw Ww 


Analogous equations are valid for the y- and 2-components dv/dt and. 


dw/dt. The first term of the right-hand member may be omitted because 
only stationary conditions are considered; the other terms are due.to the 


B 
P 
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fact that the volume element is displaced by the motion and then arrives 
at places where the velocity components have different values. The total 


force on the volume element, e.g. in the x- direction, consists of the follow- 
ing Gomponents: : 
1) the force due to a pressure gradient 


22 de dy de 


2) the external force 9 Ky dxdydz where K, is the total external force 
for unit mass (for instance, in the case of gravity alone being active, 
Kx = Ky = 0, Kz = —g); 

3) the frictional force 

eo a) tay 
z 
i oy? . oz dian: 
due to the changes of the velocity gradients; 

4) a frictional force ; 
du  0[ü0u Qv: "A 
x I st J| dw dy dz, : 


ox? ox 


E 


being due to the deformation of the volume element considered !). The 
final form of Navier and Stoke's equation for the x-component is: 

ou i 
oy 


`y du (Qo u dap. ` 
e(u po + wo) =P + eK t 
. Ox, 0z/, 


üv , Ow Ou Qu ee 
EDS ate toy tw) wt ap HR, (6a) 
f Ox Oz Ox : 
with anàlogous equations (sb). andl (5c) for the y- and MES 2 
In applying these equations to natural convection a simplifieation arises 
as to the terms 


E — + ok, SEP NEM 


To see this we start from the initial state where the température of the 
` body is equal to that of the surroundings. In that case p is a function of z 
' only, .gs(s). The index s indicates hydrostatic equilibrium. The pressure 
in this case is the hydrostatic pressure ps. The components 9K, and oKy 
are zero, whereas oK; = — gos(z).. 
Then ps obeys. the equations (Archimedes’s law): : ST 
9ps òps Ops ; 
0, ea, — ga) = 0. (6) 


ez 


" i i = ES ] . $ foe 
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The element of volume considered thus floats in the surrounding medium. `>, 

c dE however, an element of volume with a higher temperature and corre- , 
sponding lower density 9 is surrounded by a medium of a different density 
`’, the Archimedes force g g’ and the force of gravity g o do not balance and 
the element is subjected to a force in the vertical direction, which sets the 
medium in motion. Thus a state of flow is established where the pressure 
is no more equal to the hydrostatic pressure, but differs from it by a cer- 
tain amount, say P. Thus p= ps + P. ` 
‘In equation (5c) we have therefore: 


ap dps- 8 dP 
ee Oe Hoa qe ue OH e). 
z r4 z z 


_ As, according to (6), — òps/ðz — Bes = 0, we obtain for the combined: 
pressure forces and external forces: ` 


oP 
Zy T Sles— a): 


. In the same way the "€— terms in equation (5a, us are re- 
duced to 


respectively. - 


^. Now we shall make the Singing supposition that Q does not appre- 


ciably depend on the pressure. In the case of a liquid this is evident, whereas ` 

in the case of a gas it- implies that the differences in height occurring in our ^. 4. 

problem in connection with the dimensions of the body and the extent of — 

‘the temperature field are so small that gs has a constant value 0,,, e 

béing a function of the temperature only. [n] 
Introducing the coefficient of thermal expansion . 


E = 0, —0 $ à : X "Ex E 
aig ced | 


we have: 
I! 


gles — 0) = s(o., — o) = &oB(9 — 9.) = goBO. 
For gases we have: D 


bn —0 = e(T— Ta) To = 00/Ta or B — Y/T,. 


~ 


' fatróducing these simplifications, eqs (5a, b, c) take on the form: 


à àw ^ oP d Qu w a du du əd 
uhr Re Em iuis A: ss +f d (2): 
z , ox : 


^ 
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(uer s) uo . 
x ^ Oy oz dy l 
P eL mus i at 3 (b) 
o(u + os we E gef o | 
eer meme o 


The second differential equation determining the velocity field is-the 
equation. of continuity: 


Bau) , ev) | lew) 
20x ., Oy | 02 


-9 (8) 


expressing the conservation of matter for a fixed element dxdydz in the 
stationary condition. 

The boundary conditions for the solutions of (7) and (8) are tt the 
velocity at the surface of the body and at infinity shall be zero. 

B) The temperature field is governed by a differential equation expressing 
the equality of energy input and output of a fixed.element of volume 
dadydz. à 

The heat developed bsdatenisd &dudoi being relatively small, is neglected. 

The energy transport through a surface element dydz being ocy O u dydz, 
one obtains fot the total energy input, taking into account eq. (8): 

— gc p (22. LEE Pos 
This energy is aed away by. heat conduction. 


— A(8O/ox) dydz being the conduction loss through the. judi dydz, 
we obtain for the total loss by conduction: 


?9 . d 
-5 : 9) asy as. 


at at 


Equalling the two expressions one obtains the equation for the tempera- 
ture field i in the form: 


D 


d0 06) i 20 | D (9) 


a0 

oe a a S 
The boundary conditions are: © = Oy at the surface of the heated body 
and © = 0 at infinity. 
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“As stated above, no general solutions of eqs (1), (8) and (9) have been 
found. However, without writing down the solution, important simpli- 
fications and a reduction of the number of variables and parameters may 


be obtained by comparing "corresponding" or "similar" states. Supposing | 


the heat transfer by natural convection to be known in one case, the trans- 
fer in the corresponding “similar” cases may be computed. In the case 
of natural convection this principle was first applied by Nusselt ?). 


5. Heat dissipation of similar bodies E 


Let us consider a number of similar bodies L}, La, ... , placed in the media 
M,, Mg, . . ., the outer boundaries of which are assumed either to be similar ` 


or to lie at such distances as to have no influence. The shape of the bodies 
. being given, they may be characterized by one linear dimension (e.g. 


the diameter of a cylinder, the edge of a cube). 'These dimensions we call 7 , 
ls b... . Now the velocity fields in M, and M, will be compared. We ` 


shall call these fields similar if in every set of corresponding points 
(%1/%_ = yilya = %/% = L/h) the corresponding velocities have the same 


ratio (u,/u, = v/v, = w/w, = V,[V, = a, where V, is the total velocity in, 


M, ete.). Similar velocity fields are only possible if eqs (7) and (8) are the 
same in either case and if the boundary conditions are equal. The latter 
condition is always fulfilled, as V — 0 on the surface of the body and at the 
outer boundary of the medium. The remaining necessary and- sufficient 


condition is that the various corresponding terms in eqs (7) and (8) have 


_ the same ratio. In this case the equations may be made identical by multi- 


_ plying them by an appropriate number and hence have identical so- È 


lutions (the boundary conditions being equal). The similarity conditions 
for the velocity fields of cases 1 and 2 are thus, for instance: 


(qudw/ax),  (0P/dz),  (goBO), — (n0*w/dy*), 


= = = ou. " (10) 
(quow|ox), -(oPfozy  (goBO),  (uo^wíoy?) ` 
The equation (10) is valid for all terms, provided ` 
(VD, (PD, (BeO (IP ayy 
| '(eV*/l, (P), (4080)  (»V|P), T 
or, in symbols, 4 = B = C = D. 
Combining 4 and D, we obtain: 
o V*| — (gV*ll eVi (oVI | 
ewe" eve, eT Gr) a) 
VIP nY Nm N 9 7s l 


The quantity ọ V1/7 is called Reynold’s number; it will be denoted by Re. 
It has zero dimension, being obtained by dividing a “force of inertia" by a 


- 


- 
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frictional force. Equality of Re thus means that the ratio of the inertia 
force to the frictional force is the same in either case. It is immaterial for 
which pair of points the condition is written down, provided the points | 
are corresponding points. : 
Combination of C and D gives a second condition for similar velocity 
fields: l ` l ` 
(Em (eee : 
nV A k nV N 
i.e., the frictional forces must be in the same ratio as the büsyaneg faroes. 
Equalling A and B, we obtain as a third condition 


(Pje V°) = (P/eV*)a- (13) 


— P[oV? is called Euler's number (Eu). , 

Eqs (11), (12) and (13) are equivalent to (10a). Hence, the velocity 
fields are similar, provided the latter three equations are satisfied. (Eq. d 
does not provide us with new conditions a as the terms are all of the same- 
` kind.) : 

In the case of free convection eqs (11), (12), a3 demand more Pm is 
` necessary; P and V not being given independently (as in the case of forced 
-convection). As a matter of fact, V is determined by the given quantities 


l, g, o, f, O, À and c. Therefore V may be eliminated from (11) and (12) , 


in the case of natural convection,- giving: 


E (Bg 9? B Om) = (Pg p? B Ofm*. gh a du 


` The dimensionless quantity Bg o?8 Ofyn? is ealed Grashof" s iode 
(Gr). Eq. (14) being satisfied, (11) and (12) are fulfilled automatically. 


` P not being independently prescribed either, (13) is also fulfilled. Hence . 


in the case of natural convection the numbers Re and Eu are of no im- 
portance. : 
. .We thus arrive at the’ soncdludión that. in the case ofenatural cooling of. 
. similar bodies: equality of Gr at corresponding points is a sufficient condition 
|, to ensure similarity of the corresponding velocity fields. Which pair of corre- 
sponding points is chosen is immaterial. the temperature fields being 
supposed similar at the same time. Usually Op, the value of © at the 
surface of the body, is inserted in (14). f 
The next step is to investigate the conditions ensuring the similanity 
of the temperature fields. 
' From (9) we obtain for the necessary condition: 


i ( Cp u a] E (E Cp u 0O/dx 
220x J, V 2d°O/ax® . 


4 
a 


(12), 


Y 
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This leads to: . ` a Bs : g : BEEN 
(e ep V 1/2), = (o cp V l/A). (15) ` 


This quantity is called Péclet’s number (Pé). On the same grounds as 
given above, V may be eliminated (dividing by Re), giving: 


(ep njih = (cp nfà) . i , (16) 


The quantity cp 7/4 is called Prandtl’s number (Pr). In the case of natural . 
convection and the’ velocity fields being similar; the fulfilment of (16) 
suffices to ensure similar temperatur fields. 
` "Therefore, when considering similar bodies cooled by natural convection, 
the velocity and the temperature fields are similar provided Gr and Pr are sar 
, at corresponding points. 


Supposing these conditions to be — à one may determine the ratio ^ 


| of the amounts of heat dissipated in either case. In similar temperature : 
` fields the energies transferred in unit time by equal surface elements are 


according to (1) in the proportion (4 O,/I), to (A Ow/l),, and hence the.. 


energies dissipated by the whole surface per second have the ratio: 
- (Oy: By = (4 O4I, : (A Oul).: ` . (17) 


This follows also from (9), bearing i in mind that corresponding volume 
elements are in the ratio L : 1,8. 


According to (4), 


-— (17) and (18), we have 


Guh-(GU 7 057 77 9 
From this dies ratio a, : & and, by (4), that of Ó, : Ø, may be calculated. 
The quantity a1/A is called Nusselt's number (Nu). - 


We thus arrive at the conclusion: If, with natural cooling of two similar 


“bodies the numbers Gr and Pr at corresponding points are the same, the velocity 


and temperature fields are similar and hence the Nu-numbers are likewise the ` 


same; thus Nu is a function of Gr and Pr only. Therefore the solution of 
our problem takes the form: 


al — (Beef sp , (20) 

i , 1 =J " ? fi , - 
^ or "E i ` & "i 
Nu = f,(Gr, Pr). "OT (20a) 


This important simplification makes the survey of results much easier. 


A further simplification is obtained in the case where corresponding ' 


af 


D, : Dy = (Ë Ould) : (a O,I),. | (08) 


` 


{ 


` 
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oo} li 


" D 


350: W. ELENBAAS 


media are gases having the same number of atoms in the molecule, for Pr 
is a quantity containing only properties of the medium and is moreover , 
independent of the temperature, being dependent only on the number of 
atoms in the molecule. 

For molecules with n degrees of freedom, we have: 


r= (n + 2)/(n + $). 


When restricting ourselves to gases having the same number of atoms 
per molecule, eq. (20a) may thus be reduced to 


Nu = f;(Gr).. - - (21) 


For bodies of a given shape the heat transfer i is then represented by one 


single curve. 


When comparing the heat transfer in arbitrary media eq. (20) should be 
used. This equation may be represented by a number of curves, Nu = f(Gr), 
having Pr as a parameter. In the first approximation a much simpler ` 
representation of facts may also be obtained in this case. Remembering 
that with natural cooling the velocities are generally small, the inertia 
-forces may generally be neglected in comparison to the frictional forces. 
and the buoyancy forces. Therefore, in order to ensure similarity, only 
(12) has to be satisfied. V not being independently given, the heat transfer 


‘is a function of a combination of (12) and (15) that does not contain V. 


Such a combination being 
Pss s &o B OP Ima 
. .V o à -— 


I 


= Gr: Pr, ME ; 4 


we have: 


Nu = f,(Gx . Pr). a (22) 


Thus neglecting inertia Pui in the case of natural convection, Nu isa. 
function of one variable only, viz. Gr: Pi. ` T 

It is necessary now to consider the following complications. Until now 
the quantities f, 7, 4 and cp were treated as constants. In reality they depend. 
more or less on the temperature and hence assume different: values at 


' different points of the temperature field. In addition g was considered 


constant, whereas in the problem of natural convection the dependence of 
g on the temperature is essential. If 8 does not depend on the temperature, 
the density fields are similar, and in this case it is immaterial which density 
is substituted in (11), provided the values are taken at corresponding 
points. In the case of gases f is independent of the temperature © and even 
equal for different gases (f = 1/T.,), whereas the temperature depend- 
ence of 1j, 4 arid cy is almost the same for different gases. However, when. 


r 7 S 
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comparing a gas: with a liquid, this no longer holds, 7 and 4 increasing with 
increasing akan in the case of a gas, whereas in the case of liquids ; 
the reverse is true. | : 

This is the,reason dis (22) must not be used when comparing gases and 
liquids. Therefore it is not permissible to apply the data with a liquid 
model to the’ problem of cooling by a gaseous medium. 

. Nusselt proposed to use mean values om, Nm, ete., for the temperature- 
dependent quantities occurring in the characteristic numbers or, if this 
should result in too large a scattering of measuring points, to introduce a'' 
new parameter (O,/T., ) (cf. Hermann ?)). Eq. (22) is then to be replaced by 
Nu—f(G6-PnOsT.). ^ | . — Q3). 


" 


` where some arrangement still has to be made as to the temperature (be it 
Tw or T,, or an intermediate temperture) at which the values of o, 4, , 
etc., occurring in Gr, Pr and Nu shall be taken. Although (23) is more 
accurate than (22), it is generally permissible to use (22), provided p, 7, 
etc., are taken at adequately chosen tempertures. 
6. The dissipation of heat by bodies characterized by one linear dimension ` 
only : 


We shall begin by considering the form of:the function f, (eq. (22)) for a 

. number of bodies having simple shapes that may be characterized by 

one linear dimension only. These considerations will be based partly on 
results of measurements, partly on theoretical foundations as laid down : 

in the formulae (4) to (9). Calculations are only possible in the simplest 

cases and with the aid of simplifying. assumptions. It'is always supposed 

that the outer boundaries of the medium have no influence on the problem. 
The quantities Nu, Gr, and Pr will be provided with two suffixes, the | 

^ first indicating the characteristic dimension chosen (h = height, d = 

diameter, etc.) and the second whether 4, p, etc., are taken at the surface 

temperature (suffix w) or whether'an intermediate value (suffix m) is 


used: For instance, Nug,, means a d/Aj,, where E 
7: | 
AE f AO) dd. ' 57 0 (2) 
Ow ` 


‘In Gr we always substitute O,, for O. Nu, Gr and Pr being dimensionless, 
_it is immaterial which units are used, provided they are consistent *). 


^ = : : ý | 
*) In the figures showing the coefficient a, this quantity is always expressed inywatts/m? 
g 
. per degree. The heat transfer in kcal/m? per degree per hour is obtained from this by 
ac aah by 0°86. 
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a) The flat. ariel situs xé 
The heat transfer by flat vertical plates in air was measured = Schmidt 


and Beckmann 4) and King 5), that in oil by Lorentz 9). Plotting Nun.» as ` 
_ a function of (Gr-Pr)i, (k = height of the plate) on a doubly logarith- 


mic scale, the measuring points are-approximately on a straight line with 
an inclination of l. The proportionality factor lies between 0°52 and 


.. 0°65. The experimental results are thus approximately represented by 


Nuj,,; = 06 (Gr - Pr)js,. * (25) 


This formula is valid for a limited range only, namely for 10* < Gr: Pr 
< 10°. This means that in air of 1 atm and O, = 10 and 100 °C, the corre- 
sponding limits for h are 14 < h < 70 cm and $ < h < 35 cm, respec- 


‘tively. When using a height equal to twice the upper limit, the error made 


in using (25) is small, so that formula (25) may be said to cover an 
important range of practical applications. 

A formula of the form (25) may also be obtained by calculation. For a 
vertical plate in air this calculation was carried out by Schmidt, Pohlhausen 
and Beckmann 4) making use of the following simplifying suppositions: 


` (1), the flow is laminar; 


-— 


(2) where the temperature difference and the velocity are appreciable, 
the thickness of the layer is small with respect to the height; 

(3) the dimension of the plate in horizontal direction (y-direction in 
fig. 2) is so large that edge effects may be neglected, all derivatives with 


' respect to y being zero. 


Under these suppositions it follows from (7), (8) and (9) that O/O, is a 
function óf e a l f : 
a (E "wf e t 


Awe 


Fig. 2. Temperature "field in front of a warm vertical plate, as calculated with formulae 
(7) to (9). At given circumstances O/O is only a function of x/z ‘4, Equi-temperature . 
planes thus bend away from the plate with increasing Men (Taken from Schmidt and 
Beckmann ‘).) à 


m 


. DISSIPATION OF HEAT BY FREE CONVECTION %0 358 


In fig. 2 this function is represented. Tt appears that at a fixed distance ` 


, x from the surface of the plate, the temperature increases with increasing z. 


According to (1) i - s: 


a z 2 Me 
AD = Li 6pos)dfe = C As Ou (eene) dz, — Q6 


hw? 


` x 


where d is the energy.transferred per èm sadi between z and z ++ dz, ` 


and C is a constant. The heat losses’ per unit of surface area thus appear 
to decrease with increasing z. This is a consequence of the fact that the air, 


when moving upwards, is warmed already by lower zones of the plate, ' 


which results in a decrease of — (00/0x)» with increasing z. According 
to eq. (26) the energy transfer is infinite for z = 0. This, however, is of no 
consequence, the ‘total energy transfer being formed by integration, with 
the result: |: 


M 


g _ (h820%,, BO, > : Tes 
D = Cy dw Ow (sehn) = Cy hw Ow Ghe © (27) 
; Nw . 
As, by definition, Ø = a h Oy, it follows from (27) that : $i 
^ uh : B3 "AE 
i Nuh w = = C, Gris. ." (28) 
. ` Aw E li à 


For air Schmidt and Beckmann found the value 0:48 for C,. Extending - 


eq. (28) to other media in accordance with eq. (22), one obtains 


Nuhw = 07525 (Gr: Pr)]. 00. 9) - 


Fig. 3. Heat dissipation in watts per m? and per degree of temperature difference of vertical 
plates in air of 1 atm and room temperature for different excess temperatures calculated 
with (25). The dimension of the plate in a horizontal direction is supposed to be large 
compared to the height. : 


Yi 
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The factor 0:525 arises from division of 0°48 by (0° 73)", 0°73 T the 
value of Pr for air. ‘The calculations of Schmidt, Pohlhausen and Beck- 
mann are thus in fair agreement with the experimental result (eq. (25)). 
, The limited validity of (29) is caused by the fact that outside the region 
of values indicated above the first and the second suppositions are no 
, longer fulfilled. At the upper limit the flow ceases to be laminar and be- 
comes turbulent, whereas at the lower limit the second supposition does no 
longer hold. If the third supposition is not fulfilled, the cooling is increased : 


` by the edge effects. In the experiments this may be avoided by applying 


transverse plates to the edges or by making the dimensions in the y-direc- 
tion very large. 


. In fig. 3 the heat transfer a by vertical plates in air at 1 atm and 20 °C 
is plotted for a number of @,-values as a function of h, according to (25). 


b) The horizontal cylinder 


The heat dissipation of horizontal cylinders in diatomic gases has been 


“investigated experimentally several times. In these experiments the length 


of the cylinder is so chosen that edge effects may be neglected, the transfer 
being proportional to the length. Nusselt was the first to arrange the 
experimental results by plotting Nug,m vs Grg,m. Afterwards Hermann’) 
classified the whole material taking into account the dependence on 
Ow... (cf. eq. (23)). 
In fig. 4, being valid for diatomic gases, the most probable course of the 
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Fig. 4. Log Nug,, as a function of log Graw for two values of O,/T., for horizontal 
cylinders in air, after Hermann ?); experimental, - - - calculated with (31). : 
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function is shown for two values of O,|T., in terms of Gra,» and Nuus. 
It is seen that for Grg,,7 10* the values of Nug, w are practically inde- 
pendent of 0,/T.,. In this region the results may be summarized i in a 


formula that does not contain O,/T' o, viz. " 


Nudo = 043 Gr (30) 


ow 


The suffix w may also be replaced by m. 
- Also in this case a calculation of the heat transfer has sese: to be 
possible. For an infinitely long horizontal cylinder Hermann ?) computed, 
in the case of diatomic gases (in a manner analogous to that of Schmidt, 
Pohlhausen and. Beckmann in the case of a vertical plate): 


Nudw = 037€. ^ 1 (8) 


In deriving (31), the same simplifying assumptions were made as were 
used in the derivations of (26) to (29). Therefore eq. (31) is also valid in a 
limited region only (namely for 10* — Grd, < 5:108), which forms part 
of the region where, according to fig. 4; Nug,,, does not depend on Ow/T o 
and where the empirical formula (30) holds. 

Whereas in the case of the vertical plate the existence of a lower limit ` 
to the validity of (29) does not imply a serious restriction on most of the 
practical applications, it does in the case of a cylinder, the cooling^of a 
cylinder with a diameter <1 em in air of atmospheric pressure not being 
- adequately described by (30) and (31). Horizontal wires are quite beyond _ 
the region of validity of these equations. : . 

Langmuir 5), who carried out measurements on wires having diameters 
from 40 y. to 510 p, was able to interpret his results by assuming the wire 
to be surrounded. by a thin layer of finite thickness through which the. 
heat is solely transferred by conduction, whereas outside this layer the 
gas has the temperature T,, . The thickness of the layer was assumed to be - 
determined by the condition that the temperature gradient at the boundary 
(the angle ô in fig. 5) has a value independent of the diameter of the wire. 

Combining .Langmuir’s results with those of Nusselt, one obtains a for- 
mula with a much larger range of applicability 3), namely: 


Nua m e 4m — Gra m/S00. - (82) 


The factor 1/500 was found by experiment; it is valid in the case of 
diatomic gases. 

For large values of Grgm, Nug, is large “too; m the exponential 
function approaches 1, Nug,4 being proportional to Gr» in this region. 
The diameter d occurring in the first power in Nug,m (= ad/Am) and in the 
third power in Gram (= dg 0°mB O15), we find that for large values 
of Grd,m à is independent of the diameter. 


E: 


` 


- 
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For small values of Grgm, owing to the large influence of the exponential’ 
function, Nug, m decreases slowly with decreasing Grd,m- In this region, ` 
therefore, ad/ Am almost has a constant value. As a means the heat transfer 


‘, per cm? and as the circumference of the cylinder is proportional to d, the 


total heat transfer per cm of length is proportional to ad. For small values 
of ‘Gram the dissipation of heat per cm of length, as it occurs in the case 


x 


Fig. 5. Radial temperature course in the medium ee a wire. According to the 
supposition of Langmuir the temperature gradient at the boundary of the film in which 
. only pure conduction plays a part (the angle ô) does not depend on the diameter of the wire. 
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of thin wires, is thus almost independent of the diameter. Langmuir's 
invention of coiled filaments in gasfilled incandescent lamps is an applic- 
ation of this property. The effective length of a coil being much smaller 
than that of a straight filament, the energy loss by convection is much less 

. in the former case. Although (32) fairly checks the experimental results, 
there are deviations to an amount of about 20 per cent. Moreover (32) only 
holds for diatomic gases. A slightly more complicated formula, which i is at 
the same time valid for different media, runs 19): 


N^ or INS m EN VLL 
ea 235 f (Gr - Pr)dzo 


Jj 


(33) 


The function f(Gr-Pr)g,, occurring in (33) has. been determined 
‘experimentally. Fig. 6 is a graphical representation of it. For (Gr: Pr)d,w 
«1045, f.is a constant (= 1). With increasing value of (Gr Pr)guw, f : 
increases. This makes the increase of Nu less than it would be if f were 
constant. We may interpret the occurrence of the function f by imagining 
that in the case of a relatively thin layer (large value of d) the medium in 
the layer is appreciably heated on flowing past the cylinder. As a result, 


z 


-3 
t a 7 N 
. i ` j 
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_ the value of a in the jig parts " the cylinder is smaller than that i in the 
‘lower parts, resulting in a smaller value of a (this effect is to be compared 
' with that occurring in the case of the vertical plate (eq. (26)). As, with'a 
thin layer, Hermann's theory is applicable, one should expect the influence 
of f to be discernable likewise for Gr > 104; this is confirmed by i Seer 
as may be seen from fig. 6. 
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Fig. 6. The function f (Gr: Pius w occurring in the formulae (33) and ^ (84).. as determined 
experimentally. For Jen Pr), < 10, f= 1. 


In (33) Nug,, as well as Nugym occurs. This makes the parameter 
O/T. superfluous. In order to determine a, Grd,w being known, one 
may write Nugw as Nug; (Am/A,). Bringing the factor (Am/Aw)® on 
the right side of (33), Nu*g,, exp (—6/Nugm) is known, hence Nug,, 
and a may be. calculated. The value of Aj, may be computed from (24). 
In the. table at the end of the paper Am is given for air and water. In fig. 7 


Nud,w is plotted against (Gr-Pr)g,,, according to the measurements (see ` 


fig. 4) and according to eq. (33). The agreement is good. The theoretical 


. curves meet at large values of (Gr: Pr)g;,, the influence of the function" 


exp (— 6/Nud,m) being negligible for large values of Nug,m . The dependence 
on O,/T., is thus rightly described by (33). The agreement for (Gr - Pr)4,, 
-> 105 is trivial, because the function f in fig. 6 is chosen in such a way that 
(33) describes the experiments. 


_Fig. 8 shows the dissipation of heat of horizontal cylinders in air (at ` . 


"s 


DISSIPATION OF F HEAT 1 BY FREE CONVECTION ' ^ 357. 


[ 


E7 H lo 
a a A 


ae!) 10 AEA 
STL 


function of (Gr-Pr),,,. 
Ec 


for horizontal cylinders according . 
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and room temperature as a function of the diameter, 
calculated with (33). The length of the cylinders is large. 
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in watts per m? and per degree of temperature difference for , 


Fig. 8. The heat dissipation in 
horizontal cylinders in air of 1 


log Nug,, as a function of log (Gr- Pryde 


to (33). --- The experimental curves of fig. 4 now plotted as a 


for different excess temperatures, 
as compared to the diameter. 
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' .30* C)asa aini ofd, salculated with the aid of (33), use having been 
made of the curve of fig. 6. 


v 


c) The sphere 


In a way analogous to the derivation of (33) one finds for the heat dissi- 
pation of a sphere 19): : 
Gr- P i 
(Gr- 1) d, w (84) 


Nu3; ,(1—2/N. ee ee 
waa [Nudm)! = 335 F(Gr Prau c 


For small values of (Gr-Pr)g,,, Nudm according to (34) approaches 
the value 2. This means that the situation approaches that of pure conduc- 
tion, the thickness of the Langinuir layer becoming large as compared 
to the radius. In this case we may compute the heat dissipation ® as 


follows: Through each concentric sphere with a radius R > $d the heat @ 


flows through the spherical section 4z R?. Thus we have: 


"Ø = —4 n R? A0) Ad/AR = (85) 


` with the boundary conditionis 0 = Oy for R = MH and es =0 for R= eo. 
From (35), we obtain: 


2 ÖAR 
` | dam E y 
and integrating: ` l , 
(0)d 9 = —— 36 
Jae. (36) 


On 


As, SEEISORUAE to (24), 


t 


T A(8) dB = — Ow Am; 


we obtain from (36): "— 
. "IM . [0] mE 2z d Ow T" 


` As by definition of a we have ®.= adao, we obtain ad/Ag = 2. . 
It is well known that in the case of the heat-dissipating cylinder this 


with zero dissipation. 

A comparison of (33) and (34) shows that for small sas of (Gr: Pr)dw 
the heat transfer per cm? of a sphere exceeds that of a horizontal cylinder 
of the same diameter, if the conditions are the same, whèreas the two 
values meet at large values of (Gr: Pr)q,w.. 


transfer superior to that of a cylinder of the same diameter at the same 


air (1 atm, 20 ?C) according to (34), making use of Ms 6. 


excess temperature Ow. In fig. 9 we show the heat transfer of spheres in | 


reasoning leads to a constant temperature field all around the cylinder , 


| Actually in the case of a small sphere ‘the’ experiment gives a heat g 
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, — Fig. 9. The heat dissipation in watts per mê and per degree of temperature difference for ` 
‘spheres in air of ] atm and room temperature as a function of the diameter, for different 
excess temperatures, calculated with (34). . 
" . (to be continued) 
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A NEW PRINCIPLE FOR TRANSCEIVERS 


by A. van WEEL 621.396.5:621.396.611.4. + 


Summary 


It is shown that the self-oscillating triode mixing stages described 

in a former article offer distinct advantages for transceiver circuits, 

the most important of which is that the switching from transmitting 

to receiving, and vice versa, can be accomplished fully electrically, , bi 
without any mechanical switching in the antenna circuit. As a 
consequence, switching in an ultra-sonor frequency can be used, 

"making it possible to establish a two-way communication. À system 

is described for stabilizing the frequency of both the transmitting - » 
oscillator and the local oscillator for reception with the aid of one «w. 

cavity resonator. i i 


— 


r - Li 
Résumé 


L'auteur montre que les étages changeurs de fréquence à triode auto- 
oscillante décrits dans un article précédent offrent des avantages 


particuliers pour des circuits d'émetteurs-récepteurs, le plus impor- | 
tant consistant à pouvoir passer tout à fait électriquement de la ` 


transmission à la réception et,vice versa, sans la moindre commu- 
tation mécanique dans le circuit d'antenne. On peut en conséquence 
utiliser une commutation à une fréquence ultra-sonore rendant 
possible d'établir une communication à double voie. L'auteur décrit 
un systéme pour stabiliser la fréquence de l'oscillateur d'émission 
et celle de l'oscillateur local du récepteur à l'aide d'une seule réso- 
nateur à cavité, : - z 


l. Introduction i 


In a former article 1). we described a principle by which it was possible 
to design self-oscillating triode mixing stages. As this is the basic principle 
of the transceiver circuits with which we shall now deal, it is well worth 
recapitulating its properties here. . “6 2d 

In fig. 1 a push-pull circuit of two triodes is drawn. The input electrodes . 
are connected to two different circuits with different resonance frequencies: 
a push-pull or symmetric circuit consisting of the impedance Z,, and an 
asymmetric circuit consisting of both halves of Z, connected in parallel, 
in series with Z,. For the symmetric circuit the internal grid-cathode 
impedances are connected in series, while for the asymmetric circuit these 
impedances are connected in parallel. — ' P 

In fig. 1 means are provided for a feedback for both circuits. As these 

: push-pull mixing stages are of special importance for ultra-high frequencies, . 
we shall consider only the feedback caused by the so-called ‘three-point — 
diagrams, which means that no inductive feedback is used. However, it 
should be stated here that these transceivers may be built up on the same 
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` principle on much lower frequencies, in which case the ‘possible application 


, 


of inductive feedback should be taken into account as well.. 

Returning to fig. 1, it can be seen that the feedback for the push-pull 
circuit is brought about by ‘the impedance Z, (together with the internal 
grid-anode capacitances), while the feedback for the asymmetric circuit 
depends on the value of the Wipstanene of Z, in series with the two halves 
of Z, in parallel. 


53455 


Fig. 1. Triodes that belong to both a push-pull and an asymmetric oscillator circuit, 


, By increasing sufficiently the positive feedback for the asymmetric circuit, 
this circuit will start generating oscillations. If the push-pull circuit 
is coupled to an antenna, the triodes will act as converter valves and a 
component of the intermediate frequency will be found in the anode current; 
it is on this principle that the self-oscillating triode mixing stage is based. 
` It is quite clear that, instead of making the asymmetric feedback very 
strong, the push-pull circuit may be undamped to such an extent that 
oscillation will start in the push-pull circuit. An interesting question 
arises as to what will happen if both circuits are undamped, so. that they 


both can generate oscillations. - P! 


In most cases it appears that only one frequency is generated. This can 
be easily understood. With the usual system of grid-leak resistance the 
generated voltage is limited by the: fact that increasing voltage means 
decreasing average slope of the valve. Stable conditions are reached 
when the average slope is just sufficient to maintain the oscillation. This 
minimum average slope depends on the damping of the circuit and the . 
amount of feedback. E 

' If there are two circuits connected to the valves, in general the minimum 


average slope required to maintain oscillation in each of them will differ 


according to different damping and feedback. Therefore, the circuit gener- 
ating the highest voltage will in the end be the only oscillator, since with 


‘the average slope corresponding to this voltage no oscillation can exist in 


the other circuit. > 
From this it could be expected that the ossblog of simultaneous 


` 


E 


', y a Ex 
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generation of two frequencies in these circuits would be only a theoretical 
possibility, as only two tuned circuits generating exactly the same voltage 
could oscillate simultaneously. However, practice has shown that the two 
circuits can be brought to simultaneous oscillation without much difficulty. 
Even when the filament of one of the valves was disconnected, so that only 
one valve was functioning, both frequencies were measured. There are 
reasons to expect that these oscillations were not stable, but that the 
frequency jumped from one value to the other and back again, probably 
with rather'a high repeating frequency. However, this point has not yet 
been fully investigated. p 

It is important to stress the fact that the occurrence al two frequencies 
simultaneously in these circuits is a phenomenon quite different from the 
generation of parasites in transmitter circuits. In these circuits the two 
generated frequencies are usually very different, so that it may be'assum'ed 
that the parasitic oscillation is built up during the part of the period of the 


| oscillator frequency desired, when the oscillating valve is carrying current, 


— but that it is absent during the part of the period that the valve is cut off. 


However, in the circuits described above the two frequencies may show 
only a very small difference. 


To end this section we would point. out that although in this article v we . 


are considering circuits with push-pull antenna signal and, therefore, 
asymmetric local-oscillator voltage, the reversed circuit (asymmetric 


antenna signal and symmetric local-oscillator voltage)’ may, ; under certain 


conditions, be just as useful. 


2. Principle of the ‘transceiver circuit 


To use the self-oscillating triode mixing circuit as a transceiver circuit, 
the feedback for both the push-pull and the asymmetric circuit must bè 
sufficient to start oscillations in either of the two circuits. Let us consider 
for a'moment only the push-pull circuit. The antenna is coupled to this 
circuit and will therefore radiate. Suppose that the circuit is so designed 


that maximum power is radiated. As this involves a heavy damping of the. 


input circuit it is not difficult to arrange for a feedback for the asymmetric 


circuit (which is not damped by the antenna) that. causes the generated | 


asymmetric voltage to be larger than the symmetric voltage. According 
to section 1, this means that only the asymmetric voltage will be generated. 

Since the antenna rémains coupled to the balanced input circuit, the 
whole stage now acts as a receiver converter stage; à push-pull circuit, 
tuned to the intermediate Hedueney, should be connected to the anodes. 
The whole circuit is now "receiving". . 


To switch the apparatus to "transmitting" 


, the asymmetric circuit 


should, in some way or other, be.so heavily damped that asymmetric 


ra 
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oscillation can no longer be maintained. The circuit will then start gener- 
ating push-pull oscillations. This damping of the asymmetric circuit can 
` be accomplished without influencing the balanced circuit, for instance in 
fig. 1 by damping the impedance Z, or Zz, or both. ` 
The advantage of these transceivers lies in the fact that the ee from 
receiving to transmitting, or vice versa, can be accomplished fully electrically, 
since the damping of the asymmetric circuit can be obtained by means of a 
diode or a triode. No mechanical switching of the antenna connections is 
necessary; the transmitting and receiving frequencies are equal or almost 
. equal, and the input circuit need not be retuned when switching from one 
l position to the other. The matching of the antenna to the valves needs no 
correction either, as this matching is independent of the direction in which 
the power has to be transmitted, and the input impedances of the valves 
will not show large differences when. the A.C. voltages on the grids do not 
differ very much in the two positions. 
. "The modulation of these oscillators may be brought ahont by conven- 
tional means. ` ME. f 


3. Consequences of the electrical switching 


The possibility of electrical switching makes remote control quite easy. _ 
Another advantage is the possibility to use the modulation signal for 
switching the apparatus from receiving to transmitting: when nobody is 
speaking into the telephone, the apparatus is “receiving”; speaking into the 
telephone causes the apparatus to switch over to "transmitting". This can - 
easily be accomplished by detecting the modulation signal and using this 
detected signal to switch on the damping of the asymmetric circuit. 

` The most important property of the electrical switching lies in its small 
inertia, so that it can be accomplished in an ultra-sonor frequency. This 
makes it possible to carry on a two-way conversation without any external . 
switching. We shall now go more closely into the details of this system. 
. To make a two-way conversation possible the apparatus is switched over 
: from receiving to transmitting, and vice versa, in an ultra-sonor frequency. 

During the receiving periods the incoming signal is received, amplified, 

and'detected, while during the transmitting periods the outgoing signal is 
' given. The two switching frequencies used at the two ends should be 
either exactly equal or their frequency difference should be ultra-sonor it- 
self,as will be clear from the following considerations. ` - 

. Let us assume that the two switching frequencies are synchronized. This 
is not sufficient, for their phase relations must answer certain requirements, 
as is clear from the fact that it might be possible for the signal of post Ato. 
arrive at post B just during the periods that the latter post is transmitting. 
Under these circumstances no signal whatsoever would be received by B. 
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Should the switching frequencies show à small difference, interference 


will occur and a tone of the difference frequency would be heard. This is 


. the reason why, if different switching frequencies are chosen, their dif- ' 


ference should be ultra-sonor itself. 


4. Synchronized switching frequencies 


We shall go more closely into the details of the system of synchronized ` 


switching frequencies and shall first consider what demands on the phase 


relations have to be satisfied. . . A 
In fig. 2 the transmitting and receiving periods of two posts with arbi- 


trary phase relations are drawn diagrammatically. For one period of each. 


post it is indicated how the transmitted signal will arrive at the other post 
after a certain time v. Only if the second post is in the receiving position 
will the incoming signal be used. In fig. 2 the parts of the periods during 
which the signal is effective are hatched, and these parts we shall call the 
effective receiving periods. ‘ j^ 
From fig. 2 it can be seen that with arbitrary phase platos these 


effective receiving periods will generally be different for the two posts. 
For a properly functioning communication system the following conditions 


must be fulfilled: ' E 
(1) the effective receiving period should iie the same for both posts, 
(2) the effective receiving period should be maximal. . 4 i 
The first demand can be answered by adjusting the phase relations be- 
tween the two posts, while, to fulfil the second condition, the switching 


frequency has,to be adapted to the distance between the posts. To bring ` - 


about the same effective receiving period it is necessary that the switching 


frequencies in the two posts should be either in phase or shifted 180°: This can" 


be seen from fig. 3, where the two frequencies are supposed to be in phase. 
Transmitting 


Post A 


Receiving 


Transmitting 


Receiving 


. H : - soe H 4 . H d e: 
Fig. 2. Transmitting and receiving periods of two posts with arbitrary phase relations. 
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-The effective receiving periods are the same for the two posts, indepen- : 
` dently of t. ` 


The optimum value for the effective receiving period is given by 


= ter = 4T. 


From fig. 3 it can be seen that if the two switching frequencies are in 
.- phase this optimum value is obtained if 


T= (2n --1)5. 


where n= 0, l, 2... 


Transmitting 
Post A 


Receiving 


Transmitting 


Receiving 


© . Fig. 3. Transmitting and xeceivifs periods of two posts With equal phase. 
` L3 : 


* 
- x 


If there is a 180° phase shift between the two switching frequencies 
the condition is 


T 


= 2n 0 070 0.27 
| E ee - 
for — n=0,1,2,.... 


From the foregoing it can be gathered what demands have to he satisfied 
by a communication system constructed on this principle. They are: 
(1) the switching frequencies of the two posts should: be synchronized; 
(2) these frequencies should be adapted to special phase conditions; 
(3) the switching frequency should be adapted to the distance between the 

posts. l E 

. An elaborate apparatus is necessary to answer these demands if the 
switching frequencies are to be generated separately in the two posts, syn~ 
chronized, etc. However, there is'a much simpler method of attaining these 


` 
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optimum conditions. It consists in using a generator for the switching 

frequency only in one of the posts, while in the other post the switching * 

. frequency is detected from the signal received. The first condition is thus T 

automatically fulfilled. How the other two demands can be answered, will . ' 

be shown in what follows. ^ "E i ES 4 
In this system, when there is no communication with another pase: 

each transceiver is continually in the receiving position. Now let us assume 

that post 4 wants to make communication with post B. Post A switches 

on its switching-frequency oscillator in an arbitrary frequency and therefore ` 

transmits intermittently. Post B receives a signal consisting of blecks 

{indicated by hatched blocks in fig. 4). Post B is constructed in such away 

that when'a “block signal” is received, the transmitter is switched to inter- 

mittent. receiving and transmitting in such a phase that on the second 

flank of each block, the receiver is switched over to transmitting. Under 

these circumstances the effective receiving period in post B is always C 

optimal. - is 


Transmitting 


Receiving - 


Transmitting 


Post B t 
Receiving 7 7$ 
Fig. 4. Phase relation lieu transmitting and receiving periode of the two posts giving "e 
optimum receiving period in post B. : 
In general this will not be the case with post A, as may be seen from fig. 4, os 


but post 4 can then adjust its switching frequency (which is automatically 
followed by post B), so that post A has an optimum effective receiving ` 
period as well. To achieve this, post A only needs to vary its pnm 
frequency until the signal received from post B is strongest. . ? o 27 


5. ‘Stabilizing the transmitting and the local-oscillator frequencies ` 


The practical applications of these principles have not yet beemso fully 
examined that results can be published at the moment. However, there is 
one interesting detail that can be described here. 


r 
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If the transceiver is designed to function on very high frequencies, 


"stability of the generated frequencies may prove to be insufficient. This 


stability can be improved by using cavity resonators as circuit élements. 
Both the transmitting and the local-oscillator frequency should be stabil- 


^^ ized, and in principle one could design the circuit in such a way that the 
- cavity resonator for the local-oscillator frequency is connected in a branch | 
. carrying only the asymmetric current, while in the same way the cavity 


resonator for the push-pull frequency carries only current of this frequency. 
However, the second demand is not so easily met, as a cavity resonator 
has appreciable dimensions and therefore an appreciable capacitance with 


. respect to the chassis. Ás a consequence asymmetric current will flow 


C. 


through this cavity resonator and the whole resonator becomes “live”. 

We have therefore designed a cavity resonator that stabilizes both 
frequencies simultaneously. The principle underlying this cavity resonator 
is shown in fig. 5. There are two resonances in this resonator, one for 
symmetric oscillations and the other for asymmetric oscillations. The sym- 
metrically tuned circuit consists of the inductances of the two internal 
conductors in series and a capacitance “consisting of C, in parallel to the 
Series connection of C; and C5. The condenser C, does not carry current 
of the symmetric frequency. 

" The asymmetric circuit consists of the inductance of the two internal 
conductors in parallel and the capacitance formed by the condenser C, 
in series with the parallel connection of C; and C}. Condenser C, does not 
carry current of the asymmetric frequency. 

The two circuits can be independently tuned by C, and C;. 

The degree of frequency stabilization depends on the degree of coupling 
. between oscillator and cavity resonator. As the balanced circuit shows a 
. damping that differs considerably from that of the asymmetric circuit, it ' 
would be an advantage if the amount of coupling between oscillator and 
cavity resonator could be adjusted separately for the two frequencies. 
In fig. 5 two leads are drawn that are to a certain degree coupled to the. 
internal circuits, and it is not simple to vary this coupling. However, there 
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$ , Fig. 5. Cavity resonator with a symmotrio and an i dun mode of oscillation. 


A NEW PRINCIPLE FOR TRANSCEIVERS ` — ua 


is a better "method, not based on aeie coupling but on apudir 
coupling. The principle of this method is shown in fig. 6 for a conventional 
asymmetric circuit, in which figure a tuned-grid tuned-anode oscillator. - 
circuit is drawn. The anode tuned circuit, which may be formed by a 
cavity resonator, is coupled to the anode via the impedance Z. 


Y 
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Fig. 6. Tuned-grid tuned-anode oscillator with the valve tapped on the anode circuit by l 
means of a series impedance Z. ' 


i 


If Z is capacitive the anode is tapped on the tuned circuit (the impedance 
of which must show an inductive parallel component to make oscillations 
. possible), and the frequency is more stabilized. On the other hand, if Z 
is made inductive, part of the inductive inipedance needed between anode ` 
and earth is formed by this inductance, and therefore the tuned circuit . 
must show a smaller parallel inductive component, what means that the 
oscillator frequency must differ more from the resonance frequency of the 
circuit. As a consequence the frequency stability is decreased. — ' . 

Fig. 7 shows a transceiver circuit in which this principle is used to 
enable a separate adjustment to be made for the amount of coupling for 
the two frequencies. À grounded-grid kind of oscillator valve is used. For 
. the sake of simplicity we have omitted all elements and leads not carrying 
the symmetric or the asymmetric oscillator frequency. 
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To the input electrodes a paniei system is T on which the - 
antenna is conveniently tapped. The short-circuited end of the parallel-wire 
system is connected to an impedance Z,, which tunes the asymmetric 
input circuit. Z, can be damped with the aid of resistance R and switch S, 
which switch commands the transmitting or receiving position. 

.The anode circuit consists of the two equal impedances Z5 and Z;. 
and the cavity resonator. The anode-grid circuit is closed by Zo, which 
impedance is common to the input and the output circuit. 

The amount of coupling between oscillator and cavity resonator depends, 
for the symmetric frèquency, only on Z5 and Zi, whereas for the asym- 
metric frequency itis controlled by Z;, Z3, and Za. From this it can he seen 
that the coupling can be made different tr the two frequencies. 

A transceiver designed on the principles of fig. 7 has been built for a 
wavelength of 100 cm (local-oscillator wavelength 106 cm) and has proved 
that these principles are fully workable.. 


f Eindhoven, Septèmber 1946 
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THE TEMPERATURE DEPENDENCY OF THE 
INDEX OF REFRACTION OF HETEROPOLAR SOLIDS 


by J. H. van SANTEN and G. H. JONKER 
| ` 535.327:539.13 


Summary 


While the electronic polarizability of molecules does not vary much i 
I with temperature-it is found that the electronic polarizability of b 

heteropolar lattices shows a pronounced dependency on temperature. - 

A tentative explanation is suggested based upon the assumption 

that the electronie polarizability of heteropolar lattices is mainly 

of an electron-transfer type. f E s 


Résumé 


Alors que la polarisabilité des électrons de molécules varie peu avec 

la température, on trouve que celle de réseaux hétéropolaires dépend , 

de la température. L'explication que les auteurs donnent de cette 

dépendance se base sur l'hypothése d'un transfert d'électrons au 

cours des processus qui contribuent à la polarisabilité des électrons. M 


` 
- 


1. Introduction . ' 


It is well known that the Lorentz-Lorenz formula, ` 


2 uus | ^0) 


: ^ n+2 3 
where n = index of refraction, 
N = number of atoms (ions) per unit of volume, 5 
a = electronic polarizability of an atom (ion), . 


theoretically holds only for an assembly of spherical atoms (ions) with a 
polarizability concentrated at the centres, the atoms being situated at 
positions with purely cubic symmetry (“purely cubic crystals"). 
. Since we believe that in a large number of cases the Lorentz-Lorenz. 
formula is a fair first approximation, and since, moreover, the phenomena 
we shall discuss are found to be essentially similar for purely cubic crystals 
and for other crystals, we shall apply the Lorentz-Lorenz formula.: 

From equation (1) the following expression for the change of the index 
of refraction with temperature can be derived: ` 

dn — (n1—1) (n? + 2) ls oN 1 M - Q) 


aT - őn NoT 'aoT 
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` rn 
For isotropic or cubic substances f 


1 oN i 
—3 Bins 3 
N aT Piin . ( ) 
where fiin denotes the coefficient of linear expansion. i 

Writing i 

* ? . 1 da - 
. , f 4 
B fs om (8) 


equation (2) becomes: 


dn (n?—1) (m? + 2) : 
Am——— BH je&AciAL (5) 


For a large number of substances the temperature P of n has 
been found to. be caused by the variation with temperature of JV alone, 
from which it may be concluded that the polarizability does not depend on 

: temperature. : 

As we shall show, with the aid of data from the literature, for some 
heteropolar solids of different structures, the term 4 fa cannot be neglected. 

In section 3 we shall give a tentative bip of this fact essentially 
based on the assumption that in these,lattices the most important atomic 
processes with which the electronic polarizability is connected, are not 
confined within the separate atoms, but consist in an electron transfer 

' from one ion to some other. 


l 2. Experimental data : f B 
a) Sodium chloride +) E 


In figs la and 1b, respectively n and dn/dT, measured at room temper- 
atüre, are plotted against wavelength 4. The graph for n is found to be the 
* well-known curve for an index of refraction at the long-wave side of an 
absorption peak. The dependency of dn/dT on the wavelength shows a 
positive contribution which becomes the more important, the more we 
proceed towards shorter wavelengths. 2 
Extrapolation to 4 —oo yields 
dno — 3, y ak . , 
ar ——38x109*) , 
From this value and from the coefficient of linear expansion, 4 ds x 105, 
we calculate with the aid of eq. (5) - 


Boss =+61X10%= +15 Bin =) 


*) For brevity we have omitted the dimension *'degree-P" throughout. 


n ~ 


aos > 4 
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T 


x b) Calcium fluoride!) : n d 


~ te 


Ina completely analogous way one obtains 
A dna. : , 
0 ee 10°; a= +i: 1075, 
. ^ dT i ‘Big = + 19 X 


Bayo = +32 x 105 = +17 f. 


In the case of the next two optically anisotropic crystals we'must dis- 
tinguish between ny and ne, the indices of refraction for light with the 
electric vector perpendicular respectively parallel to the optical axis. It is 
certainly not allowed to use here the Lorentz-Lorenz formula; nevertheless 
we may try to make an estimation of baol Bin by averaging over all 


directions. : : " LIE 


Dependency of the iudex of refraction, n, and the temperature derivativa of the index’ 
of refraction, dn/dT; on the wavelength 4 for sodium chloride. 
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c) Quartz 1) 
dno, 2’ 
aT 
dn, 


dT 


= — 0°72 X 1075; famo = 314 X 1075 Brg L) = 142 x 10%. 


= — 0:83 x 1075; Paso = 1:33 X 1075; B, (I) = 0:87 x 10%. 


From this it follows 
Ba,» (average) = 290.4) 
Pus (average) 
d) Calcite 3) 
Here we find a pronounced anisotropy caused by the presence of layers 

composed of planar CO; groups. 

dro, co, E 
aT 
dre, 


dT - 


—01 x 1055; famo =— 17 x 10%; Sul) = — 052 x 1055, 


= $096 x 1075; Baso = + 9:8 x 1075; f (II) = + 2°53 x 10%, 
Base (average) L qo a) 

. Bus (average) 

« Ce) Vitreous silica ts : a 

dna l i 


Se = 098 x 1075 fao = 1-92 x 1075; f, = 0:037 xS 


Ba, T + 52 Bin 


This abnormally high value of f... / Pin might be caused by the very low 

' coefficient of thermal expansion of vitreous SiO. Measurements on various 

crown and flint glasses showed, however, that the vitreous state is not neces- 
sarily connected with a a mgh value of Pa [bin 


f) Silicate glasses 2) 


For flint glasses we have 


m = 2:8-8:8, average 3:5; 
lin 


for crown glasses 


T —2:3- 2-1, average 2'55. ` 
lin 


*) It may be seen that the ratios faw,» / füin(.L) and fas i fiis (Hl), though being without 
physical meaning, aré of the same order of magnitude. 
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Not taking into account vitreous silica and the highly anisotropic cab ~ 
cite, we may conclude fróm these measurements that the ratio fs / Bi, 
varies between 1:5 and 3:5. 

In section 3 we shall discuss how to understand the order of magnitude 
of this ratio. 


‘ 


3. Diseussion 


In order to discuss the dependency of the polarizability on the tempera- 
ture we have to consider a more closely. 

According to dispersion theory we can write for an assembly of isolated 
atoms 


2 - '4 Ch: ` , 
ENS EE N (7) 
n--2 3. i mê 
where ur ST 
8zN 
‘ Coi = —— oh Vor Moi M, i0» , F 


-hvi = energy difference between the ere state and the 
- excited state i," 


r ) " 7 x 
Mij = matrix component of the electric moment between the - 
states ¿ and j (the index 0 refers to the ground state), 


D 


. v = frequency of the light used for the determination of n. — : 


We shall consider the case where most important contributions to vg; 

` _ result from, a rather narrow band of energy levels situated at a distance 
hv, above the ground level. So we can then replace the sum in (7) bya a. 
single term 


+ 


Bex re 
Lie MERGE eee E e. (8). 
í m+2 3 | ve—y ~ , ~ 
i A " 
or i n?—4 = V i . ` 9) 2c 
where C = 3C l E "o (10). 
and l Ww —»x—6C. . (11) . 


T 


The corresponding absorption of the Res should be found at the fre- 
quency ve, shifted towards longer wavelengths with respect to ve. 

In the right-hand side of equation (8) both C and v, may vary with +, 
temperature. ' E 
According to quantum mechanics C/N should be a constant for an assem- 

bly consisting of isolated atomic systems under different conditions since 
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this ratio should be proportional to ET number of dispersion deciros : 


contributing to vg *). : 
` From equation (8) and from the constancy of C/N it follows that *) 


t 
D 


2ve dve 
= eee ce 12) 
Pa ve —3? 9T . { ) 
2 Ove i 
d d z= — — s ^ 7 13 
an Bayeo Ve oT : " ( i ) 


In the case of sodium chloride, a substance that is a rather good example 


` of a heteropolar crystal, we estimated fa œ» in the following way. From dis- 


` persion data we calculated ve and C’ (or C); by means of a rather crude pic- 
ture adopted for the electronic transition process we could estimate Ov;/oT; 


from these data fa,» could be derived. 
: Evaluation of v; and C from the dispersion data!) with the aid of 
equation (9) yislded ve = 2:48 x 10% sec and C= 271 x 10% sec ?. 


-The value of vois in agreement with results of Herzfeld and Wolff 5) and 


also Mayer 4) who have found that for sodium chloride the most important 


. process with which the electronic polarizability can be 'connected causes an 


absorption at about 1200 A. 
According to theories developed by. De Boer 5) and Mott 5) one should 


' assume that in these processes an electron is transferred from a halogen 


ion to an alkali-metal ion, the latter being situated at such a distance that 


_ the interaction between the electron and the empty place left behind at the 


‘chlorine, may be neglected. This is in agreement with experiments by 


Ferguson 7) who found that on passing towards shorter wavelengths photo- l 
"conductivity starts only at about 1270 À (second LL peak). 


So we may write. 


e? . < 
hy, = UTE A ee ` . (14) 


E We found, however, that for a rather large number of such heteropolar oxides (e.g. 
MgO, AlO, TiO,) where the electronic polarizability must be attributed to the 
oxygen ions alone, the ratio C/Nv, rather than C/N is approximately constant. The 
cause of this discrepancy i is probably that for these heteropolar nrystals the model of 
isolated atoms is rather inadequate. , 

Since for these oxides C/Nv, varies only slightly for different lattices at one and the 
- same temperature one might assume that also in the case of temperature variations 

of a single lattice this quantity remains to some extent a constant. 

From equation (8) and from this assumption one calculates 


E V+ ve Ov». ` , 

Ba = — pev — 1) OT j (12’) 

i =t w, a ; 
and fae = sar’ (13°) 


a result differing from equation (13) by a factor 2. 


$ 


r 
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- where Ay = Madelung’s constant, . ot es Mi 
J  - ionization energy, 
' E. = electron affinity, 
r = shortest distance between two ions carrying apee 


. charges, and 
Pos polarization term due to the electron xd giving rise 
to a polarization of the lattice. f 
. Tentatively we shall assume that the polarizability is affected by tempe- 


rature variations only by the average interionic distances being changed 


(thermal expansion) and, particularly we shall suppose that mainly the — 


first term of the right-hand side is influenced. 


From these assumptions and from the values Ay, = 1l: 15, r=2 79 ES E 


one calculates with the aid of (10), (11) and (13) , 


f 


l ave : 
crue re ee d 
^ oT Piin 
dr! ; 
Qut gu. JM 
and ` $ E M. NEM T T ! 
l G,00. — ve aT Vee m d lin? 


a — of the "right order of magnitude *) By ‘ada into account the 


dependency of the polarization term P on the interionic distance r a smaller- 


value of f, . will be found. . © i 


It seems not unreasonable to assume that also for other heteropolar wm 


substances the dependency of the electronic polarizability on temperature 
is caused by the electron-transfer character of the underlying electronic 
processes **). y 


*) With the assumptions underlying equation 1 Q3) one obtains Paso = l6 Jus So : 


our estimation is not very sensitive to whether C/NNv, or C/N is independent ak 

temperature. 

_ '**) In order to explain the abnormally high value of ao /flin for vitreous silica one 

+ might suppose that owing to some folded structure; the Si-O distances, seen micro- 
_scopically, do expand with temperature, while the macroscopic crystals do not show 
`a large thermal dilatation. 


Eindhoven, January 1948 . 
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EMPIRICAL DETERMINATION OF WAVE-FILTER 


TRANSFER FUNCTIONS 
WITH SPECIFIED PROPERTIES 
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PART II *) 


Summary: see Part I. 
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| 3. Second method of "TM the poles and zeros of h, g, f à 


We shall now describe a method of finding the positions of the singul- 
''arities of In|h/f| that is more efficient than that discussed in section 2*6. 
At the same time this method gives the positions of the zeros of gif. . 
n As will be shown in section 3:3, all singularities of In[h/f| and In|g/f| are ` 
situated on a definite set of gradient curves of the potential field In|F| 
the electrode configuration of which has been defined in section 2°4 — F 
having been defined at the end of section 2:5. i5 
Now, according to section 3:5, we are able to construct a "conjugate 
electrode configuration" which gives equipotentials coinciding with the ' 
gradient curves of In|F|, and vice versa. With this second electrode confi- 
`. guration we may therefore trace without difficulty the required gradient ` 
curves of In|F| (377): The points where these curves meet the c :axis.then 
give the singularities of In|h/f|, whilst the zeros of.g are thé points ‘where | 
' the curves meet an equipotential of the In|F|- -field which may be traced i 
in the original electrode configuration (3:8). 
In order to ascertain on which of the gradient curves of In| F| ihor roots 


of h, g, f are lying, we use a transformation in which the /-plane is repres- . 
ented on the H-plane, H being a function derived directly from nF ... 


by inclusion of all the analytic continuations of In F. (3:1, 3:2). In this 
` H-plane the roots of h (or f) are now found to lie on a series of equidistant 
points (3:3), corresponding to the fact that the number of needles, repres- 
enting the roots of ^ (or f), should be proportional to the current per cm on 


the band electrodes (2: 6). This means that, when the conjugate electrode . 2 i 


configuration is used, the roots of It (and f) lie on a set of equipotentials, the ` 
voltage difference between any two successive equipotentials of the set being 
_ the nd DT The roots of g lie on the same eqmipoteatals (9:8). .. 


3:1. Analytic continuation of the auxiliany faxiction In F to form the 
auxiliary function H  * i ; : 


The function In F is analytic in every part of the A-plane except along’ 
the band electrodes. The real part.of the analytic continuation along one - 
of the electrodes may be found by ‘the Laplace differential equation. Its 

. analogue in the electrolytic tank is the electric image of the potential field 
in both faces of the band electrode that is considered, the left face of the 
band electrode giving on the right side the image of the left part of the 
potential field, and vice versa. The function In F and its image. therefore | 

. form a fanction with at least two branches, two branch points being repres- 
ented by the edges of the electrode. Now at each of the band electrodes'a 
continuation may: be constructed, corresponding to an electric image. The 
complete function, therefore, consists in general of an infinite set of branches, 


x 
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each branch corresponding to an image of the electric field that represents 
In|F]|. (The expression “image” is to be understood in this respect as either 
a direct image or an image of an image, or an image of multiple degree.) 


3.2. Representation of a part of the A-plane on the H-plane 


The function In F, completed with all its images in the various elec- 
trodes, will from now on be called H. 

' The part of the A-plane adjoining one of the electrodes (for instance D) 
and bounded by an equipotential B (fig. 8) can be represented in the H- 


Za é 


(rE 
vs 
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Fig. 8. Electrode and equipotentials representing the function H in the part of the 2-planė . 
close to a transmission band. .' Í 


plane. By introducing an additive constant we make the potential of the 
“electrode equal to zero. The image of the electrode on the H-plane will 
then fall along the imaginary axis. The equipotentials will appear as 
straight lines parallel to the imaginary axis and the gradient curves as 
‘straight lines perpendicular to it (fig. 9). : 

In fig. 8 a black and a white triangle are drawn in the A-plane, on opposite 
sides of the transmission area D along the w-axis. The attenuation area at 
the upper side of D is marked by a wave line; the attenuation at the lower 

side by a series of small circles. The images of these figures in the H-plane 
are represented in fig. 9 by similar figures. f 

How, the representation of the A-plane continues outside the lines £ is 

of no interest for the moment. A representation of the whole 4-plane upon 


= 4 


" = i E 
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an H-surface is discussed in section 4°6; this surface consists of two finite 
plane areas ‘of a definite shape, joined discontinuously. : , 
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Fig. 9. Representation of the H-fünction of fig. 8 in the H-plane. 


3:3 Singularities of h/f in the H-plane 

. In section 2:6 we found the positions of the needle electrodes by dividing 
the band electrodes into a series of intervals carrying equal currents, and 

putting a needle electrode into each of these intervals so as to divide it | 
again into two sub-intervals both carrying half of its current. As equal 

currents on the band electrode are represented in the H-plane by equal: 
distances on the imaginary axis, the needle electrodes needed for the 

function h/f are represented in the H-plane by a series of equidistant points 
on the imaginary axis, as indicated.in fig. 9 by the points p. In fact, we, 
may now become independent of physical auxiliaries and define the func- . 
tion h/f as having its poles or zeros on a series of equidistant points in the 

H-plane along the straight lines representing the attenuation and trans- 
mission bands, respectively. 


3-4. Approximation of the value of h/f in the H-plane 


With the aid of the H-plane we may caleulate to a close approximation 
the values of h/f for all points in the 4-plane, including those that are close 
to the zeros of h. ^ — ° v mE. 
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This is important, as the value of h/f in the transmission bands determ- 
ines'the variation of attenuation. As is shown in this section a difference 
1n2 exists in the transmission bands between the minimal value of In|h/f| 
and the value of In| F,| from which it is derived by formulae (19) and (20). 
Correcting this difference we get formulae (23) and (24). 
‘A function in the H-plane that is to a close approximation constant 
along the lines f and has an equidistant series of logarithmic poles along 
the imaginary axis (at intermediate distances x) may be described as 
Cln |cosh H|-+ D if the distance between the lines f and the axis is greater 
than x. The extreme value of the function along the axis is Cln|cosh 0] 
+D=D. 
The values of C ind D are found in the following way. At the point 
Hx $ jy we find, if x is not too small, for instance x > =, 


f 
tly 4 gy 


Da 
2 T 


C In|eosh H| + D = C In 


gd 


: mE o CA Cin =| + D = C612) + D. 


< In the proximity of f this field and its derivative must be approximately 
equal to the field representing the real part of H and its derivative. Therefore, 


, n C (x—n 2) + Dzx; 
thus | C=1' and Dein 


' Along the axis, therefore, the function Injcosh H| 4- D will vary between 


` co-and + In 2. This may be interpreted by saying that, when the band t 


electrode is replaced by needles in the manner indicated, the maximal 
potential in the transmission band will i increase, and the minimal potential 
in the attenuation band will decrease by an amount In 2 (see fig. 10). 


Positions of the needle electrodes 


54185 


. Fig. 10. When the band electrode in a transmission band is substituted by a set of needle- 
electrodes (represented by equidistant points in the H-plane) the maximal potential. 


i Hes an amount In 2 from the mean potential. 


e Ye us 
" x 
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Therefore, in actual experiment we should use a function In| F| that is given 
by $ ` ; 

. In|F| = In|F;| — In 2 in the transmission bands, 
and by 1 
In|F| = In|F;| + 1n 2 in the attenuation bands. 


The formulae (19) and (20) then give rise to the following two: 


"in the transmission band D, , In|F| — do must be € 4In 4a, , (23) | 
in the attenuation band G,,, In| F | — a, must be z: ay --1n2. (24) | 


9 5. A colifigiiration of Jei producing the conjugate H- field 


To define experimentally the positions of the needle electrodes we can 


` + use an other configuration of band electrodes in the tank. As mentioned i in 


section 3-1, the only singularities of the H-function are branch. points on 


` the edges of the band electrodes. 
Furthermore, we saw that the current defined in section 1°6 is a measure ' 


for the imaginary part of H. For that part the same Laplace differential ~ 
equation is valid as for the real part, and therefore it should be póssible 
to find a configuration of electrodes in the tank producing a field that g 
represents the imaginary part of H. This field, in accordance with common . ` 
usage, we shall call the conjugate of the field representing the real part of H, 
and the new electrode configuration will be said to be conjugate to the 
old one. 

The branch points must be the same for both parts ob H. The equipoten- 
tials of the old field must coincide with the gradient curves of the new one, ` 
and vice versa. The new field, therefore, is symmetrical to the w-axis and 
has equipotentials on that axis between every pair of the old band elec- ' 
trodes. So, when we put along the w-axis new band electrodes in all the- 
open spaces between the old ones and then remove the old ones, we can 


. produce a field having singularities at the right places and equipotentials 


coinciding with the w-axis at the right places. Now, "when we put the 
electrodes on the, right potentials, we have the field representing the ima- 
ginary part of H. 

To find the potentials of the electrodes we move from one of the new 


electrodes to the next along the w- axis. The increase of the potential along | 


that path must be proportional to the increase of the i imaginary part of H. 
and, therefore, in accordance with sections 1°6 and 2:6, to the current - 
taken by ine intermediate old electrode. - 
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| $6. Simple proportionalities between the currents in the various band elec- 
trodes of the original configuration `` . 


` The imaginary part of H is an approximation of the imaginary part of 
li h/f, i.e., the argument of h/f. All poles and zeros of h/f lie on the w-axis. 
` Plotting arg „hif against œw, one therefore finds a horizontal straight line 
making a jump x at every pole or zero. 

As only an integral number of poles or zeros is possible in a band, the 
increase in arg h/f will always have to be an integral multiple of x. This 
means that the difference in potential between any two neighbouring - 


. electrodes in the second configuration must be an integral multiple of x 


and therefore the current taken by any band electrode in the original con- 
figuration must be an integral multiple of the unit current. 

As a small number of poles and zeros is desirable for an inexpensive and 
simple filter network, the proportionality between the currents of the 
different electrodes must be one of simple integers. When this conditions is 
not fulfilled, the requirements of section 2:1 must be modified until it is. 


3:7. Determination of the poles and zeros of h/f by means of the conjugate. 
electrode eonfiguration : 


Fig. 1l gives the imaginary T of H along the a-axis (continuous 
curve) and that of ln (h/f) (step curve). . à 

From section 3:5 it follows that the or differences between the 
_ places of any two successive needle electrodes must be equal. Tn fig. 11 we 
can therefore find these places by constructing the points where the: curve 
Im (H) intersects a set of equidistant horizontal lines. ° 
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Fig. 1L S part of H (evatinasits curve) and of In (h/f) (step 'eurve) along the 
w-axis. The poles x and zeros o of h/f are the projections on the w-axis of the points of 
intersection of the curve Im (H) with a set of equidistant horizontal] lines. 


= ` A E t a S ux 
EMPIRICAL DETERMINATION OF WAVE-FILTER TRANSFER FUNCTIONS , 385 


The number of these lines must be taken equal to the total number n 
of current units carried by the set of band electrodes in the old electrode. 
configuration. that represented the transmission bands *). (This number is 
equal, of course, to the total number of current units carried by the 
attenuation-band electrodes in the old electrode configuration.) 

From section 3:5 it follows that & is equal to the maximal number of 
units of potential difference between two of the band electrodes in the' 
conjugate electrode configuration, and therefore to the height of fig. 11 
if the vertical distance representing a potential unit is used as léngth unit. 

The vertical distances from the horizontal lines to the lowest point of 
fig. ll must be (2v—1)/2n, v being an integral number inptessing Eos 

l to n. 

In the tank we can find the place of the needles directly by dividing thé 
potential difference between the two band electrodes having the maximal 
potential difference into a number n of equal parts 4, and determining 
the places. along the axis where the potential is $4, $4,..., (2n—1)4/2. 


3:8. Finding the zeros of g(A) g(—4) 
The zeros of g(4) g(—4) lie at the places where. 

| O ADMA 
£0) f) (fc) 


le. according to section 3:3, on the equipotential of Re(H) where the l 
potential is 2a). As —e"^ is nests real, the argument of 
” h(a) h(—a) h(—A) 
FA f(A) 
must be zz; + dun at Mise points. 

The gradient curves of Re (H) on which the zeros of g lis are found, as will 
be discussed below, by considering fig. 9, in which the A-plane is represent- 
ed on the H-plane. The zeros of h are. marked p. It is immaterial whether 
band electrodes or needle electrodes-are used in the other bands, as these 
bands are too far away to influence the field.around the band D seriously. 

As the poles and zeros of hif all lie on the w-axis, and as h/f must 
be symmetrical to the x-axis, we find h(A)/f(A) = + h(—A)/f(—2) or 
—h(—A)/f(—A). The plus sign is valid if neither k nor yy have a zero at 


A = 0:'the minus sign in the opposite case. Therefore the argument of 
MAG at the zeros uf g/f must be 


* (see (18)), 


a n £ Bnn) or $ (+ 2nz), respectively. s 


*) The number has to be integral as is discussed in section 3:6. 


Ah 
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The zeros of g must therefore lie on the gradient curves of h/f in the A-plane 
with the argument z/2 + nz, ot + nz respectively. The same applies 
for the H-plane. In the H-plane the imaginary axis is a gradient curve of 


_h/f with argument + nz or z/2 + nz, respectively. 


Around a zero h, of h the increase of the argument equals the increase 
of the angle of the radius to that zero. Therefore at the zero there starts a ` 


radient curve with the argument z:/2 + nz or + nz, respectively, perpen- 
er g P y» perp 


deduced gif from h/f, i.e., by an equation 


dicular to the imaginary axis. For reasons of symmetry this line will 
continue to run perpendicular to the imaginary axis, and it therefore 
corresponds to the image in the H-plane of a gradient curve of the H-func- 
tion running through the zero of fi. This gradient curve parren poia to an 
equipotential i in the conjugate configuration. 

Thus the zeros of g(4) g(—A) are the points where Re(H) = 0 and where 
Im(H) is equal to Im(H) at a zero point of h. For the zeros of g we may 
take the zeros of g(A) g(—A) lying in the negative half-plane. 


3 9. A function g/f with poles noc on the c-axis 


' As is known from section 2'3, the relative error, resulting. TR the sub- 
stitution of h/f by g/f, is very small if ln|g/f|—a, > 15 db, that is to say, 
at points lying outside the closed curve In |h/f[—a, =0 at a not too small 
distance from that curve. Confining ourselves to that range, we therefore 
put h/f = gjf and examine f/h. _ 


From this function we can deduce a functio n f/h in the same way as we 


r 


f 
nio, 


La T 
yi rates e ). 
This will lead, in accordance with forrar (i8); to a function flh or fig 
of which the attenuation in the attenuation band is an amount In a less 
‘than that of f/h, whereas the attenuation variation in that band is 


Aa, = {a/2)? and the poles lie as indicated in fig. 12. The same procedure 


ES 


- . may be followed for every attenuation band separately, thus leading to an 


attenuation function as mentioned in section 2'1. 
` The requirements for h/f must now be changed into the following: 


in the transmission band D,, 1n|h/f| —a; must be < 12 +4ln Aay, (25) 

' in the attenuation band Cy, ln|h/f|-ap must be = a,—In2—InAay,. (26) | 
Those for F become: 

-in the transmission band D,, In|F|-à, £ $ ln Aa, 

-in the attenuation band Gy, In|F|-a, = a,—4 In Aap. 
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« . ' 


It should be remembered that, according to section 2:8, the equations ` 


(26) and (28) are valid to a good APA tini only if Ady, < 01 neper. 
When 4ay > Ol neper, we must,—if necessary, replace the term 
—i4ln ddy by — ih (Tu —1j+m2 4+2 Aay: i 


w 
x , 
Aplaw "y i : 
A * 
, 
o 
o 
$ 3 . 
m r 
' x < 
o ; - 
- a aj o 
x Zeros of f : 
© Zeros of g » i - * 
x | Attenuation bana 


| Transmission band 


ETT 
Ta Tig 12. Poles and zeros of a function g/f. 
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4. Analytic characteristics of the H-function 
4'l. Behaviour of H in ihe 2-plane 


` 


In the foregoing we have found a method for the determination of trans- - 
fer functions by using the H-function, which we determined by defining 
the potential field representing that function. We shall now, for the sake 
of completeness, define the H-functions analytically. They will prove to 
be a special kind of hyper-elliptic integrals, which could in uineis be 
: computed as outlined in sections 4'2 and 4-4. 

In section 4 no new conclusions as to the experimental determination 
are found; therefore the reader that is not interested may turn directly " 
to section 5. . i i 

By the definition given in section 3'1, at every-band electrode the field 
H passes over into its own electrical image; so when one plots vertically 


~ 


4°2. Analytic definition of H 
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the value of Re(H) over the A-plane, the plotted surface must be symme- 
trical to every horizontal plane representing the potential of one of the 
band electrodes. So when there are more than one band electrode, the sur- 
face will have an endless chain of branches. In fig. 13 we have reproduced | 
a part of an H-function along the w-axis (the In|F|-function from which it 
is derived is drawn more heavily). The imaginary part of H will form an 
analogous chain of curves. ` 


` 


M 
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Fig. 13. An H-function mostly has an endless chain of branches. In this figure the real part 
of an H-function is drawn for real values of w, : 


+ 


We shall derive an analytic expression«for H, starting from a consider- 
ation of the complex function l mE 


1 1 ue 
Yao VEFA Gran... BF on), 


"all Wy being real. Along the imaginary A-axis Aff/g will be double-valued 


and alternately purely real and purely imaginary. The same holds for 


functions piVq in which p and q are polynomials that are real at the 
imaginary -axis (see, for example, fig. 14) *). s a : 


*) There is very little similarity between the functions 1/Yg or p/Yq and Cauer’s Q-func- 
. tions, which are also given as square-root expressions; e.g., the Q-functions, if they are 
real in the transmission band, are imaginary in the attenuation band, whereas 1/Vq 
or p/Vq is real in both kinds of bands and imaginary in the intermediate bands. 


*ox 
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When we now integrate the real part of pla along the w-axis, the integral 
will be a constant along the bands where plYa i is imaginary. Starting the 
integration from an œ” on a band where pla i is real, we can always find 


two branches of the integral according to the two branches of pla, and 
by integrating forwards and' backwards again we can find an endless chain 


of branches. So Ir z= dA is an H-function (fig. 15). This holds for every 


integral 


with the following properties: 
(1) p and q are polynomials in j; 
(2) the roots of q all lie on the w-axis, and q is real along that axis; 


(3) pis purely real or purely imaginary along the w-axis: this implies that 
its roots form a pattern symmetrical to the w-axis; 


(4) in order to keep the integral finite at the point co the integrand must 
` there tend to zero more quickly than «^"^ or o2, according to the 
degree of q being odd or even, respectively. 


* 
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; j : 2 2) (22 2 
Fig. 14. The fanetion—À—— EOD) ws?) for 4? = —o*. 
NRE o8) (8 + ou?) + ox?) + o?) FF ax?) 
The function is two-valued and either purely real (dashed Hines) ¢ or purely i imaginary (full- 
drawn lines). : š 
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Fig. 15. Integral of the real part of the function of fig. 14 
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4:3. Calculation of the differences in value between the horizontal parts of 
the H-curve when the analytic expression of H is given 


Qı, the difference in value *) of H between two successive branch points 
w and cs, can be found by ees the definite integral 


dee l 
Yala) " 


_Tf we substitute x = —jA— (iss [2 aud € — w = 2a, we can split the 


integral into three parts, viz. 
b +a mos a—s a 
J a= f = f e) Jeti (=); 


provided & is a small number that tends to zero. In the region —a + € < 
X < a—e the function is analytic and can be integrated by expansion 
into a power series. The other two integrals tend to zero when e tends to 
zero. Therefore, the original integral too can be integrated by series ex- 

pansion. 
4-4. Definition of the m expression of H when the differences in value - 
. of the horizontal parts of H, as nud as the branch points 0,05, . o» 
are given APP $^ n ‘ 


.4(2) is directly given by the branch points c, 0», ... - 


alh) = (Aja) (à 3) -  - (à5jon). 


- To find p we split the integral into a series of terms 


UE pays R- xg 
ROS “= dA = 3 —— dA. 
Mr Lina ati 


The real part of {= 


Ta 
"p Pdi. We designate the real part of apa 


Vala) g(4 


à, H 


We can calculate the values of the integrals on the right side in accord- - 
ance with section 4'3. Then we can calculate the coefficients Pu by ' 


evaluating the system of linear equations 


a Af the H- function is^derived from the requirements of a filter transmission function, 

. "ais the sum of a discrimination a, and terms depending on the attenuation variations . 
Aay and Aay. To stress this relationship the differénce in value under consideration 
has been denoted by an a. 


ge NE "og 


ay * . Eu P 7 r 


; i 2 j T 
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= pn of? 4 + pua af" D4, + Po all, 
= pn af? + Pn af) +... E Po af > 


There are n/2—1 or (n4-1)/2—1 different a’s according to whether n is even ` 
or odd, and therefore the number of equations is n/2—1 or (n4-1)/2—1. . 

The highest power of 4 in p(A) is (n—4)/2 or (n—3)/2 (see section 4-2). 
Therefore, including py, the number of unknown quanam is ias and 
(n—1)/2, respectively. 


We conclude that the number jj — equals the amke of o 


e uations, and the ex ression SER då is com letel defined. This 
q p TT P y 
q(4 Š 


expression is a special case ofa w meya When the number of 
branch points is four it degenerates into an elliptic integral. 


4:5. Saddle points 


PX 


The saddle points of H are the zeros of P. ‘In fig. 16 the approximate 
places of saddle points Z are given for various cases. The places may be ` 
estimated by considering rubber-membrane models. 


$4191 , 


Fig. 16. Saddle lan of several H-functions are indicated by z. 


46. Representation of the /-plane on the H-surface 


In section 3:2 we ‘represented a part of the 4-plane on the H-plane. Here 
we shall represent the A-plane on a surface that may be visualized as the 
total outer surface of a sheet of material of infinitesimal thickness and of 
a shape that is defined by the H-function. The equipotentials and the: 
gradient curves of H likewise form two sets of mutually perpendicular 
straight lines on this surface, which we shall call an H-surface. 

Let: us consider the- H-function in fig. 17. The drawing represents the 
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be . 
A-plane. The heavily-drawn intervals are the transmission and attenuation 
bands. The curved line represents the gradient curve passing through the 
saddle point. , i - 


- > L4 
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Fig. 17. H-function in A-plane. The curved line is the gradient curve passing through the 
saddle point. The dashed line 1-14 is represented in the H-plane in fig. 18. The represent- 
ations of the lines marked x x, ooo, |o| are marked in fig. 18 by the same characteristics. . 


# > 
. 


We shall follow the dashed line in the direction 1-14 (the area on the 
inside is supposed to be infinitely narrow). After having passed from 1 to - 
14 we have alternately followed equipotentials and gradient lines and 


ultimately reached the starting point again. The representation of this 


line in the H-plane.is therefore a closed contour (fig. 18) consisting of 
straight intervals in two mutually perpendicular directions. 

The whole of the 2-plane is represented on the inside of this contour. This 
representation, however, is not yet perfect as the points on the intervals 
1, 2, 3, 4, 12, 13, 14 must coincide with those on the intervals 8, 7, 6, 5, 


. 11,10,9 respectively. We can attain our object by extending this represent- 


ation of. the A-plane by a set of other representations in such a fashion 


as to make the resulting figure symmetrical with respect to any of the 
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Tig. 18. Representation in the H-plane of the H-function fig. 17. 
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straight intervals T i the circumference. Then, however, we come to a 
complicated set of Riemann surfaces. 

Another possibility is to fold the figure about the Sine l iud mould 
together the then coinciding parts of the surroundings. The whole surface 
then consists of two flat pieces of the shape of fig. 19. 


d 19. H-surface for the H-function of fig. 17. 


A physical model makes the shape of this surface clear. Take a blade- 
of mica of the shape of fig. 19 and cover it on both sides and on the rims 
with a homogeneous layer of silver. The layer of silver then has the shape 
of the H-surface and forms a representation of the 4-plane. The figures 20 


` 


Aplane 


6» 
6r 


EOM £ 
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Fig. 20. a. H-function in Ji plank, The curves are the gradigdit curves passing through the 
saddle points. s 
in Real part of the H-function of fig. 20a along the c-axis. 
. H-surface for the H-function of fig. 20a. - 
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and 21 give analogous surfaces for other H-functions. In fig. 21 two dif- 
ferent views are given of the surface. In fig. 22 the situation of the poles 


and zeros of the function gif is given on the H-surface. By putting, in a 
mental experiment, electrodes at the positions of these poles and zeros, 
and feeding each of the poles with a positive current unit and each of the 
zeros with a,negative one, we find that the shaded areas will form two- 
-dimensional analogies of the inside of a Faraday cage and therefore will 
have no perceptible potential gradient, whereas in the blank area the 
' potential will have a constant slope surmounted by a small ripple having 
the period p. l 

The approximations become perceptible when the horizontal lines carry- 
ing the poles descend below the image of the saddle point, i.e. below the 
slit in the H-surface. These cases seem to be of little practical importance. 


L4 


Ug 


— w £ ; 
2 attenuation curve H-swrface 
54196 - "MN 
Fig. 21. a. H-function in the d-plane. The saddle points are marked z. The curves are the 
. gradient curves through the saddle points. 


` b. Real part of the H-function of fig. 21a along the c-axis. 
c. Two different views of the H-surface for the H-function of fig. 21a. 
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‘sections 2 and 3 is the best one that is possible with a given. number of 


E 
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4'1. The function h/f, found in sections 2 and 3, is the one that gives the... 
best attenuation characteristic with a given number of poles and zeros 


From fig. 23 we can conclude that the function h[f we have defined in 


poles and zeros. 


—-ly Current Mean current a 
hn, D2, ZEE 
b d 3 XX m 
E) . ie , . 
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© Fig. 23. The Hubo is shown in fig. 23a, with an arbitrary function h/f (except that all 


poles are close to G,,.C,, and all zeros close to D). — i 
In fig. 23b the vertical current through a horizontal cross-section is plotted horizontally '. 
against the vertical coordinate of the cross-section. It takes a jump each time the cross- 
section passes a zero or a pole. For y > y, the graph is split into two parts, the left- 


5 part corresponding to the part of the H-surface ending in G, and the right part to that 


ending in G,. In 23c the mean currents are plotted against y. 


Consider the case that the minimal attenuations allowed in the bands. 
G, and G, be a, and ap the maximal attenuations oo, and the maximal , 
variation of attenuation in the transmission band Aa. The difference be- ` 
tween the minimal value of In|h/f| in the attenuation band G, (or G;) 
and the maximal value in the transmission band then i$ a, (resp. az) + 
In 2 — $n Aa (a generalization to other cases gives no complications ‘to 
the proofs, only to the notations). The best function h/f gives rise to 
the minimal Aa when a, and a, are given, and vice versa. Therefore it is” 
the one with the maximal difference between its minimal-value in the 
attenuation bands and its maximal value in the transmission band: ' 


for In (hf Jop: 9 the difference In (hf )o min — 1n (hf)o i A 


^ 


' is minimal. : pa 


` We can write the caosa = In (uf Je min as the difference of the mean ` 
value In (h/f); and the maximal deviation in negative direction 4c In (h/f c 
The condition for an optimal h/f then is that 
wok. h h 3 
" —| —In/—] }— dota 
^ f D? 


"a 
is maximal. 


5 


h 
- 4p ia [| 


~ 


(29) 


z 
f 
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The term between braces will prove to be maximal if all poles are onthe. -' 
upper edges and all zeros on the lower edge of the H-surface. In this case 
we shall call this term Bc; — By. l d 

The deviations from Bp, if indeed all poles and zeros are on the edges, 
will prove to be minimal if they are arranged in equidistant series. . 
^ When the zeros are moved away from the edge D, the difference be- 
` tween the maximal value in the transmission band and Bj will be seen 
to increase. The same goes for a vertical displacement of the poles. There- 
fore the expression (29) is maximal if the poles and zeros are on equi- 
distant series along the edges of the IEEE that is, ; if h/f is incide as 
in section 2 and 3. 


Proof. 
- The mean value In (h/f)p (h/f)p along the lower de of the H-surface (fig. 23a) 
' . is represented in the physical model by the mean potential on that edge 
Amo : i ` : 
i Vdx . ` 1 
2 , if x denotes ife horizontal distance from the point (0, x) to the left 


jas 


- edis of the H-surface is represents the i imaginary part of the H-function, 
and V the potential at the point (0, x)). à 

To find the term between braces in (29) we shall also express the mean 
potential in a horizontal straight line, passing through the end of the slit - 
in the H-surface (6g. 23a), on the vertical distance y, from. the lower edge. 


V(x,y,)d 
This mean potential can be expressed as I Værir, 
l X4 
tus Pi 0 " t T o 
The difference is i . T 
i EN JE f ày frena. 
-a 
X jm Vis 0) 5 _ 0 = 0 — C 
a mE! Xi E xy 
% Xi % , , » x » 
[ &[-59 [ey [ seinen [rey 
E E 0 —? 0 l n? , 
x, X €i 


if F, denotes the vertical field strength, g the specific resistance of the 
cod detto surface, i, the vertical current density, and I the total ver- 
tical current passing the horizontal cross-section of the H-surface, with 
vertical coordinate y. This current is determined by the number of zeros « 
"situated below the cross-section. Therefore Iy as a function of y wil | | 


M 
ee ^ 
e ix wv 


“now can be calculated as 


^3X 
& ^ 


EMPIRICAL DETERMINATION OF WAVE-FILTER TRANSFER FUNCTIONS  . 397 


be constant except for a jump each time the cross- -section passes a pole i 
or a zero. : 

In the same way we can determine values of Ly, and Ty, above the 
cross-section y,, Ly, and Ly, respectively, being the vertical currents that 
pass through the parts of the H-surface ending in C, and G,. The mean 
current densities in these separate'parts may be expressed as l,,/x, and 
Lys[(11—2x5). The mean potential difference 


jn (MON 


Xo | xy 


0 qo 0 x - 


Nx A F 

L Is 
[2u+[2w. . (80) 
D : Xo à 


From fig. 23 it is clear that this integral is maximal if all zeros of Alf - 


are on the lower edge and all poles on the edges G, and G4. Also from (30) . 
we see that if we take the mean potential of D to be Bp = 0 the ratio of 


the mean potentials at G, and C, is y;/y; (as is required by the attenuation 
conditions) if the numbers of poles at G, and G, bear the proportion 
Sg] (1333). 

Now by varying the positions of the zeros at D we can E different. 
potential distributions at D leading to different maximal deviations of the 


` actual potential from the mean potential. (The influence of the electrodes 


at the edges G, and G, is small in D as these electrodes must be arranged . 
in a way to give small deviations from the mean potential in G, and id 
and therefore much smaller deviations in D.) 

The edge D is represented in the H-plane periodically at the imaginary 


axis. We can represent it again on another complex plane by thg sub- 


` - stitution of P = +- cosh (xH]x,). 


The edge D then is represented in the P-plane by the area—l< P < +1, 
and the zeros on D by as many zeros in 1-7 P < +1 (we have made an 
approximation by disregarding the other representations of the zeros 
h/f in the P-plane). : 

` The function with 2n, or 2n—1, zeros in the P-plane omona to 
P”: resp. P? for P— co) with the minimal deviations from 0 at — 1 < 


| P «-r1 is the Chebyshev function cos ]2n arcsin Pi, resp. sin }(2n—1) 


arcsin P}. This function is represented in the H-plane by a hyperbolic ` 
cosine or sine function, and in the H-surface by an equidistant series of zeros. ` 
If it is conditioned that the zeros of h should be on the edge D; there- - 
fore they must be equidistant to give an optimal h/f. A similar reasoning ` 
shows that if the poles are on Gy and G, they should be equidistant too. 
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Tt might yet be possible to improve the function h/f by moving the, 
zeros away from the edge D (or the. poles from G, and G,). The mean 
potential at D then increases, but if the maximal deviation would decrease 
faster, an improvement would be achieved. 

. We can show, however, that, if a zero is moved away from D, the maxim- 
um potential at D increases, meaning that the expression (29) decreases, 
which amounts to a worse filter characteristic. If the poles remain on G, 
and G, they continue to have a small influence in D. The H-surface near D 
then can also. be represented in the P-plane if the zeros are not all in D. 

The removing of the zeros from D is represented in the P-plane by the 
-removing of the zeros from —1 < P < + 1. The absolute value |a| of 
the extreme of the rational function:in —1 < P < + 1 then increases, as is 
stated by Chebyshév's theorem; therefore its logarithm also increases. ` 
A similar reasoning shows that the:function h/f also is made worse by 
removing poles from G, and Ce a g 5 


` 4'8. On Darlington’s method 


! At this point mention should be made of the method of calculation given 
by Darlington’) who derived transmission functions with Chebyshev 
properties in the transmission band from a transmission function of a 
reference filter consisting of constant k and m-derived sections betweerr 
. matched impedances. i 
. This reference-filter transmission function is in our terminology a special 

case of an H-function. In the electrolytic tank it would be represented 

by a band electrode in the transmission band and separate needle elec- 
. odds for the frequencies of infinite attenuation of the m-derived sections. 
`> The approximation used by Darlington to calculate the zeros of g con- 
sists in replacing each m by the mean m, which amounts to gathering all 
needle electrodes in one point. The approximate positions of the g zeros 
then are improved By root-improving methods. 
5. Manipala. - . LE : 


In conclusion we shall recapitulate the manipulations necessary to 
determine a transfer function that gives the desired filter curve. . 
I. To find the proportionality constant C of the tank: Put two needle- 
shaped electrodes into the tankat the points, say, 1 = - 10 cm. One 
of them carries a positive and the other a negative unit current J. The 

potential difference V, between, e.g. the points 4 = + 5 em is then 


5—10 E 
5+10 —5—10 


` 


Cin |-—— —C In 9. 


t 


~ 


A 
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mnm S og $e . hj 


; ` EMPIRICAL DETERMINATION OF WAVE-FILTER TRANSFER FUNCTIONS . 899 — 
. Therefore - : P CLE i 
gad EE. 
In 9 


II. Put into the tank band-shaped electrodes covering the transmission 


and attenuation bands required. Feed each transmission-band electrode 
with an integral number of negative current units I, and each attenuation- 


band electrode with an integral number of positive current units, such that ~~: 


the potential of a transmission band D,, where an attenuation variation Aw, 
is wanted, becomes Vp, < C [4 In 4a,], and that of an attenuation band 


(Gy where a minimal attenuation Gu gud. an attenuation variation Ady is is ~ 


wanted, becomes : s > 


Ve, 2 C [ay — $ ln (<u 1) + m2 + Zday]. . uy eA 


, The latter condition may be simplified to 


Vo, Z Clay d-1n2] ` ifa, = co, 


Ve, Z C[ay — $1n Aan] if Ady «01 neper. 


III. Check whether there are parts of the attenuation-band electrode ' 


that have a lower potential than the surrounding electrolyte i in the nearest 


vicinity (which means that those parts are taking current from the elec- ` 


trolyte). If so, shorten the electrodes until all transmission-band electrodes 


are giving current over their entire length. : 
In the same way shorten, if necessary, the E T electrodes , 


‘until they are all taking current over the whole of their length. 
IV. Measure the potentials of the modified electrode configuration. _ 


Check whether the modified configuration makes it possible to reach the. 
“conditions mentioned in IJ with a smaller number of current units. 
V. Trace the equipotentials V=0 (A) 


`~ 


and, in the case- Aay po, Vy =op. . MEE m (B) 


“VI. Put into the tank the conjugate denoi configuration by placing 


band-shaped electrodes along the w-axis, filling the gaps between the. 


original ones, and then removing the original band electrodes." ‘ 


Make the potential difference between any two adjoining electrodes - 
of this conjugate configuration equal to N times the current taken by the ` 


intermediate electrode of the original configuration (N being an arbitrary 
proportionality constant). 

VII. Trace the equiporéntials V=VW4+N " + m) V, being the 
lowest potential occurring at the electródes (in the conjugate configuration) 
and m running through the: positive integers from zero onward, until 
N(% -+ m) becomes higher than the highest potential in the tank. 


= 


> 


+ 
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The points gm where these equipotentials intersect the equipotentials (4) 
from V are the poles of the transfer function wanted (zeros of g); the . 


points of intersection fm with (B) are the zeros (zeros of n? the intersection 
points hm with the w-axis in the transmission bands are the zeros of h, 
and those in the attenuation bands are the zeros of f (for definitions of & 


f. h, f, see section 2:2 and 3: 9). 
The transfer function 
f GA) 6—5..- 
& (—8) G6 —8) - - - 
and the auxiliary function 
À ^ =k) Goh)... 
fo ASh) 0—f9... 


' may now be written down numerically. 


.I should like to conclude by expressing my gratitude to all with 
whom I had the opportunity to discuss this and related subjects. In par- 
` ticular I would mention J.F. Schouten. who initiated this manner of 
approach by using soap-film models in the discussion of filter losses, B. D. 
H. Tellegen and W. Nijenhuis, to whom I am indebted for.their intro- 
' "duction into several parts of the network theory, and who gave valuable 
suggestions for the manuscript of this poner 


Eindhoven, July 1947 : 
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ON HIGHLY COMPRESSIBLE HELICAL SPRINGS 
AND RUBBER RODS, AND THEIR APPLICATION 
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Summary j . 

A survey of the contents of a series of six papers, of which this is the 

first, is given in the introduction. The remainder of the first paper is 

devoted to a study of the elastic stability of helical springs under com- 

pression, or under combined compression and twist. It is shown that, 

if the problem is simplified by replacing the helical spring by an elastic 

prismatic rod, its rigidity with respect to shearing must be referred to 

the transverse force acting in that plane. which in the unloaded state is 

normal to the central line of the rod, but is no longer so in the deflected 

state. From this interpretation of the simplified model a new relation 

is deduced between the relative compression at which buckling occurs 

and the ratio of the length to the diameter of the spring. For this ratio 

there exists a limiting value below which no buckling occurs, not even 

under complete compression, and ‘which is dependent only on ‘the 

. method of fixing the spring ends. À more aceurate calculation, which A 
takes the helical structure of the spring into account, confirms that d 
the wire diameter and the number of coils are of secondary importance 
provided that the pitch of the helix is less than, say, half its diameter. 


Résumé ; ` . 
L'introduction donne un aperçu sur le contenu d'une série de six 
articles dont celui-ci est le premier. Le reste du premier exposé est 
consacré à létude de la stabilité élastique de ressorts hélicoidaux 
soumis à compression ou à compression et torsion combinées. L'auteur 
montre que le probléme peut être simplifié en remplaçant le ressort 

` hélicoidal par une barre élastique et prismatique, à condition que la 
rigidité de cisaillement se référe à la force transversale agissant dans 
le plan qui, en l'absence des flexions, est normal à l'axe de la barre, 
mais qui ne l'est plus dans l'état fléchi. Cette interprétation de la 
rigidité de cisaillement a conduit à une nouvelle relation entre la 
compression relative à laquelle apparaît le flambage et le rapport de ` 
la longueur au diamétre du ressort. Pour ce rapport, il existe une 
valeur limite sous laquelle ne se produit pas de flambage même sous 
compression compléte; cette valeur dépend seulement du mode de. 
fixation des extrémités du ressort. Une calculation plus précise tenant 
compte de la structure hélicoidale du ressort confirme que le diamétre 
du fil et le nombre de spires sont d'importance secondaire, pourvu , 
que le pas de’ l'hélice soit inférieure à la moitié dé'son diamètre. 


*) This is the first of a series of six papers to be published ‘th these Reports and comprising 
an unabridged translation of the author's thesis (Delft, December 1941), which was 
approved by Prof. Dr Ir C. B. Biezeno, professor of applied mechanies at the 
Technical University of Delft, Netherlands. . . i g 
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INTRODUCTION 


When a body is subject to troublesome effects of vibrations an attempt 
` is usually made to counteract this by mounting the body resiliently. 
Helical springs or rods and sheets of a more or less elastic material, such 
as rubber, cork and felt, are used, depending on the nature of the problem. 
Of course a quantitative investigation of a vibration-isolating effect of - 
such a resilient mounting is only possible when all spring rigidities-to be — 
considered are accurately known. In this treatise, therefore, the technical 
subject proper — the design of vibration-free mountings with their appro- 
priate resilient and damping elements — is preceded by a study of the 
elastic properties of helical springs and rubber rods. 

Whereas the axial rigidity of helical springs is to be found in any elem- 
entary text-book and we also have some knowledge of the axial rigidity 
of well-vulcanized rubber rods !)*), so far the lateral rigidity of helical 
springs bas been known only in cases where these springs are not at the 
same time compressed by an axial force *). When, however, the resilient 
element serves simultaneously as a supporting element — as is generally 
the case — an axial force is always present. Bearing in mind that springs, > 
just as well as straight rods, are apt to buckle under a certain compressive 
load and that their lateral rigidity under this load becomes nil, it is obvious 
that the lateral rigidity depends to a very great extent upon the axial 
: load. A rough approximation of this dependency can be obtained by 
means of a correction factor given by Réver ?). Another, in many respects 
better, formula for the lateral rigidity of a compression-loaded spring is 
to be found in Gross and Lehr *). But, as recently demonstrated by the 
author 5), also this formula leaves room for an important improvement, 

. Since the differential equation on which the formula i is based 9) needs some 
correction. . 

When this correction is applied, the differential equation in question lends: 
‘to results that are in excellent agreement with those obtained from 
experiments concerning both the elastic stability and the lateral rigidity. | 
As a matter of fact these results are also confirmed theoretically by a more 
accurate method of dealing with the problem, where the spring is not 
. regarded as an elastic prismatic rod — as usual hitherto — but actually 
as a helically wound wire stucture. 

All this is discussed in parts A and B of dans I, whereas part C of 
chapter Lis devoted to the natural frequencies of helical springs under com- 
pression when vibrating longitudinally or transversely. Knowledge of these 

` frequencies is necessary in connection with the low internal damping of metal 
springs, causing the tendency of these springs to resonate at their natural 


*) The numbers refer to the notes at the end of the introduction. 
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frequencies, such in contrast with resilient elements of other materials. 
In chapter II similar problems are discussed’ with regard to rubber 
rods, though here the calculation of the natural frequencies is omitted, 
‘because the internal damping of this material generally prevents any . 
resonance. As regards the elastic stability of rubber rods, some experimental 
data of Kosten”) are at our disposal..The theoretical derivation given 
in this chapter appears to lead to reasonable agreement with empirical 
results, particularly for circular rubber rods.. With very short rubber rods, 
however, a fundamental deviation occurs, the cause of which is to be 
sought on the one hand in incomplete knowledge of the elastic properties 
of highly compressed rubber and on the other hand in the disturbing in- 
fluence of both rod ends being in contact with the compression surfaces. 
According to Kosten 3) this disturbing influence can be eliminated by as- 
suming tbe presence of a thin, incompressible layer at each end of the rod. 
It must be borne in mind, however, that when shearing occurs this Jayer 
retains its original elasticity. | E 
Now that we have rules at our disposal for calculating any desired- 
rigidity of helical springs and rubber rods, it is possible to make space 
constructions meet certain pré-determined demands with respect to their 
resilience.. Although the original intention was to design vibration-free . 
mountings for instruments like balances, microscopes and galvanometers 
(so-called passivé damping), the resilient constructions discussed in. 
. chapter III arc also suitable as süpporting elements for vibration-exciting 
mechanisms, when the transmission of these vibrations to the surroundings 
| has to be prevented (so-called active damping). i 
When applying a resilient construction in order to eliminate the inter- 
feriùg vibrations as far as possible, we must remember that certain natural 
frequencies ‘are introduced which may also prove troublesome. There- 
fore, in order to minimize the effect of possible resonances of this construc- 
tion it is necessary to employ damping elements in addition to the resilient 
elements. Whereas the behaviour of the elementary resilient mounting 
with one single mass and so-called relative damping in the one-dimensional , 
case is fully known, the favourable results attainable by applying simult- 
aneously an extra auxiliary mass are not so well known 3). Usually the 
application of such a damped, dynamic vibration absorber is limited by the 
demand that the auxiliary mass shall be small in relation to the main mass; 
with vibration-free mounting of instruments, however, there is usually 
no objection to these a masses being so large as to be able to take 
full advantage of the damping properties of this system in the region of the 
resonances. As a matter of fact the results obtained when using such 
auxiliary masses are surprisingly good. For one-dimensional freédom of 
movement this is discussed in part A of chapter IIT. ^ >+ vd 
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As regards vibrations in several dimensions, little has so far been known 10) © 
_of the elementary mounting with one single mass, and — to the best of 
our knowledge — nothing at all of the mounting with an extra auxiliary 
mass. For this reason, in part B of chapter III the space problem is treated 


more fully, 

In chapter IV special attention is paid to the practical construction of 
some vibration-free mountings with and without auxiliary mass, whilst 
also the resilient and damping elements are subject to a closer study. 

. As to the numbering in the text of the sections and the equations it is to 
be noted that the numbering begins anew from 1 in every chapter. Where a 
section or equation is quoted in another chapter its number is preceded 
by a Roman figure corresponding to the number of the chapio to which 
it belongs. . 
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CHAPTER I. ELASTIC STABILITY, LATERAL RIGIDITY AND 
- NATURAL FREQUENCIES OF HIGHLY COMPRES- 
SIBLE HELICAL SPRINGS 


l PART A. ELASTIC STABILITY OF HELICAL SPRINGS 


^ 


1. Introduction 


The elastic stability of helical springs was first dealt with by Hurlbrink *) 
in 1910. Later on the same results were obtained by Grammel **) in a 
much clearer way by treating the spring as an elastic prismatic rod, as 
shown in a paper read before the first international Congress of applied 
Mechanics at Delft in 1924. Shortly thereafter Biezeno and Koch £t) 
pointed out that the results given were not confirmed experimentally 
and that the discrepancy had to be sought in the fact that the shear elas- 
ticity of the spring had been ignored. In deducing the differential equation, 
however, the last-mentioned authors over-estimated the effect of the shear 
elasticity, implying as a consequence that any spring, however short, 
would be liable to buckling. The fact that -this was not borne out by 
their experiments was accounted for by stating that the simplifications 
employed were no longer permissible for short springs. When; however, 
` due allowance is made for this shear elasticity, the results lie between 
those obtained by Grammel (Hurlbrink) and those of Biezeno and Koch, 
and it is found that, entirely in accordance with the experiment, short 
springs are indeed not liable to buckling (section 3). 

The new insight into the manner in which allowance has to be made for- 
the shear elasticity not only applies for calculating the buckling force and 
the corresponding critical compression of a helical spring but is also useful 
for solving all problems where the lateral deflection of the spring plays.a 
part (sections 10, 13 and 15). 

In addition to the calculations mentioned, all of which are based on the 
simplifying supposition that the spring can be replaced by an elastic 
prismatic rod of suitable coefficients of rigidity, also the more accurate. 
calculation is given of a compression-loaded, helically wound, wire structure 
(sections 4-7). This‘ more accurate calculation teaches that in cases of 
buckling the simplifications introduced are permissible so long as.the slope | 
. of the helix is not too steep, a condition that is usually satisfied. _ 

The more accurate method of calculation lends itself equally well for 
Bend with a helica] spring under combined compression and twist 


*) E. Hurlbrink, Berechnung "T Druckfedern auf Sicherheit gegen seit- 
liches Ausknicken, Z. Ver. Dtsch. Ing. 54, 133-137 and 181-184, 1910. 
**) See the references in note) at the end of the preceding introduction. 
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(sections 8 and 9). In this paper it is chosen in preference to the method of _ 
calculation followed in an‘ earlier publication *). . i 


2. Some simplifying suppositions 


If the helical spring (which we shall once for all takes as being a right- 
handed one) has a sufficiently small pitch when compressed, the deform- 
ation of one single coil under a certain load will differ little from that l 
of an unclosed circular ring lying in a flat plane. Consequently we may 
imagine the compressed helical spring as being replaced by a number of 
similar rings a connected by perfectly rigid elements b, as represented in 


fig. 1. 


53921 


Fig. 1. Diagrammatic representation of a spring consisting of a number of unclosed circular i 
rings a connected by perfectly rigid elements b. 


The influence of the axial force having been discounted, since the 
. successive coils are imagined as being flat after compression of the spring, 
we now have to see what distortions. occur as a result of the bending 
moments and transverse forces to be transmitted by these flat coils. 

With respect to the bending moments each ring will act as a flexible 
. hinge, so that the corresponding distortion will appear, diagrammatically, 
as given in fig. 2. The plane a in which the ring is (approximately) situated 
bisects the angle between two successive rigid connections b, and is thus 
perpendicular to the central line:c of the spring, running through the 


` _ “hinge” points. The transverse force, on. the other hand, causes deflection 


“of the ring in its plane only, so that the ends of the rigid connections are 
displaced with respect to each other in the direction of the transverse 
force, with the result illustrated in fig. 3. The planes a of the rings have not 

` altered their positions from those in fig. 2, only the'rigid connections b 

having been displaced parallel to themselves. We now see that the planes a 
are no longer at right angles to the ‘central line c of the spring which is found 

by drawing a smooth curve through the midpoints of the connections. 


. *) J. A. Haringx, On the buckling and the lateral rigidity of helical compression 
springs JI, Proc. Kon. Ned. Akad. ‘Wetenschappert Amsterdam 45, 650- 654, 1942, 
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We should therefore bear in mind that we must not take as transverse 
force the force acting in the direction perpendicular to the central line of ` 
the ‘deflected spring, but the force lying in the “plane” of the ring itself, _ 
which’ plane was originally perpendicular to the central line. 


53922 l d DE ] 53923 
Fig. 2. The spring distorted by bending ` Fig. 3. The spring distorted by bending 
moments. moments and transverse forces. 


**plane" of the unclosed ring, 
b. perfectly rigid connéction, 
Pu F c. central line of the spring. 


In order to avoid the discontinuity of the elasticity of the imaginary 

` construction we distribute this elasticity uniformly over the whole length 

and now imagine the original helical spring as being replaced by an elastic 

- prismatic rod. This rod has to be made of such a material that the various 
rigidities with respect to bending, shearing and compression correspond 
exactly to those of the helical spring, on the understanding that the rigidity . 
with respect to shearing relates to the transverse force acting in the plane 
that in the unloaded state is normal to the central line of the rod, but is 
no longer so in the deflected state. i l 

' The rigidities with respect to bending, shearing. and compression, 

defined per unit of instantaneous length of spring, are denoted by a, f and y. ` 
If further y denotes the angle through which the originally normal section 
has turned and g the shear angle due to the transverse force, the extra 
deformation of an element dz of the compressed spring due HP 

‘to a bending moment M and a shear force Q consists of ” 


a relative rotation of the uud planes, d = 


a relative translation of the end planes, gdz = 


Further, let 

‘Ny = number of free coils, 

D, = 2R, = diameter of the coils, 
b = length of the unloaded spring, 
I = length of the loaded spring, l ‘ 
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I, = the polar moment of inertia of the wire section around the axis 
through the centre of gravity, 
I, — the linear moment of inertia of the wire section around the first 


principal axis, which in the unloaded state is understood to be 
at right angles to the central line of the spring, 


I, — the linear moment of inertia of the wire section around the second 
principal axis, 
x = a factor related to the twisting of the wire and depending on the 


shape of its cross-section, 
E = Young's modulus of elasticity, 
G = shear modulus, 
m = Poisson’s ratio; 
then the reciprocal values of the various rigidities per unit of length of the 
unloaded spring are *) © 


l n «Dy 
ty: h2EL 


The rigidities, defined per unit of length of the loaded spring, follow from l 
the relations ` l 


MB. _™ D; i m 4-1ln, zD? 


LINT Le sd NES 
Bo BEI, y ^ m ty 2EIy 9) 


(ies 


I I d 
TB v= L yo: (3) 
ore 


3. ‘Buckling of the helical spring under compression, regarded as a rod 


` When the rod (replacing the spring) is loaded at the ends by two equal 
and opposite compressive forces P, causing a deflection y — f(z) (fig. 4), 
a section of the rod that in the unloaded state is a normal cross-section 
(but no longer so in the loaded state) is subjected to a normal force N, 
a bending moment M and a shear force Q. The angle through which this 
section is turned has already been denoted by y, so that we have 


M=Py, Q= Psiny ~ Py, N= Pcosy aP. (4) 
. Substitution of these expressions in (1) gives i 
^M, P - P l 
d 2 ducc diet da E a (5) 
. a a p p . 


As shown in fig. 5 and in accordance with eq. (5), the Spe of the central 
. line of the deflected rod is equal to - ; 


-Z=vtos (1+7) o 


*) See C. B. Biezeno and R. Grammel, Technische Dynamik, ' Springer, Berlin 
. (1939), p. 549 7 . 
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Differentiation of this equation gives 


dy 7. Pidy 
—-—=(1+—)—, 
dz? ( t 3) dz 
or in connection with (5) 
ae 14 Py 0 
dz? al 37 = 
Giver : 
: 5 p = a ES E 
P 


` the solution of eq. (7) is: 


s y = Asin gz + B cos qz. 
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Fig. 4. The deflected central line of the elastic prismatic rod replacing a helical spring, 
the rod being hinged at both ends and loaded with a compressive force. 
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(7) 


(8) 


In. the simple case of TE ends the boundary: conditions (y = 0,. 
at z= 0 and z = I) lead to the olive equation for the smallest | 


critical load 


oe 


Taking the relative compression of the spring equal to £ we get 
l Al = ly — l= $h ‘or T= (1—-4)h, 


and, in agreement with the definition of the rigidity yo, 


PA. 


5) P= 


(9) 
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Having regard to eqs (3), (9), (10) and (11), we find that the relative 
compression £ at which the spring buckles satisfies the equation 


dip ia o | (12) 
Bo!) a 
The corresponding paar force P can then be calculated with the aid of 
q. (11). 
"gor the ratios of the rigidities occurring in 'eq. (12) we can write, on 


account of (2), | 
Yo _ m. I, Yo m E 


E 13 
a (13) 


«I, 


; 53925 
Fig. 5. An element of the elastic prismatic rod replacing the spring, in the, deformed state. 
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If for the spring other boundary conditions are specified the calculation 
has to be repeated, and for the smallest critical load one usually finds a 
much more complicated equation than that given in (9). Nevertheless, in 
certain cases to be mentioned presently it appears that eq. (12) still holds 
if we only replace the length lj by the so-called reduced buckling length of 
the spring. In thé case that both ends are constrained parallel (i.e., only free 
to move in a lateral direction without any rotation) this reduced buckling 
length is equal to the length I, of the spring itself, whilst with both ends 
clamped it is 4 |j, and with one end clamped and the other free it is 2l. 


(a) Helical spring with circular wire section 
When the wire section is circular (diameter d) 


I, = I, = i Ig =F rd " (14) 
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and x — 1, so that for the various Hees according to (2) we id now 
write 


1 n tDo2m+1 1 — n zDj 1^ n aDjm-Fl 


as) 


w d El m B. hEn y h Bly 2m 
The condition of instability (12) thus becomes 
l D? 2(2m+1 "m : 
ae (=) ions EE g, (16) 
. h m+i1 2 (m+ ly NM 
With m — 10/3 we obtain 
| C= 03585 £ (1 us 5, 
wg a7) 


or “$= = 0°8125 $1 + Y1— 687 (DI. 


The corresponding TOM force P is determined by of (11), from which 
yo can be eliminated with the aid of (15). 

In fig. 6 the relative compression £ at which the spring with iss ends 
buckles is plotted as a function of the so-called slenderness 1j/D, (curve 3).: 
Only that part-of the curve which corresponds to £ < 1 is of practical 
importance *). The curves 1 and 2 represent the results arrived at respec- i 


5392 E 
Fig. 6. The critical relative compression £ of a helical spring with circular wire section and 
ends hinged or constrained parallel, plotted as function of the slenderness Ij/D,. A compa- | 
rison with the results 1 and 2 of other authors and with some test results. 


*) Since the completion of this treatise it has been found that a helical spring with a: 
relative compression £ > 1 can also be realized. There markable phenomena arising 
with such a spring will be treated in the author's paper entitled “Elastic stability 
of helical springs at a compression larger than original length”, to be published i in 

` Applied Scientific Research. 
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tively by Grammel (Hurlbrink) and by Biezeno and Koch *). Further, 

the separate points represent the test results obtained with helical springs 

` of different lengths (D, = 18 mm, wire diameter = 0'5 or 2 mm, pitch = - 
5 mm); the vertical arrow at one of the test points indicates that the spring 
in the fully compressed state did not buckle. As is to be seen, there is a 
very satisfactory - agreement between the theory and the experiment., 
The graph shows that a certain critical slenderness (lj/Dy = 2°62) exists 
above which the spring will buckle and below which it will not buckle. 
Owing to the steep slope of the curve at that point a small variation in.the 
slenderness round about 2:62 leads to very great differences in the beha- 
viour of the spring. If the slenderness exceeds this value ever só slightly 
(l/D, = 2"15) the spring buckles when compressed to about half its 
original length, whereas in the case of a spring of slightly less slenderness 
(Ij/ Dy = 2:5) there is no question of instability at all **).: 

As already remarked, the same curve is directly applicable inthe case 
where the two ends of the spring are constrained parallel. For a spring with 
clamped ends the abscissa has to be multiplied by a factor 2, and in the 
case of a spring with one end clamped and the other free it has to be halved, 
the critical values of the slenderness being 5:24 and 1:31 respectively. 
. Although fig. 6 shows a satisfactory agreement’ between the calculated 
and the practical results, under certain conditions there may be quite con- 
siderable deviations. In the first place we must not lose sight of the fact 
that in practice the “clamping” of the spring ends is usually no fixture 
at all but only a pressing of the flat-wound end coils against a fixed 
surface. Since under these conditions the elasticity of the end coils also 
plays a part, the spring is apt to buckle at what would appear to be a too 
small compression..  - 

In the second place we have to bear in mind that the length of the 
spring is to be understood as the **free" length, i.e., the length of the portion 
of the spring taking part in the deflection. It may happen, especially in the 
case of a spring having a pitch relatively small with respect to the thickness 
of the wire, that in the compressed state the last free coils make contact 
with the end coils. If we were to take no account of the fact that this limits 
the free length of the spring, the buckling would occur at an apparently 

.too large compression. 
The conditions referred to'may also occur simultaneously, in which case 
` the two effects will wholly or partly compensate each other. 
*) See the references i in note 9) at the end of the introduction preceding chapter I. Here 
it may be added that Grammel's results can be derived from ours by taking f =œ, 
whereas the deviation from the results given by Biezeno and Koch is to be explained 

by the fact that they put Q == P dy/dz instead of Q = Py. . 


**) See for a clear demonstration of this remarkable pegas the photographs in in a 
forthcoming paper, to be published in De Ingenieur (in Dutch). 
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(b) Helical spring with'rettangular wire section 


In the case of a rectangular wire section with the sides a at right angles 
to the central line of the spring and the sides b in the other direction, the 
moments of inertia are : di 


Ty = vs abla? + b), I= pa, I, = jpo5, (18) 


“whilst the factor x *) is given in table I as function of the ratio a/b or 
bja. Here it is to be noted that for large values of' a/b or bja we get 
za y a?/4b? and x e b*/4a? respectively. 


TABLE I 


, For the ratios of the rigidities we now find according to (13) and (18). 


1 [dy - 16 + fad] 1 
boite Yo e B 
by ..m+14x a, ay * m 4- Iz! b/ V| D? 
These values can be calculated for m = 10/3 and are to be substituted 
in the eondition of ust (12). The results appear in the de form 


¿= An x —BDJLy be |. Q9) 


with the quantities 4 and B listed in table I for various ratios ajb and À 
bja respectively. 

In fig. 7 the relative compression ¢ at which the spring with hinged ends 
buckles is plotted as a function of the slenderness I,/D,, for springs with a 
square wire section and for springs with rectangular wire sections where 


*) This factor x can be determined by conversion from a table given by Timoshenko; 
see S- Timoshenko, Strength of Materials, Van Nostrand, New York (1941), vol. I, 
p. 270, table 3. With the notations b, c and f introduced there, 


x = (L + Bea = f (b/c). 
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the sides a and b are as 1 : 2 or 1 : 0°5. Comparing these curves with curve 3 
of fig. 6, we see no great differences. Here, too, with the other end condi- 
‘tions of the spring (i.e., those which were previously mentioned) the curves 
remain the same if l is only regarded as the reduced buckling length. 
Further, as is self-explanatory, also the remarks made in regard to the 
“clamping” of the ends of the spring and the free spring length are 


applicable here. 


..{ ¥ | | || "eee 
gE Vee) 
eee | 


ST NN i 
0 ELLO. 5 
0 a 4 6 6 10 
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Fig. T. The critical relative compression £ of a helical spring with rectangular wire section | 
and ends hinged or constrained. parallel, plotted as function of the slenderness lj/D,. 


4. The helical spring regarded as.a Wire structure 


Whereas in the foregoing sections we seemed the helical spring to be, 
replaced by an elastic prismatic rod,, we shall now, in accordance with 
reality, regard it as a helically wound wire structure. We can then inves- 
tigate in how far this replacement can be allowed. The basis for this more 
accurate method of calculation is to be found in a paper by Góhner *). 

In addition to the Cartesian coordinates x, y and z, also the cylindrical 
coordinates r, @ and z can be employed to indicate a certain point on the 
central line of the spring wire, so that we have the relations (fig. 8) 


x = r cos Ó, . y-—rsnO. : E (20) 


At the point in question we further introduce two right-handed ortho- 
gonal systems of axes. One of these is completely determined by the space 
curve indicating the shape of the spring wire; it has the following axes **) _ 

axis I ^ directed along the principal normal towards the centre of . 

curvature, ~ ` 


: *) O. Géhner, Beanspruchung eines durch Druck und einfache Massenkraft belasteten, 
beiderseitig eingespannten Schraubenkérpers, Ing. Arch. 7, 237-256, 1936. 

**) The numbering of the axes is according to Géhner’s system — though it is 
not commonly used — with the advantage that later on the formulae (99) can be 
copied at once (section 7) 


^ 


x 
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axis IT directed along the binormal, i-e., perpendicular to the plane 
through the tangent and the principal normal, 
axis III directed along the tangent in the sense of increasing ©.” 


The other system of axes is fixed to the wire section and has the axes 1, 


2 and 3, of which : * 
axis 1 is directed along the first principal axis of inertia of the wire 
section, : 
axis 2 is directed ane the second principal axis of inertia of the wire 
' section, 


axis 3 is directed along the normal to the v wire section. . 


^ 


"i 


` Fig. 8. An element of the helically wound -spg wire with ihe systems of axes introduced: 


D 
a 


^" . D 


” 


It is assumed that in the unloaded state the systems of axes I, II, III. 
and 1, 2, 3 are coincident, so that we confine. our considerations to those 
wire sections where in the unloaded state the first principal axis of inertia 

ds perpendicular to the z-axis. This is the case for a circular and generally. 
also for a rectangular cross-section of the wire. If, as is usual with problems ` 
of this nature, we ignore the distortion of the spring wire.due to the normal `` 

. and transverse forces as opposed to the distortion due to the bending 
and twisting moments, the normal to the wire section alw ays falls along 
the tangent to the curve indicating the shape of the wire; in other words, : 
in the loaded state the directions III and 3 always coincide. The axes I, 
II and 1, 2 then lie in the same plane and are turned through an angle 3c 
with respect to each other (fig. 9).. 

- On the central line of the loaded spring wire we imagine two adjacent - 
points P (O) and P' (O + dO), each with the corresponding systems of 

_ axes I, II, III and 1, 2, 3; the length of the intermediate element is ds. 
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In order to match the directions I, II, III at point P with those at point P’ 
a certain rotation is required. This rotation is entirely governed by the 
shape of the curved central line of the spring wire and depends therefore 
on the curvature k which is represented by a vector along the binormal IT, 


$3929 


Fig. 9. The axes I, II and 1, 2 in the plane of the cross-section of the wire. "The axes ul 
and 3 coincide and are directed backwards, 


x 


and the torsion w *) represented by a vector along the tangent ITI. Now, 
in order to match also the directions 1, 2, 3 at point P with those at P' a 
further rotation is necessary, corresponding to the change in the position 
of the system of axes 1, 2, 3 with respect to the system I, II, III. This 
position'is determined by the angle 2, and the corresponding rotation per 
unit of arc length s is therefore represented by a vector along the coin- 
cident axes III and 3 of the order of d@/ds. Denoting the components of the 
final rotation vector with respect to the axes 1, 2, 3 successively by «, 
©, and wz we obtain 


| | do 
©, = ksin 9, w = k cos 8, w= uwt (21). 


‘Let us represent the moments with respect to the axes 1, 2, 3 at the 
~ point P by M,, M, and Mg, and let us call l 
` A the rigidity with respect to bending around the first principal axis of 
inertia (axis 1), — 
B the rigidity with respect to bending around the second principal axis 
. of inertia (axis 2), 
C the rigidity with respect to “visting, ee axis 3) 
then according to the theory of elasticity the following relations hold 
M. |: M, | M, 
w, — (eo = ri 003 — (wz) = 3 úa (5)o = E (22) 


` 


*) By torsion w is here understood the degree of tortuosity of the space curve indicating 
the shape of the spring wire; it has nothing to do with any elastic twist. 


^ 


- 
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where the subscript 0 signifies that the quantity in question relates to the . 
unloaded state of the spring. Bearing in mind that the angle # in the ' 


` absence of load is equal to zero, we get in connection with (21) 


lying with the slope a, on a cylinder of radius Ry. The curvature kg and the `; 


(e) 0, (w= ko (@a)o= w ^. — Q3. 
The spring wire in the unloaded state changes according to a helix 


torsion w, of such a curve amount to 


cos?a, ' Sina, COS ag 
ky = y m= ap 
o. 


x (24) 


With the aid of (21), (23) and (24) we now write the relations eni in j iie l i 


following form 


M. 7 cos? M, sin ag cosa Mj, d ge 
kein 8 — —* k cos 9 — n M. w-— ea M a (25) 
The curvature k and the torsion w can be expressed in the coordinates 
of the space curve indicating the shape of the spring wire in the loaded 
state only when tliat curve deviates but slightly from a helix. Now in - 
the case of the highly compressed helical spring, large displacements : 
take place with respect to the helix in the unloaded state, i.e., the helix 
of radius R, and slope a, (state I). But fortunately these displacements 
are mostly of such a nature that another auxiliary helix of radius R and 
slope a can be indicated (state IT), with respect to which the displacements 
accompanying the buckling (state III) may as a rule be considered small. 
What values are to be given to R and a, and how the auxiliary helix lies - 
with respect to the original one, will be considered from case to case in the 
following sections. Here we need only point out that such an auxiliary | 
helix is indeed present and that, together with the displacements of the 
helical spring with respect to the auxiliary helix, also the angle ® may be 


` regarded as a small quantity. The curvature k.then differs but little from 


that of the helix of radius R and slope.a (k œ~ cos?a/R), so that from the 
first equation (25) it follows that to a first approximation, ® is equal to 


CMM MR. 
Ak ^ Acos’a : 
icis with ds = RdO]Jcos a the two other equations (25) are written as 


95 | 


cosa, M, 
R^ B'.. 
sina, COS Gy — 1 dM, E 


.Ro | Aosa dO 


Lus 


en 
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3 aS ea axe R 


Eoo, Des 
Puy = sin a= sin a cos? a + E cos? a 


If the z-axis is made to coincide with the central line of the auxiliary 
helix of radius R and slope a (state II) this helix will intersect the plane ` 
of € — constant, at a point having the coordinates R cos, O, R sin O and 
RO tan a. The space curve indicating the shape of the spring wire in the 
final state (state III) will intersect the same plane at another point which 


' in the radial and axial senses may lie o and £ farther away, so that its 
` coordinates will be z : 


bcd as yes qme. am RO tange (28) 
Using a prime to denote ditforentiation with respect to O we get, oui (28), 


x! TET cos O, 

y! = (R +o) cos O + p sin O , ' (29) 

2’ = Rtana + Ca i 
and this enables us to find for the differential quotient of the- arc length : 
with respect to 9, byi tenors terms of higher order, | i 


(14 2 costa + in d cosa): 
46 —(1+5 cosa + -Sin a cos a (30) 


The direction cosines of the ingat (axis IIT) with respect to the, system 
of coordinates x, y, z are determined by the equations i 


- 
- 


dx x "EE NE 
'Ànr = ds- A? Jan — Py —* 


; Confining our calculations again to terms of the first degree in g and ¢, 
we therefore find, in connection with (29) and (30), ~ 


"y - i 


id E ica eT a Bg Hs ee 
Arr = — sinOcosa Tr sinOsin?«cosa -+ R cosO cosa + y inosinacosFas 


+ 


* . E ` t à . 
. pr = cos cosa + d eosOsin'acosa + 5 sinOeosa — E cos@sinacosta; (31) 


NES | . . 


Hence, again ignoring terms of higher order, 
rem 2: Bn bop M cos? a(1—2 B us 2 © ginta —2 p eu a cos a) , 
R AR ,Q R 


^ 


te " 
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‘so that by using eq. (30) we obtain for the curvature *) 


: k= P YA + usn + ri 


' the following expression ` — ; ` ° 
: 7 2. " : r Í E 
ke m (l-G— Roms 2a — E dn 2a). (32) 


To determine the direction cosines of the binormal (axis II) we use the | 
formulae : mE 


yz —zy"' ux — xa" Cy" — yx 


P QU 4 UI 
À = — t M —————— y = OO 
"t f Alar T IL 
ks” ub e ks’3 - $e ks'3 
m 


Differentiation of (29) gives 


x" = — (R + g) cos O — 2ọ' sin O + g" cos O, } 
y” = —(R-+ o) sin O.+ 29’ cos O + o" sin O, . (83) 
g" = ag . > 7 g = e i ud 


Thüs by employing eqs (29), (80), (32) and (33) we find that 
“Ay sin O sina — fein O sin a cos? a—2 È cos Osina+ _ 


E R sin O cosè a + R cos © cos a, 


Hn = — cos Osina EI sina costa —2 È sin O sin a — (34) 


i 
r 


ps. : soc ! 
-g 6 cos? q -.- R sin O cosa, 
" 4 7 i ` M a” 
PN B. es 2 
9j; = cos a -+ — sin? a cos a— — sin a cos? a. 
) R R 
The direction cosines of the principal normal (axis I) are equal to 
beg E tl yok N j E V 
1 wl aa s'x" — g's" u s'y" L— y's" : Ae s'z" — z's" 
L bds ^ ks c HET qua 2 0L ke CO 


fool — CH. Re s E 

*) , The formulae used here for the curvature k, the torsion w and the direction cosines 
of the axes I and TI can be derived in a simple manner from a set of formulae given 
in Hk de Vries, Leerboek der differentiaal- en integraalrekening, Noordhoff, Gro- 
ningen (1924), Vol. I, p. 646 et seq. See also F. Schuh and J. G. Rutgers, Com- 
pendium der hoogere wiskunde, Noordhoff, Groningen (1928), Vol. IV, p. 278 et seq. | 
or V. and K. Kommerell, Algemeine Theorie der Raumkurven und Flächen, 
Góschen, Leipzig (1911), Vol. I, p. 4 et seq. : 
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and thus on account of (29), (30), (32) and (33), 


Ay = — cos 6 — C sin @ (1 + sin? a) + 5 sin O sin a cos a, l 


Uy = — sin O + Seos O(l+ sin? a) — 5, cos Osinacosa,) (35) i 


vr = — Š sin a cos at 5 costa. 
We then calculate the torsion w by means of the formula, 
Ll Vie wo 
TUM nuc? 


< Now [see eq. (84)] 


uu d. MURS RS SEE oot a + 2 costa cota)» 


and thus, i» using eq. (80), we obtain 


S Sigo a xn Sp med gene). 90) l 


w = 
Further, the position of the system of axes 1, 2 and 3 with respect to the 
system I, II, III is determined by the angle 2 (fig. 9), so that the direction 
cosines of the axes 1, 2 and3aregivenby > 


A = Ay cos + "Ag sin 3, Ay = An cos 9— A, sin. 9, Ag = Ant "m 
Ja = Ui 00s Ò + ug sin Os po = fey cos Ô — py sin. 9, M= race (37) 
vi = vr cos Ò + risin B, l My = vy cos 0.— » sin 8, a= m 

The expressions found for the curvature k and the t torsion w [eqs (32) -` 
and (36)] now have to be substituted i in eq. (27). These take the form of 

l i Roa 3 : M,R 

' costa — R, coitay — costa (S +5 "m + a sina] -— 


. (38) 


sina cosa — —- Sindy cosag — 
Ri b 
" Hb 707 , 


— sina cosa (2 I + 2 I cosa — R Hota —R cos2a cota) = 


` MR MR ido) 
^. Acosa € 
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Among the components of the nioment occurring in a certain wire gection 
- generally the components My, My, M; with respect to the axes of x, y, z 
are the easiest to determine. With the aid of the direction cosines Ais Hi 
. % (i = I, II, HI) we then calculate oe moments about the axes I, It 
III according to, . wr aso te, l 


M, =h Md My + M;, l a : 
Mu = Ay M. x Hn M, + MyM, T (40) 
Mg = Àm Mx + m M, +.” M, D 
and thence the moments about the axes 1, 2, 3 according to 
M,—M cos à -- My sin 8, T 
"MS es Mg cos 9 — M; sin à t (41) 


M; = Mg. E - i I > 


‘If the loading forces and moments are so small as to cause only slight `` 
` distortions of the spring, there is no longer any purpose in introducing an 
auxiliary helix of radius R and slope a, because the distortions can then be 
described straight away by the two (small) quantities o and ¢. In that 
case the z-axis naturally coincides with the central line of the helical 
spring in the unloaded state, and eqs (38) and (39) are reduced E gin 
and a = a to the differential eens : 


; ! M. n 
— eos'a, (g" + o cosag + C sin2ay) = — >> (42) 
— sinas cosas (20° -+ 20cos?ay — £'" cota, AS d cos2a, cota,) = = 
Tus ` ERU MLR; M, = 
- = 43 
7 - A cosas 3 du 


where the moments Mı, M, and M, are functions of O only. 1f, for 
instance, we now eliminate ( we find the differential equation ` 


De Js R M, My4- M, cos2a M; _ x 
o" + 20 ae 2-7 sin ao — B TG dne, " (14) 
' whilst 00 » > 
PI gs n R "M; ; 
é ene = — o” — g cos2a, — sue B . (45) 


Thus the problem of the SHEP loaded helical spring is to be considered 
as being solved. 
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5. Buckling of the helieal spring under compression, regarded as a wire 
structure. f 


In the case „of a highly compressed helical spring we must employ the 
general eqs (38) and (39), and account has to be taken of the fact that the - 
moments M,, M, and M; are dependent not only upon the external load 
~ but also upon the deflections. 

In ‘this section we shall confine the load of the spring to two equal 

. and opposite compressive forces P acting along the z-axis (fig. 10). Ina 
. certain section of the deflected wire the following moments then exist 


M, = P(R + o) sin O, ` My = — P(R + o) cos O, M,=0. (46) 


With the aid of (31); (34), (35), (40) and (46) we now calculate the moments 
about the axes I, II, III and find to a first approximation 


M = = iu ie (1 + sin?a) — D sin a cos «| ; vd 
My =. PRsina i + $ sin?a 4- £ cos?a cota? > (47) 


My, = — PR cosa i + £ ras + sin?a) = sina cosa} i = 


, 


Regarding the angle 9 asa small quantity, then owing to (#1) and (47) 
. weget 


4 


M,=— PR fe (1 + sin?a) — ae g jme sosa + + PRO s sina, 
(48) 


1 


M, = ne Mj ~ Mn, 


Y 


Ms = My. 


Fig. 10. An element of the helical spring compressed hy two equal and opposite forces. 


+ j ! - 


: Bearing i in mind that the T" P occurring i in eq. (48) is related to M, 


Py 
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according to (26), we findby using (47) 


: “Acosta > “Vo ice MN i 
Mi = ~ Geosta— PR sina ^ UO tale) — tans) o 
M, = PR sin'à i + Ssin’a + i cos?g cota > s (49) 


M; = —PR cosa i + I (1 + sin?a) — E sina cosa} : 


These values now have to be substituted in eqs (38) and (89). In those | 
equations we have, in addition to the terms with the small quantities 
o and £, terms in which the radius R and slope a of the auxiliary helix |. 
occur only. This auxiliary helix was introduced in the preceding section to 
avoid having to account.for large displacements, without going further 
into the size of R and a. Among the many helicis that could serve as 
auxiliary helix there is-one that at the given load might be realized by the 
spring wire. It will be obvious that preference i is to be given to this parti- 
cular helix. This means that o = 0 and ¢ = 0 must become a solution ofthe , 
eqs (38), (39) and. (49). When taking o and a in these SERPENS equal to 
zero we obtain 


PR? | F 
B sina, g (50) 


R . 

cos’a — — cos?ay = 
Ro 

PR? 


p 8 eus | (91) 


sing cosa — — sina Cosa, = — 
Ro 


Starting from the given spring dimensions in the unloaded state 


‘(state I), these equations enable us to calculate the unknown radius R 


and the slope a of the auxiliary helix in the state II as functions of the 
load P. In this state II we have, the special feature that the systems of ` 
axes I, II, III and 1, 2, 3 coincide in every cross-section just as in the - 
initial state I, since from equations (25) and (49) it follows that with 
the solution ọ = 0 and ¢ —'0 the angle 2 is zero. The first principal axis 
of inertia of the wire section (axis 1) thus coincides with the principal 
normal (axis I) and therefore appears to be radially directed, in the state IT 
as'well as in the initial state I. This does not suffice, however, to know 
completely the shape of the spring in state IT, for we also have to know , 
‘what change has taken place in the number of coils. Since in the distortion 
of the helical spring the:'length of the wire remains constant, the actual 
number of coils n can be deduced from the original number n, according 


to the equation 
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Substituting Vn (50) and (51) in eqs (38) and (39) nd taking 
PR? PR PR? 


NE CL NS ¿= 
=A sing. — PRtan?a" T Bsina’ ; - Csina 


» (83) 
we find that the quantities 9 and C must satisfy 
—eos?a (o” + ocos2a + é’sin2a) = b sin?a (osin?a + C'cos?a cota), — (54) 
— sina cosa (20” -+ 20cos?a — C" cota — 0'cos2a cota) = 
= a tana jo" (1 + sin*a) — £"" sina cosa! — : 
'— c sina cosa $o(1 + sin?a) — ¢’ sina cosa t. (55) ' 

After dividing by costa these equations may be-written as 

e" (l+ tan?a) + e(1—tan?a + btanta) + £'tana (24-b) 20, . (56) 
` g” tana (1 + tan?a) (2 + a + 2atana) + gtano (2—c—2c tan?a) — 

l —£"' (1 + tan?a) (1 + atan?a) — C $1— (1 + e) tan’at = 0. — (57) 
M Now, by eliminating ¢ from eqs (56) and (57) and dividing by (1 + tang) 
-we obtain the following differential equation for ọ 

Q'" + ego" -+ eo = 0, (58) 
in which the dicite. $9, €9 and e, have the meaning 
e= = 1 + (1 + a) tan?a + atanta, ~ 
ex = 2 + (2 + 83a + 2b—c-+ab) tana + (Ga-+5-+2ab)tanta-t ab tana, di 
e, — l + (14-25 — - 8e — si tan?a — (b + bc) tanta. 
The solution is . ig Wu 

200 Q— A, sin p,O + B,cos p,O + Asin p,O + B,cos pO, — (60) 
in which p, and p; are determined by l 
nd Pit pi- eyes Pi P3 = eje. : (61) 

The general solution (60) must now be adapted to the boundary condi- 
tions, which are determined by the method of fixing of the two ends 
of the spring wire. There can only be a pure buckling problem, as occurs’ 
for instance with centrally loaded straight rods, if the boundary conditions 
lead to the general solution 4, = B, = A, = B; = 0 (thus ọ = 0) and 
at the same time to a special non-zero solution corresponding to a certain 
critical value of the compressive force. As we know, the displacements p 


L4 


HELICAL bile ‘RUBBER RODS AND VIBRATION-FREE MOUNTINGS | 425 


and ¢ are measured with —! to the uxiliary helix, differing in Sede 

and slope from the original helix in a manner governed by the compressive | 
. force [see eqs (50) and (51)]. Since, for constructional reasons, the ends 
of the spring wire will in general be forced to keep to the cylinder of the . 
original helix, at both ends p usually differs from zero. Thus the boundary 
conditions lead to certain constants of integration which are dependent 
upon. the size of the compressive force. This means that under any load 
there is a lateral deflection of the helical spring. This deflection will as a 
rule be small, but — considering the result of the similar bending-buckling 
problem of sligthly eccentrically loaded rods — it will increase rapidly as ~ 
- the compressive force approaches the critial value already mentioned. 

As we shall find confirmed later on, the case of pure buckling occurs when 
the point of application of each of the two compressive forces lies on the . 
axis 1 of the respective end section of the spring wire (fig. 11) at a distance . 
from the centre of that section equal to the radius R. Since, otherwise, the- 
end of the wire must be free to adjust itself, for the sake of brevity we - 
shall speak of a helical spring with freely adjustable wire ends. — . 

.The axis 1 is fixed to the end of the spring wire'(in the initial state it 
intersects the central line of the helical spring at right angles), so that we 
can transmit the load on the end of the spring by means of a perfectly rigid 
connection provided with a centre-punch mark in the said point on the 
axis 1. The radius R,.as we know, is dependent upon the load and there- 
fore, in the experiment with increasing load, the said distance would have ' 
to be adapted continually: to that load. This, of course, is not practically 7 
feasible, so that with the pure buckling problem we apparently have todo >~ 


Fig. 11. The helical spring with freely adjustable wire ends compressed by two equal and 
opposite forces Gmagmary experiment). A 
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N 
with an, imaginary experiment. Nevertheless, we shall occupy ourselves * 
further with this case, because other boundary conditions lead to the less 


comprehensible bending-buckling problem and because we are, after all, ] 


concerned only with an example enabling as to ascertain in how far the 
size of the slope a, may influence the buckling load. ES 


The fact that the point of application of the compressive force P acting . 


along the z-axis lies on axis 1 implies that at both ends (© = 0, and 
O = 2xn, where n néed not be a whole number) the moment M, is equal 
to zero. According to eq. (49) this leads to the condition 
; | (020, 
" of 2 o pe 2 > 
. e(l+2 tan a) —€ li 0 at lo — 2an, 
or, in connection with (56} to ` 


o” + eg! = 0 (e — 3 + b+ btan?a) at alo Ri - (62) 
Further, at both ends we take the distance R + Q from the z-axis to the 
centre of the spring wire as being equal to R, so that 


=0 at pes: 
e= IO = 2an. 


In connection with (60), (62) and (63). the constants of integration must 
satisfy the equations . ; ' 
pı(pi—e)4ı A pa(pi—e)Às = =0, 


pi(pi—e) (44 cos?7mp, — B,sin2amp,) Te 
` + pa(pi—e) (Agcos2anp, — B panem = = 0, > (64) 


` 


(63) 


B, + B,-— 0, 
A, sin2anp, + B, ee + A, sin2znps + B, "T" = 0. 


_ We see that these equations do indeed lead to the solution 4, = B, = 4, = 
B, = 0. According to (56) and (60) both o and ¢ then no longer occur and 
the helical spring does not show a lateral deflection; in other words, the 
helical spring is in the state II. From this it follows, inter alia, that n in 
eq. (64) is given by (52). 

Under very specific circumstances, however, eqs (64) allow of a 
solution differing from zero. This is the case if the determinant of the system 

"is equal to zero, i.e., if , : 


pi(pi—e) 
ps(ps—e) 


Po( Ps — e) 


- pi(pi—e) 
+ (cos2znp, — cosZ2znps)? = 0 


sin2znp, — . Sin2ztnpst -+ p 


snzanps snap, — 


or, what comes to the same thing, if 


, PalPi — e) — -pn— e) 
pipi —e) + Pe(p2— e) 


sin[mm(p. — py] = sin[zn(ps + pal- (65) 


4 » 
` 


` 


In this case thé corresponding values of the constants ‘of integration are 

indefinite ‘and thus the lateral deflection of the helical ne is unlimited; 

in other words, the spring buckles. z 

: With given dimensions of the unloaded ` spring pi» Pa n and e are func- 
tions of the load P only [eqs (50), (51), (52), (53), (59), (61) and (62)]. 
"Thus with (65) we have found an equation by means of which — at least 
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in principle — we can calculate the load causing a helical spring with freely i 


adjustable wire ends to buckle (in the imaginary experiment). 


Mostly, however, it is not the buckling load which is desired to be known - 


. but rather the corresponding critical compression. The length of the spring °% 
is here understood to be the distance between the points of application 


of the compressive forces. If, as in the present case, the helical spring is 
in the state II, the axes 1 are always radially directed and the length | 
of the spring in the loaded state is therefore determined by the projection 
of the helis of radius R and slope a on the z-axis. Thati is to say, 


. l = 2x R n tana. és m ? (66) ` 
Similarly, the length l in the unloaded state is found to be NE 
h = 2x Ry n, tan Gy. (67) 


Using (52), (66) « and (67) we'get 


} l sina D 


` 


Us 


x . l, sina 


` With given dimensions of the helical spring in the initial state and with the ` 


aid of (50), (51) and (68) we can calculate the length I as function of the 
load P, so that it is actually possible to determine the critical ie 
Al = —h—l, corresponding to the buckling force. 


6. The effect of the number of coils on the buckling of a helical spring under 


compression with freely adjustable wire ends 


We have seen that the formula (65) derived in section 5 has to be taken 
as a relation from which, with given dimensions. of the spring in the 
initial state, it is possible to calculate the compressive force causing the 
helical spring with freely adjustable wire ends to buckle (in the imaginary 
experiment). The various quantities, however, are so complicated in their 
mutual relations that the result is not directly comprehensible. We there- 
fore take advantage of the fact that, even with helical springs having a 
pitch equal to their diameter, tan?a, has such a small value Mm) that 
we may ignore its higher powers. 

` "As regards the dimensions of the helical spring in the state II (auxiliary 
helix of radius R and slope a), egs (50), (51) and v5) apply. With the 


ri 


IH 


4 
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notations (52) we derive from (50) and (51), omitting the negligible terms, - 


= = 1+ tan?ay — (1 + b) tan?a +..., (69) 


Ry 
tana  1—btan’a . ; (10) 
tana . l+e ` 


Introducing the relative compression £, as before, we have, owing to 
(10) and (68), ; 


sina 


es re (1 


sin ag 
~ which relation can be resolved into: - 
tana 1—é 

tanap Vi- E@—€) tanta, 


With the aid of (72) and Win b = Cc/B leq. (53)] we derive Ain (70) 


= (1—é) }l—46(2—€) tan?a, + .. e (12) 


; tan oy _ . 
EE tana E . E MN. : C 
wt Re LESS LE oe dp 2 " 
d E C tana : p 85 tt FR 2) tantas | 
B tan a uii ide " (3) 
` and hence ` 2 l 


i c E: v» l E 

From eq. (53) it follows that for a we may write l 22 

| € 7 € C tanta "E 
seco Fi Mer. TEE n?a, 4- .. i (75) d 

so that, by using (72) and (73), l f 

cC Ef B. r 
=j [i+ h-- 80-1) (1—Faff tate +... (76) 


' Further, on account of (69), (72) and (74) the ratio of the radii R and R, 
is equal to 
9 


e » (77) 


` and on account of (52), (7 1), (12) and (17) the number of coils  chänges 
according to 


= che a E (18) 


0 
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` -Owing to the small difference Betwess Pı and p; it appears to idis necessary 

when working out (61) to retain also the terms tan'a, and we therefore 
- write r d 


PitP = = 24 ie a a tope E 


1 
E i =1— a tan aes (35—3c—2* + 2ab—Sac—abe)tanta ica ( 3 


Herei it has to be remembered that: a, b and c are functions of a, which > may 
have all possible values from 0 to co [see eqs (73), (74) and (76), where ` 
0 «— £ — 1], it being understood, however, that a, b and c multiplied by 
tan a are always to be considered small, since from: Uh (73), (74) and (76) - - 
it follows - that to a first ap EA 


C C. 3 
. a tana « Fi ftanay, btana ~ — gE% , ctana £ tanao š buc 


Any possible large values of a, b and c thus prove to be of minor importance 
, with respect to the Ducatu of the expansions in series Doirn 
in (79). 
We derive from (39) 


(px — Pa}? = (a + +o) HU wanta M tanta + . RO ey 


(Py + Po)? = 4 + (4b — 4c = i tan?a +. 
where fiis equal to ` : [ 
; - $ Ei 
uer ra 


| (+o) @+5) 


In view "of the small difference between Pı and p, [see eq. (81)] the eee ; 
ficient of sin [un (p + p)] in eq. (65) cannot be large. If we always take 
Pı > Pz, the value of xn (p,—p;) will apparently never differ much from - 
mz (m = 1, 2, 3,...). It is therefore only a matter of correction with 
respect to this valid, so that in the calculation of the coefficient in question 
terms with higher powers of tan"a or tan®a, may be omitted. Now — 


pi(pi— e) — p (pi — 9) _ Pi— Pe B + Pips + pi—e 
- pi(pi—e) + p(pi—e) pit ps pi— PPa + Pr—e 
or, on account of (68), (74) and (79), to a first approximation 
pi(pi — e) — pp — e) x p — p: b 
pi(pi—e) + pa(P2—e) pit p2 + 248 re 


= g(4). , (83) 
where 
b é CIB l 


€O-ipjvica-gmr; 09 


. "d 
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Having (83) we write eq. (65), in the form 
(co ma zn (p,— ps) ^: + arcsin Ex P? eit) sin [zn (p, + pj)]e- (85) . 
Pit Pe 


Since hoth for a positive and for an equally large negative value of the right- 

hand member of eq. (85) a root is found for p,—ps, as a rule always two 

roots are found to lie close together. This means that near-to each other 

two unstable states of the spring are to be indicated, each with its own 
deflection. : 

. In our problem, however, we are most interested in the least compressive ` 

force P or — what amounts to the same thing — the smallest compression 

£ causing the spring to buckle. In connection with (72), (73), (74), (76) 

and (81), this corresponds to the smallest value of p,—p, satisfying eq. 

£ (85). This smallest value occurs with m = 1 and a positive value of the 

. ‘right- -hand member of the equation, so that Eee first arises when 


«can oye + pj)ll - (86) ` 


Availing gurselves of the approximation n(p, + po © 2n, [see eqs (78) 
and (81)], the solution for Pı— p; is determined by 


5 npp) i ey, E 
2zmng : 
According to (66) 
e l l- x 
"5 nR tana’ 


so that for (87) we can write ` : 
ear (Pi — pp)? (b) , [sin EA 
Md .tan?a hl 


or, considering (81) and omitting ds negligible terms, - 


ea (ae) @+8) h at) PRSE gg an + ed (88) 
Using (73), (74) and (16) we — write for (a + e) (2 + b 
EU 2 


eroe ene 5e P) (0-14 tct +. J, (89) 


where 


-o C? £(1— £) 


C, È | ÆI C/A’ en) 


. HELICAL SPRINGS, RUBBER RODS AND VIBRATION-FREE MOUNTINGS 431 


and Á [see eq. (82)] E 


i l 5 l (2 un 
PERIERE MAI 
= a eee ree aL L—§ 
OE Gee 


GL) - 
Instead of. (88) we then obtain as the condition. of instability, having 
regard to (10), (72) and (77), so a " 


ae -(-$) e| res as 


a 


^ 


pao tani d raa) tan? ay + » | (92) 


iti it is died to know also the value of the corresponding pickling force P 
we have to make use of (53), (71), (13) and (77), from which we derive 


, PR = Cé tana, pads Wudp oe 2$0-6 (1— anlitat +e J 
(93) 


We know [see eq. (1 that the length l of the helical : spring in the 
unloaded state is equal to 2zznRgn,- tangy, so "that for tan"a, — having 
. regard to (92) — we. can write 


-C Cy.) (94) 
p]. piss 
Ce3r-6-35 .. 0" 
Subeetiution of (94) i in eq. (92), E replacement of 2R, by Do TS toa ` 


result showing that the helical spring with freely adjustable wire ends will 
buckle (in the imaginary experiment) when - 


$ "I 
oni 
no 


l, l 
tana = n2 rb Ga, )^ 
: 0 


ES 


B= Deh proint nde 
o "c " (95) 


se ] LM x ` UC m 
2 2 ETEN 
IO = —— 


7 the spring wire ia a edes cross-section and the diameter of the 


- (96) 
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wire is small in relation to the diameter of the spring *) the two rigidities | 
against bending A and B are equal, and their ratio with respete to the 
rigidity against Eun Cisas , 

A 2G ' m 


C 
4 575 al 0.5890. 


Substituting this in (05) we find as the condition of m 


apj- 2(2m+ 1) h- m 4-2 |sin item 


m 4-1 2(m + 2(m +1) TOE a 


3 2 J-g(5)— 
i . (98) 


For the calculation of the corresponding buckling force P we refer to - 
eq. (93). . 

If n, is large the two correction terms in eq. (98) disappear and thus we 
arrive again at the previously deduced relation between the slenderness 
and the relative compression [see eq. (16)]. The functions f(£) and g(£) 
occurring in the correction terms are plotted in figs 12 and 13 (m — 10/3): 
For £ = 0, f(£) does, it is true, become infinitely large, but by using (90), 
(91), (94); (96) and (97) it can be proved that the correction term itself 
is then equal to 


im f(E) a= ra (m+ 1) Qm 1) 


so that even then, when there is a sufficiently large number of coils (small - 
- ay), the correction term may be ignored. The term with g() in eq. (98) 


tan?ag ~ 0°10 tan’a,, 


7 B 
E 


53932 


Fig. a2. Curve of f($) i in the case of a circular wire section and m = - 10/3. 


*) The case where the diameter of the wire is'not small i in relation to the spring diameter ‘ 
is dealt with separately in section 7. 


= 4 
m j 4 
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1 cR ` 


disappears not only when n, is large but also when 2n, is a whole number, - 
and this term therefore indicates in particular what correction has to be 
applied for a helical spring not possessing a whole number of half-coils. 
In order-to get an idea of the size of the corrections we shall take as an 
example a helical spring with a slenderness | NDA equal to 3 and a pitch 
: equal to the spring diameter, so that the number of coils amounts to 3. 


0 02 04 06 08 10 . | - o 
53933 


Fig. 13. Curve of g(£) in the c case of a circular wire section ene m = 10/3. 


"on 


According to (98) this spring buckles under a relative compression £ = 
0:455, whilst the elementary calculation gives £ = 0:415, thus showing a 
' - deviation of approximately 10%. If the spring has 6 coils (the pitch then 
being equal to half the spring diameter) it will buckle at £ = 0:425 
and the difference will be only a few per cent. We therefore arrive at ~ 
the conclusion that the elementary calculation yields results: sufficiently 
accurate for practical purposes, and certainly : so when the helical spring 
has a pitch smaller than half its diameter. 


7. The influence of the ratio of the wire diameter to the spring diameter 
upon the buckling .of the helical spring under compression 


If the thickness of the wire is not small in relation to the diameter of the 
‘spring we must regard the spring wire as an initially curved rod and the 
rigidities of the wire against bending and twisting are dependent not ` 
only upon the shape of the wire section but also upon the ratio of. the 

` thickness of the wire (d) to the diameter of the spring (Dj). - 

When an asterisk indicates the quantities relating to a straight rod, 
Góhner *) found the various rigidities of the strongly curved rod with 
circular cross-section to be as follows: i : 

*) O. Góhner, Zur Berechnung des gebogenen oder gedrillten ingstabs mit Kreis- 


querschnitt und der zylindrischen Schraubenfeder, Ing. Arch. 9, 355-371, 1938. In 
. regard to kp and kc it is to be noted that these do not relate to pure bending and 


twisting of the ring-shaped rod, so that one has to use the eqs (13) and p inthe , 


paper referred to here. E E 
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with respect to bending around the first principal axis of inertia (axis 1) 
ay 2 24 4m + 2 
a- anh s (ed. WE ponto dm 
s Dy D 24m? (m + 1) 
with respect to bending around the second principal axis of inertia (axis 2) 
19m3 + 17m? —16m—8 


Bab hth 
l »(5. 


with respect to twisting (around axis 3) 


C=C - ho(5-) + A i Rom 


48 m? (m + 1) | 


‘ 


23m a 13 
48(m41) . 
_ Applying the same corrections to the helically wound wire *, we obtain 
^ C f c ! C* l c* ` d E 
(+ ep-e-a = (+B) 76-5) doe) + 


LLL. e 943 . (m = < 10/8) 


where 


Ae c/a" “gy TB 
h(E) = (ko — i ME ME (ko — falga i 2— — C*/B*) é T 


Bearingi in mind that in the case of a circular wire section C* [A* = C*/B* = 
m|(m + 1) [see eq. (97)], we write eq. (95) as ` 


-n Dy? 2 (2m+ 1) m42 4. 
da MEE 
A moe am 


4 t 


tf 4T bs). E 


The factos h(£) is ‘plotted i in " 14 (m = 10/3). We see that even with 
` a large ratio of the wire diameter to the spring diameter the correction is as 


G2 04 06 08 10 
53934 


Fig. 14. Curve of h(£) in the case of a circular wire section and m — 10/3. 


*) Itisto be doubted whether this is admissible (see O. Gáhner, loc. cit, p. 370), 


. but we follow this course so as to obtain some idea of the magnitude of thee correc- 


tions to be expected with regard to buckling. 


dX, 
zy. kg = — -~ = — 0°36, 


. (100) | 


(99 


$ Š 
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a 


a rule only small, amounting at most to a few per cent. From the foregoing 
` calculations we therefore arrive at the conclusion that neither à small 
number of coils nor a large wire diameter seriously affects the results of the 


" 


elementary method of calculation, so that in general this d be considered - 


quite adequate for practical purposes. 


8. Buckling of a helical spring with freely aaisa wire ends under E 


combined compression and twist 


In an earlier publication * ) the problem of a helical spring simultané- , 


ously loaded with a compressive force and a torque was solved by assuming 
the helical spring to be replaced by an elastic prismatic rod. Here we give a 
. direct deduction of the same problem, at least insofar as helical springs 
with a small slope are concerned. It is therefore emphasized that putting 
‘the torque equal to zero leads to the same results for the compression-loaded * 
helical spring as those found by the elementary method of caleulation 
(section 3). . : : 

To the two equal and opposite compressive forces P acting along the 
z-axis we add two equal and opposite torques W exercising a twist about 
_ the z-axis (fig. 15).-Now in order to distinguish the moments present in `a 

certain cross-section of the spring wire from the corresponding moments | 
` occurring when only two compressive forces are in action (see section a 5), ` 
we employ symbols provided with á har. These moments are 


M, = P(R + o) sin @, M; = — P(R + o) éos 8, M,— W. (102) - 


- 


Fig. 15. An clement of the helical spring under combined compression and twist. 
*) J. A. Haringx, On the “buckling and the lateral rigidity of helical compression 
springs IT, Proc. Kon. Ned. Akad. Wetenschappen Amsterdam 45, 650-654, 1942. 
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Using (31), (34), (35) and (40), in which equations all M-quantities are to 


be imagined as having a bar, we can write, when ignoring terms of higher 


, order and referring to (41), mE s : E 


p t 7) 


M, = M Worse sina Z cos 2H | E 
Mg = My + Weosa (1 t$ sin*a — " sina cosa) 2) (103) 


+ 


Mm = Mym + Wsina (1 -4 cos?a -+ t cota costa) . 


Aecording to (41), where all M-quantities are likewise to be imagined as - 
being barred, and Eng to (47) and (30) in the case of a small angle ð 


, M, = M, + My ? 
M, = My — M, Ow My, "a SET (104) 
" s . M Mm. mE 
Substituting i in itis equation for the nagle D [see eq. ee 
| |, M aa 
EE $= —— 105 
Acosta’ ( ) 


we obtain, when using (47) and (103) and referring to (49), 


A cos? a T 
Acos?a — PR? sina — WReosa " l 
A : 1 x Hoc | Ju n , 
x [PR ie (l T8000) = sina cose + Weosa (i Pg a E cos 2 s 


=| 
| 


po a 28 2 (106) 
M, = M, + W cos a (1 + psinta— 5 sina cosa)» mE 


M; = M, + W sina at — 2 eosa +Ë + E cota ta costa): 


In egs | soi and (39) we must now replace M,, M,, and M; s M,, 
M, and Ms, which are given by the'expressions (106), where M, and M; 
have the values of (49). Here again we see that, besides the terms with the 
small quantitites o and ¢, there are terms in which only the radius R and 
the slope a of the auxiliary helix occur. This auxiliary helix (state IT) is 
again chosen such that o = 0 and ¢ = 0 gives a possible solution of 
eqs (38), (39), (49) and (106). Taking in these equations o and ¢ equal to 


. Zero, it t appears that the following anot must be satisfied - 
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I costa — = cosa) = e ds + ee cosa (107) 
“Ro : B B ' : 
. . PR? WR. 
sina FINE singg cosag = — C dn -} T sina . (108) 


Eqs (107) and (108) enable us, starting from the given spring dimensions” 


' in the initial state (state I), to calculate the unknown radius R and the 
slope a of the auxiliary helix in the state II as functions of the loads P 
: and W. According to (105) and (106), with p = 0 and £ = 0 we again find 


that the angle 2 is equal to zero. Thus in the state II the two systems of ` 


axes I, IL, III and 1, 2, 3 again coincide. Consequently, also with a com- 
bined compression and twist the axis 1 in the state IT proves to be radially 
directed. Further, the number of coils n is once more determined by eq. (52) 
and the length l is given by eq. (66). It has to be remembered, however, 
that in these equations R and a now satisfy (107) and: (108). . l 


When substituting the expression (106) in eqs (38) and (39) — where ... 


the quantities M are to be taken as being barred — we employ in 

addition to (49), the eqs (107) and (108). The terms in which only R 

and a occur then cancel out and the terms with p and € remain. Whereas 

. the notations (53) apply only for the special case where W = 0, here 

— with a torque — we use the more general notations ` 

PR? EM PR? PR? 

d Asina — PR?tan?a— WRtana* T Bsina' ^ (sina 

Hence, the equations in question become 

— costa (g^ -+ grando + £'sin2a) = b sin?a(osin?a d oroi + . 

+ wb sinacosa (gsin?a — ¢’sinacosa), (110) 

— sina cosa (29” + 29cos*a — ("cota — ('cos2a cota) = 

a tana 3o" (1 + sin?a) — ¢’”’sina cosa? + wa sina(p"sina — Z""cosa) — 

— c sina cosa je -+ sin?a) — (sina cosa — we sin?a(geos*a— C’cos*a cota). 


As agreed, we confine ourselves to helical springs with a small slope a, 


so that we can greatly simplify the calculation by expanding the various 


functions into series. It now appears to be necessary to maintain for the 


time being the powers of a up to arid including a?. After dividing by costa, 
q. (110) is then reduced to - 


o" (1 ijs a?) + o(1 — a?) + &'a(2 + € = 0, . (112) 
whilst, likewise after dividing by costa, eq. (111) becomes n ^ 


o’a(2 + a -+ waa) + oa(2—c—wea) — g” 31 +waa + (14- aja? — 
—tj1—wa — (1 + e) at= 0. (113) 


= aw 
ATIA 7 


an) 
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Eliminating ¢ from (112) and (113) and dividing by (1 -+ o?) we again 
obtain the differential equation [see also eq. (58)] 


eq" A eso" + ego = 0, (14) 
where the coefficients ey, e; and e, (written in powers of a), in connection 
with the presence of a torque, are now equal to X : € 


e = 1 + waa + (1 d- e) e? 4- ..., 
e = 2 -- w (a— c) a -+ (2 + 3a + 2b —c + ab) a? +... (115) 
ea = 1 — wea + (1 + 2b —3c — be) o? +... ` l 
The general solution of the differential equation (114) is [see also eq. (60)] 
~ Q = A sin p,O + B; cos p10 + A, sin pO -+ B, cos p,O . (116) 
On account of (115) p, and p, are now determined by l 
Pi itp — 2— w(a + c) a + ja Shek ab + wa (a -+ c)t a? an 
pi.p-i—w(adc) a—ja—2b + 8c + bc — wa (a+ c a? 
"From the second equation (117) it follows that " 
2 pipa 1— dw(a 4- c) a— $ja — 26 + 3c + bc -— fw? (a+ c) (8a — e)te? + ..., (118) 


so that with the aid of the first eq. (117) it can be deduced that instead 
of (81) we now have : 


" 


pp = fe Q0) + be (eee t+ 


i: 119 
(p, + Pa)? = 4—2w (a 4- c)a 4- . . t) 
From eq. (119), omitting the terms of higher order, we obtain 
f SBIBAGr)UTÜrBi 0 
: l i ` (120) 
PP o1 du(a 46a. ` 


‘so that with the notations ~~ 


2y, = Hw(a + e) > Y (a -+ e) (2. ae p 4 DL 


: (121) 
e 3 
2y, = Mw(a +e) + Y (a +c) (2 -+ b) + iw*(a4- et im 
we may write for p, and p, to a first approximation 
R i R i 
pede qo Pm i-—2y, P (122) 


t 


`~ 
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Substitution of (122) in eq. (116) then leads, with the coordinate z œ R Oa 
[eq. (28)], to the solution 


o = Fi(z)sin O + Fy) cos, — ` . (128) 
where ME i 
dy l 
Fi(z) = A, cos 2 J- B, sin —— "s as 
" gU Y e (124) 
z z 
F,(2) = sees — E. B, cos tne — A, sin = + B, cos T . 


If we assume that when Ó is increased by 2x the coordinate z undergoes 
such a small change that a coil of the spring is practically a flat ring, for- 
mula (123) shows that in its entirety this ring undergoes a displacement 
F,(z) in the direction of the x-axis and one of F; (z) in the direction of the 
y-axis (fig. 16), Since the centre of the ring is to be regarded as a point of 
the central line of the helical spring, the curves y = F(z) and x = F(z) 
in the yz-plane and the xz-plane respectively represent apparently nothing 
: else than the projections of that central line of the spring ón these coor- 
dinate planes. In the case we are dealing with here (the spring with 
freely adjustable wire ends) the force acts in the centre of the two end 
. coils of the helical spring, and therefore the central line must intersect the 

z-axis at the two spring ends. This leads to the boundary conditions 


FQ(z)-—0, Fy(z)=0 at $ = A (125) 
From this it follows, in connection with (124), that - ` i 
A, 4, — 0, ; à 
B,-- B,-— 0, ` f : 
EB. l (126) 


A, cos 2y, + B, sin 2y, + A, cos 2y, + B, sin 2y, = 0, 
—A, sin 2y, + B, cos 29, — A, sin 2y, + B, cos 2y, = 0." 


xa ae 53936 


—— 


Fig. 16. Displacement of a ‘flat’ coil of the helical spring jn the directions of x and y. 
" . 


- 


* 


a= 
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These equations allow of a solution differing from zero only when the | 
determinant of the system equals zero. This leads to the condition . 


cos 2(yy— Yo) =1 or |y,—y.| = mx (m=1,2,3,...). (127) 


In connection with (121) and (127), with increasing load, instability i 
for the first time when m — 1, thus when 


UET (2 + 6) Faur- m. (128) 


In order to work out tbis condition of instability we must first ascertain 
the magnitudes ofa, b, c and w. Ignoring the higher porem, we obtain from 
eqs (107) and (108) with the notations (109) that 


R 3 f . 

— = l] — AF $ 12 

[3 I1 — wba + " - (129) 
1 — wha +... - 

Blue NN eg use (130) 

ay l+ec-wea+... . 


Since here again the length Lis given by (66) and I by (67), equation (68) 


*still holds. Therefore, introduction of the relative compression £ leads in 


connection with (10) again to eq. (11), which to a first approximation may 
also be written as l 


= Ape: (131) 


With b = : c [eq. (109)] we deduce from (130) and (131) l 


E f C 1 
ie Aao Jeth p 
and thus 
Es a "n i l m 2 
-xi-*( -gr peto (133) 


Further, from eqs (109) and (132) it follows that ’ 
| Ce 


A — Cc tana — Cwe tana — kal 


bere is fee m 


As regards the magnitude of w it may be said that according to eq. (129) 
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w is related to a first approximation to the variation of the radius or, in 
in connection with (52), to the variation in the number of coils, for 
n R "p 
r (135) 


no 


The angle of twist y of the spring about the z-axis, as caused by the ) 
torque, is equal to ` 
y = 2x (n—n). <= (136) 


Thus, on account of (135) and the fact that the length / of the spring i is 
to a first appre oximation equal to 2a Rna, we find for w the relation 


LR l 
wb ev x. |. (37) 


The substitution of the given expiessions for a, b and c [eqs (132), (133) 
and (134)] in eq. (119) leads to powers of a that were ignored in thé 
derivation of these equations. From this it is to be concluded that we have 
apparently confined ourselves in advance to cases with such a small torque 
that the terms wa occurring in eqs (132), (133), (134) and (135) can be 
ignored with respect to unity. This involves. the condition wba «£ 1 and 


`- we may therefore write 


C & 


A — —— — & — c l. (138 
EN x1. (138) 


Since the relative compression $ lies between 0 and 1, according to (138) a, 

b and c may apparently have any values between 0 and co and thus, just 

as in section 6, here again, we may expect difficulties in regard to the per-. 

missibility of the applied expansions. In connection with (131) and (138), 
however, the quantities a, b and c multiplied by a are equal to 


C ^ , € 
Rae aes | ba ~ ~- ab, Ca ~ eof, | (139) 


so that any large values of a, b and c prove once more to be of minor . 
_importance with respect to the permissibility of the expansion in question. 
According to eq. (138), just as in section 6 [see eq. (89)], (a + i (2 + b) 


will agdin be equal, to a first approximation, to 


c A M 
(a +) (2 +b) IEEE zu 6i ij . (140) 
n 
whilst with (137) and (138) we-find for w (a + c) 
B BR | P 
"(9L (141) 
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In the case of a spring wire with circular cross-section A = B = (1 + 1/m) C . 
[see eq. (97)], and so, employing eqs (10), (140), (141) and the identity 


do & 2R, we find 


L\? 2(2m 4- 1) | ned 
(a + c) (2 + b) (55) = AE L2 tal 23 2(m 4-1) 4j (142) 
d 2m +1 
wa + c) ƏR ^ 2m 


2m 


Hence, ilis condition ‘of d (128) for combined compression and 
twist becomes 


ECC 


Thus with m = 10/3, 


vaste £095 o (È + 00888 2 = L) 
, s (144) 
or : : l 
^ £ = 08125 J1 + l'1— (6:81 — 0-23 42) (Doll). / 
As regards the corresponding loads P and W it may be said that in 
connection with (109), (138) and (139) the compressive force P is related 
to the relative compression £ according to *) 


PR, ~ Cat, NE (145) 


and that, in connection with (66), (109) and (137), the torque wi is related 
to the angle of twist y according to 


WR, ~ B= MEC (146) 
Te An, 
M : : : 

The relation given in eq. (144) between the three quantities £, y and 
` Ig D, is graphically represented in fig. 17. As was to be expected, the curve 
for y — 0 (no torque) is identical to curve 3 of fig. 6, which is given by 
eq. (19). Further, it is to be noted that in the absence of a compression £ 
any spring with freely adjustable wire ends will have to buckle if twisted 

through an angle of 313? **). ` 
The final result of the calculation in the form of (143) or (144) is indep- 
endent of the slope a, and of the number of coils nọ. In section 6 we have 


*) Of eu, eqs (145) and (146) can also be deduced directly. 
**) See also C. B. Biezeno and R. Grammel, Technische Dynamik, Springer, Berlin 
(1939), p. 553. ^ 
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» 
` 


seen that the doie ap has little effect and that even a pitch equal to the 
spring diameter involves a deviation of only 10%. Deriving the formulae 
here, however, we found that we must confine ourselves not only to a small 
slope, but also to cases where the torque is small (wba <1). On account 
of eq. (146) this torque decreases with increasing number of coils n a ny. 
In order to ascertain the effect of a small number of coils, the approxima- 
tive calculation would have to bé repeated with a larger number of terms. 


~~ 


o 1 2 3 4 5 > 
ES - 53937 


Fig. 17. The critical relative compression £ of a helical spring with freely adjustable wire 
. ends as function of the slenderness lj/D, at various values of the angle of twist x. 


s 


Instead of doing this, however, we shall merely make an estimate. Since 
from (144) it follows that buckling will always take place at an aügle of 
twist y S 5° 46 (£ > 0), in the case of a helical spring with, say, more than 
10 coils we have, EE. to eqs m and (hos i 


wba N < 0:087. 


, “Tg = 
In the case of buckling under combined compression and twist the 
maximum deviation for the spring in question may be expected to be of 


the same order of pue . - 


9. Bustling of the helical spring with fixed wire ends under combined 
compression, and twist 


In the previous section the ends of the spring wire were freely adjustable, 
on the understanding, however, that a torque could be transmitted to these 


4 
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ends. Since this requires a construction difficult of realization and in prac- 
tice the ends of a helical spring under twist will mostly be clamped, atten- 
tion has to be given also to the case of a helical spring with fixed wire ends. 
As is known, any load can always be composed to a resulting force and a 
resulting moment the axis of which coincides with the line of action of the 
force. Consequently also in the case of a helical spring with fixed wire ends _ 
the load may be regarded as consisting of two equal and opposite com- 
pressive forces P and two equal and opposite torques W all acting along 
the z-axis, provided account is taken of the possibility that this axis may 
assume an oblique position with respect to the “direction of compression". 
This direction of compression is to be understood as the directión in 
which the compression of the spring takes place, thus coinciding with the 
: direction of the central line of the helical spring in the initial state (state I). 
Therefore we introduce a new system of axes of x’, y',z', with the z'-axis 
coinciding with the central line of the spring in the initial state and the 
x'-axis passing through the bottom end A of the spring wire. The system of 
axes of x, y, z then assumes an oblique'position with respect to the system 
of axes of x’, y’; z' (fig. 18). Since the end of the spring wire at point A is 
clamped, the system of axes 1, 2 and 3 at this point is fixed with respect ` 
to the system of axes of x’, y', 2’ in a manner as indicated in fig. 18. 
Considering the problem in this way we have the advantage that the 
general solution (123) derived in the preceding section is valid also for 
this case. It only needs adaption to new boundary conditions. We have" 
seen that the functions F,(z) and F,(z) given in eq. (124) determine the 
projections of the central line of the helical spring in the deflected state 


D 


X 
55930 - 


Fig.18. Position of the central line of the auxiliary helix (z-axis) with respect to the 


central line of the helical spring in the original state (z’-axis). The bottoin end of the spring 
wire is fixed at 4. - 
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‘ 


(state IIT) on the yz-plane and the xz-plane respectively. Since we have to 
do with clamped ends that can only undergo a displacement in the direc- 
tión of compression (z'-axis), the central line of the deflected helical spring 
must always intersect the z'-axis at the spring ends. Fig. 19 shows the 
projection of the central line (indicated by a dot-dash line) on the xz- 


i 2.0 71 9 EE 53939 


Fig. 19. Projection of the deflected central line of the helical spring iudei combined com- 
pression and twist on the xz-plane of the auxiliary helix. 


plane and fig. 20 that on the yz-plane. We have to bear in mind that the 

“positions of the axes of x, y, z differ only very little from those of the 
. axes of x’, y', 2', so that in the further calculations all effects of the second 
. order can be ignored. In fig. 19 we see that the direction of axis l at point 
‘A determines the slope of the projection of the 2’ -axis on the xz-plane, so 
that to a first aoe — having regard to the aes — we get 


MEE e gs aco 9. aan) 


-510 - 53940 


Fig. 20. Projection of the deflected central line of the helical spring iie combined 
compression and twist on the yz-plane of the auxiliary helix. 
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Likewise, taking into account the angle a, (which as à matter of fact proves 
to play no part in the solution of the problem), the direction. of the axis 3 
determines the slope of the projection of the 2'-àxis on the yz-plane (fig. 20); 

thus, again to a first approximation and having regard to the signs, we get 


RE) F0) 


T at O= ies 0). (148) 


Y3 — 09 = 
Similar arguments — tà the other apă end (6 = Sn áhdz—1 
respectively), except thàt the projections must be made upon the planes 


of O = 2nn and of O = 2zn + n[2 instead of xps the xz-plane and the 
. yz-plane. Thus we have. 


i + = 


nap OREO n M" 


cosO,| ' 


F0 — R0). | 
a cat O = 22s = l). 


FU) — F. F,(0) 
nr) 


by eqs (105), (106), (145), > we find for e and Va ignoring terms of Mrd E 


order i in a and A, 


-— 


whilst according to (112) we have to à first approximation the relation 


i m =F | (150): 


so oTeQab)--Q +e). 2 0. Q8. 


- Bearing in mind that the coordiráte x is to be taken equal to RÓa, then 


on account of eq. (123) and omitting the terms of higher order we obtain 
o 


£ 


and thus in connection with eqs (150) and (151) - 


m ME rx 
dz 


From a (151) and 1 (152), likewise omitting the terms of higher order, we find 


E i-i pne, sno > in cos. ^ Q3) 


xii — E sin@ . (152) 


e + @ = 2Ra f e) cos O ine si ino}, l PC 
z 


- 


- 
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Together with. (152). and | (133) the adas conditions 47), (148) 
: and (149) now lead, to a first approximation, to > - 


Een = eae) =(1 4 TE sus nO 
F LEE EA daml : ` (154) 
CFom] © 


The functions F(z) and F,(z) occurring in ds sauations are already 
given in eq. (124), so that the following conditions must be satisfied . 


25B, + 2B, — L8, d in2y, + 2y,B ess —2ysA,sin2y, H - 
+ 2yB 10052 ys , 
27B, + 2y72B — a + $b)} i4 s(00827,—1 ) + B,sin2y, + 4,(cos2y, —1) + 


+ Bsin2yst aos (155) ts 


37,4; + 27,49 = M M " 3j Baba ar 2724 aCos2yg + a 
+ 2s Bssin2y, , EM 
274, + 27d a= (1+ 35) 34 ERM —B, 5 (eos, -1) + A,sin2y,— l 
E —B 2(cos2y,—1){ . aS a 


ER B, from the first and the last equations (155) and A, from « 
the second and the third we find for A, and B, expressions that when sub- 
stituted respectively in the first and the third equations (155) lead to — — 


AA, + A4,B, = 0, 4,4, — AB, = 


; M ` (156) - 
where "M : TEE i 
Ay = sin(y-- yg) sn) 0-80) 1 77 sin Yı Sin nl , 
. bs Yiya : 
: (157) 
x py Vie . 7 ou : 
A, = cos(y,-- y) fintora) ~ * sin yi $m Yar e 
. i . Vive , 2 
"Therefore, a solution differing from zero is possible only when 
* 4x0, be AE, (158) 
whieh will be the case when the condition 
sin (y4— i sin y, sin 
(v) mpg qp safer. (159) 
Yr—Ya Yiys 


“is satisfied. 
Just as was the case in the preceding section, so for’ a circular wire: 
E section we have [see éqs (97), (138) and (142)] - 


fg 


` 
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1 m+2 
148 A 
: D 2(2m-+ 1) ply \? m +- 2 
D @+9e+(R)= Peru (5) Lm d. vey) 
PELLEN - | 


9R | 2m 


i] 


JAN 


“Uh 
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Fig. 21. The critical relative compression £ of a helical spring with fixed wire ends as 
_ function of the slenderness 1/D, at various angles of twist y. Am 
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Fig. 22. The critical relative compression & of a helical spring with fixed wire ends as 
function of the angle of twist y at a slenderness [)/D, of 5:45. Comparison with test results. 
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so that vü 4 3, yi and ys [eq. (121)] ca can be sce: in & x and IDs. 
Thus eq. (159) gives the relation between the critical relative compression 
§ and the angle-of twist y for a spring with the slenderness J,/Dy. This is ` 
graphically represented in fig. 21 (m = 10/3). The trend of the curve for 
X = 0° is of course identical with that of curve 3 of fig. 6, taking a 
factor 2 into account with respect to the abscissa, since the reduced buckling 
length of the helical spring fixed at both wire ends is only half its full 
length. Further, attention is drawn to the fact that in the hon-compressed . 
state (£ = 0) the helical spring will buckle if it is twisted through an n angle 
varying from 313° (Ip/Dy = 0) to 447° (JD, = eo). 

Tests have been taken with a helical spring having | a slenderness D, = 
5'45 (Do = 18 mm, d = 0'5 mm and pitch = = 5 mm). The results are plotted 
in fig. 22 side by side with the theoretical curve; this cleaxly shows the agree- 
ment between theory and practice, at least for a epring having a sufficiently. 
large number of coils inn "gy œ 20). o 

- .. i Eindhoven, June 1948 . 


. (To be continued) ` 
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DISSIPATION OF HEAT BY FREE CONVECTION *) 


by W. ELENBAAS 586.05, = 


PART II **) 


7. Dissipation of heat by bodies characterized by two linear dimensions 

Bodies defined by two linear dimensions I, and l, (for instance, a vertical 
cylinder of finite length by the diameter d = l, and the height h = la) 
are of the same shape if the ratio of } to l, is the same. An equation of the 
form (22) holds for each definite value of L/lẹ, so that we can describe the 
dissipation of heat for arbitrary values of |,/I, by adding the parameter 
L/l, to the equation (22): P z- 3 2c à 


Na—f(GrPnhlh). . .. o ^ Q0 


RU has been found possible to indicate the form of the function f; for 
some shapes of body. E 


Two of the cases described above should really be treated with (37) instead of (22): 
The width of the vertical plate (dimension in the direction of the y-axis, see fig. 2), and 
the length of the horizontal cylinder affect the ‘dissipation of heat as well. We considered ' 
plates of such widths and cylinders of such lengths that the dissipation of heat might be 
assumed to be proportional to the widths and lengths respectively. If the vertical plate is 
widened, or the horizontal cylinder extended in length, @ approaches a limiting value, 
.and it was this limiting value which was considered. However, a formula of theform (37) 
must be employed for a vertical plate 'of a small width and for a short horizontal cylinder. 
But no measurements or calculations are known for these cases, With the vertical cylinder 
things are quite different. A.lengthening of the cylinder invariably produces a decrease ` 
of à and, as long as the flow remains laminar, a does not reach a limiting value. This is due 
to the fact that, whereas with the horizontal cylinder we can indicate equivalent laminae 


- which are cooled by flows running parallel, the corresponding laminae of the vertical 


cylinder are cooled in series. The higher zones are then cooled by the medium, after this 
has already been heated by the lower zones. Owing to this the dissipation of heat of the 


- higher zones is smaller. à - 


sU The function. fs for some shapes of body 


a) The vertical cylinder 


The defining quantities 1, and l, are the diameter d and the height h. 
By. combining Langmuir’s theory with Nusselt’s considerations and by the 
requirement that the formula for the dissipation of heat by a vertical 


*) The ‘paper is essentially identical to that published in De Ingenieur 60, O 21-0 34, 
1948, by the same author, under the same title. 
**) For Part I, see Philips Res. Rep. 3, 338-360, 1948. 
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cylinder for E oo must change into the’ formula for the p giar vertical 
plate, which runs (see formula 25): : 


Nuh, = 0'6 (Gr - Pr)izo, 
we obtain the formula for the vertical cylinder 19): l 0l i 
, Nug;, 674 — 0°6 (Gr + Pr) dbi - (88) ^ 


The equation (38) for the vertical cylinder follows from the cee 
. (83) for'the horizontal cylinder: 


Nu, giud, a. (Gr: Pr) /235 f(r: Pr), 


. by E TE the function f (Gr-Pr)gw by 0:02 (Gr. Pr)/, The | 
function f (Gr: Pr)d,» in (33) serves to include the effect of the ate 
. of thé medium, when the latter flows upwards along the circumference. 
- In the case of the vertical cylinder the medium flows upwards ‘along 
generating lines. So in the present case the effect of the heating of the 
. medium is not a function of d, but of h, perfectly analogous to the case of the 
vertical plate, where the higher zones likewise dissipate a smaller amount ` 
of heat than the lower ones (see equation (26)).. 

We can also compare i ran (38) with equation. (25) for the vertical ` 


plate: Nuhw = 0:6 (Gr- Pr) iw. It is easy to verify that with'd — co the | 
equation (38) is converted into equation. (25). i 

Another point deserving attention is ‘the following: equation (38) exclu- ` 
sively describes the dissipation of heat by the cylindrical outer 'surface. 
For a hollow cylinder we refer to c). If the cylinder is closed on top and at 
. bottom, we can use equation (38), taking for h the value of the height of 
the cylindrical portion increased by. the surfaces of the bottom and top 
. planes divided by zd. So we assume the entire surface of thé body to be 
‘situated on the cylinder wall. It is apparent that this does not hold -for 


very short and stout cylinders. Just as (25), equation (38) no longer holds U 


for very small and very large values of h. 

Fig. 10 shows the dissipation of heat by vertical cylinders in air of one 
atmosphere and 20° C as a function of the diameter calculated with (38) 
for Oy = 100 °C and for various values of h. In the same figure the dash 
line, caleulated with the formula (38), represents, under the very same 
conditions, the dissipation of heat hys a horizontal cylinder so long that the 
end effects are negligible.. i ~ 


b) Cooling ribs 


For the purpose of promoting the rU of heat by a body, it is 
often provided with a number of plates fitted parallel to one, another. 
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For natural cooling the plates are preferably placed vertically (central 
heating radiators). The surface thus extended can dissipate the same 
amount of energy at a smaller value of Ow, or, at the same value of Ow . 
the dissipation of heat is larger. . l ] 


` Fig. 10. The dissipation of heat in watts per m? and per °C as a function of the diameter 
for vertical cylinders in air of one atmosphere and room temperature at an excess tempe- 
rature of 100 °C, calculated with formula (38). For comparison the dash line: represents - 
the dissipation of heat of thé DE. one penser cylinder (see fig. 8) under the 
same conditions. 


We shall deal with the case of parallel vertical plates having a height h : - 
and a-spacing b between every two plates. The outsides of the first and 
of the last plate dissipate heat in accordance with the formula (25), the 

remaining sides of the plates being mutually in the same position. So we 
need only consider two mutually parallel plates with a spacing b and an 
excess temperature Ow over the surroundings, and: determine the amount 
| of heat given off by the two opposite walls to the surroundings. See fig. 11 
for this case. If we assume the plates to be very extensive in the horizontal 
direction (y-direction in fig. 11), then practically all the vertical laminae 
of a width of 1 cm are mutually equivalent. It is only the laminae close 
to the ends which are a bit more cooled, because cold air can flow on from 
the sides. If we leave this effect out of account for the time being (so, 
practically. speaking, we consider vertical plates extending infinitely in 
-horizóütal direction), we have bodies that are characterized by the two, 
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magnitudes b and h. So the dissipation of heat is given by a formula of the | 
form (37). For the parallel plates it. runs M), 12): ` 
j 95h y, 


lb ' ZEIT : 
Nubwo = 24k (Gr Posh =è Gee, - (89) - 


Z. 


* 


M 


Fig. 11. Cross-section in the xz-plane of two vertical plates with a spacing of b em. The 
‘y-direction is normal to the xz-plane. The plates are assumed to be infinitely long in the 


y-direction. 


x " 
r " 


So here Nup,w is a function of (Gr - Pr), b/h. In fig. 12 this function is 
drawn on a double-logarithmic scale. - 


7 
— (Gr Pr) gus Ub 


„Fig. 12. With vertical parallel plates Nup,, is a function of (Gr * Pr); b/h (b = the plate 
spacing; h = the plate height). The curve is drawn in accordance with formula (39). At P the 
cooling per cm? of the horizontal cross-section has the maximum value (formula (42)). 
Inset: vertical cross-section of the cooling body. 


r 
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For small values of b, Grp,» is small, so that the e-power in equation 
(39) may be neglected. Equation (39) is then simplified to: 
f 2 À : 
AE Qd mg. (40) 


` 


With a small plate spacing the mean dissipation of heat per cm? of the 
plate surface thus increases by the third power of the mutual distance, b 
being in the third power in Grp,». The total amount of dissipated energy 
a h Ow is, according to (40), independent of h. This is because with a small 
plate spacing the temperature of the outflowing air is the same as that of 
the plates. So the amount of dissipated heat cannot increase by an increase ` 
of h, as in this case the velocity of the air is independent of h. The increase 


by the third power of b is due to the fact that at this narrow spacing the ^ - 


velocity is proportional to 5°. : 
With large values of b we develop the e- power * of (39) and obtain: 
ab 
— ee = ha 


-As "Gro = : Grau D? h9, we obtain from (41): ah/A,, = 0:6 (Gr: Pr), 
which equation is identical with the equation (25), which holds for the free” 
verticalplate. So equation (39) gives, as it should do, for a large plate spacing 
(where the one plate no longer affects the dissipation of heat by the other), 
the dissipation of heat by the free vertical plate. 

“In fig. 13 the dissipation of heat in watts per m? and per eC of vertical 
plates in air at one atmosphere and 20? C is drawn for different values of h 
and O, as a function of b, calculated with (39). This figure therefore applies 
to plates that are infinite in the y-direction. If the dimension in the y- 
direction is not large with respect to the height, we may approximately 
- assume that on the sides of the plates, sections having a width of $b 
. dissipate heat in accordance with the formula (25), the dissipation of heat 
by the remainder of the surface being described by (39). For small plate 
spacings this correction becomes appreciable so that the result will be 
uncertain. In the field in which we preferably operate (in the neighbour- 
hood of the arrows in fig. 13), the correction is already of little importance 
for square plates. 

If we have a' certain length L at our T wherein we can fit a number 
_of cooling plates having a height h and a width yp, we may have to face 
the practical question as to how many plates are to be fitted in order to 
obtain as large a dissipation of heat as possible with a given value of Oy. 
. So we have at our disposal a base'of L- yọ. Let us assume that the thickness 
of the plates is ô and that (n + 1) plates (including the end plates) are 


b 05 h b m 
=— = 0: Gr - P 2 41 
E (Gr: Pr), (m =)" 0:6 m r: Jj (41) 


T 
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placed on the length L. Of the 2n + 2 sides of the plates, two (the outsides 
‘of the first and of the last plate) dissipate heat in accordance with formula 
(25). This dissipation of heat Ø, is independent of the situation in the space 
Between the plates, so that it does not depend on n. Let us now consider 


the dissipation of heat of the 2n plate sides. It is easy to see that the dissi- - - 


: pation of heat passes through a maximum if n rises from 0 to very great 
values. If only one plateis fitted (n = 0), the dissipation of heatis equal to Dp. 
With n = 1 the dissipation of heat is Ø, plus the dissipation of heat of 
' the insides of the two plates, the spacing between which is L—20. So 
the dissipation of heat has increased. If the spacing L—2ô is so large that 
the two plates have little or no influence on each other, the application of a 
plate half-way between the first two plates will cause the’ dissipation of _ 
heat to increase. On the other hand, at very high values of n the plate 
spacing will become so small that (40) holds. If the thickness 6 is neglected, l 
the plate spacing decreases in proportion to 1/n. According to (40) the 
dissipation of heat per plate decreases in proportion to b?, that is, to 1/n?. 
So with high values of n the total dissipation of heat is HRS to Dy plus 


NC d^ 
| E | ioe E 
TX. 
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. —-b(ocm) 
- Fig. 13. The dissipation of heat per m? per ?C as a function of the mutual spacing b for 
vertical cooling plates in air of one atmosphere and room temperature, calculated with 
equation (39). The dimension of the plates in horizontal direction is large as compared with 
the height. The arrows indicate the values of b where the cooling per cm? of the horizontal 
cross-section is maximum. The slope of the tangents at the arrows is equal to 1. 
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an amount that is proportional to mn = m ?. Consequently the total 
dissipation of heat decreases ultimately with an increasing number of plates. 
` If we do not neglect the thickness ô, this will even occur sooner. Therefore 
it is possible to indicate an optimum spacing bopt at which the dissipation _ 
of heat has its maximum value. This spacing can be calculated in the 
following way. The heat dissipated amounts to Ð, + 2 Oy ay, hn in which .. 
the second term must be maximum. If we neglect 6, we obtain n = Lb; 
so we have to find the maximum of a/b. 

poene to (39), UR = Nup,, is given as a function of 


bt go? B Ow cp 
Gr- Pr), 49 = — —— — —- 
*. . zí D i h Nw dw 
so that we may just as well say that we want to ‘determine the maximum of 
a  Nupo Nun th — 24 = Syn 
z~ 5 wy q^" l—e 1 


| as a function of b, so also as a function of " This maximum is obtained for 
the value q ~ 50. So this means that the spacing bopt having the optimum 
dissipation: of heat, is defined by 


b i : 
a. (Cr: Pr) E. s (42) 


The relevant point is indicated by the symbol P at the curve of fig. 12. 
So bopt does not depend on 2. It is easy to see that the tangent at P is equal 
to $. For in P the qanmy Nu/q^ is on so that d (log "est log 4) 
= 0, or: 

: d jos Nu. 


d log q Si 


For air (Pr is 0°73 and f = 1/T,,) it follows from (42) that 


V : i n^ "x t 3 - 4 
The figs 14 and 15 show es as a function of h and of Ow respectively, 
‘for air of one ‘atmosphere and room temperature, calculated with (43). 
Taking also the plate thickness 6 into account 11), we obtain as a first 
approximation the optimum spacing by increasing bopt by 0°3 ô. 


In fig. 13 the spacings at which b has the optimum value for the different : 


values of h and Ow, are indicated by arrows. At these points the slope of 
the tangent is invariably equal to 1, because there a/b is maximum, or 


d(log a) — d(lọg b) = 0 from which follows d(log a)/d(log b) = 1. 
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~ 


Strictly speaking, the above calculation only holds for plates of infinite |, 
length in the y-direction. However, (42) can be applied adequately to 
square plates, seeing that (39) can be used for square pura in the zone 
round about P (fig. 12) with practically no correction. 

At the spacing bopt the dissipation of heat by conduction aud convec- 
tion is maximum. The loss of heat by radiation increasing with the number : 
of plates, the total loss of energy will be maximum at a value of b that 
: is a little smaller than bopt. However, since the share of the radiation in the 
total loss of energy at low temperatures is small and the variation of the 
radiation loss as a function of the plate spacing is slight, we can, in practice, 
use (42) without objection, the more so as a larger plate spacing means a | 
saving of material. In many cases b will therefore intentionally be chosen 
“larger than bopt: With a plate spacing 30% larges than bopt, the energy 
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Fig. 14. The optimum distance bopt between infinite thin vertical plates that are very 
extensive in horizontal direction, as a function of the plate height h, for different values 
of the excess temperature Ow, for air of 1 atm, and room temperature, calculated with 
(43). With finite plate thickness the optimum spacing is obtained as a first approximation 
- by adding 0*3 ô to bopt. If the plates are under an angle of y to the vertical, then, if y is 
smaller than œ 70°, the value of icd is to be divided by (cos ») "Hh, 
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carried away by conduction and convection decreases by about 10% only. 
If the question of space is of no account, but if weight is, b will even be ‘ 
, taken as approximately 2 bopt according to fig. 13. With a further increas- 
ing plate spacing the dissipation-of heat practically ceases to increase. 
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Fig. 15. As fig. 14, but now asa function of Ow with h as a parameter. 


If we vary the plate height and neglect the plate thickness 6, selecting 
for each height the optimum plate spacing according to (42), the dissip- 
ation of energy increases by the square-root of the height only (see case c)). 


c) The inner surface of vertical tubes 


PEE 


Under b) we determined the spacing of parallel plates in order to obtain 
the largest dissipation of heat if the total cross-section is given. We may ` 
now ask whether the parallel plates yield the largest possible amount of. 
cooling at a certain size of the base, even if the plates are fitted with the 
optimum spacing. For instance, we might fit a second set of vertical 
cooling plates -perpendicularly to the.first set, so that the cooling would 
be done by vertical tubes of a rectangular cross-section. In addition to 
rectangles of varying aiies; we might split up the base i into triangles or 
hexagons. 

"We may now ask: If we choose the optimum size for each of these 
shapes, which shape will yield the largest dissipation of heat? 

The forced laminar flow through tubes or cylinders differing in the shapes 
of their cross-sections can be calculated; this calculation is easiest in the 
case of a circular cross-section (Poiseuille's formula). The average velocity 

_ through a cross-section then is V = r?/85 dp/dl if p is the pressure and r 
the radius of the tube. This is often written in the form: os BA 
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2 ' 
zr up M ig, 
o Ped s | 
or ; . V. Re- 16. 0 — *(44) 


The flow through áylindens with other shapes of cross-section may be 
described with an analogous formula. To this end we'substitute r in Y 


and Re by the so-called hydraulic radius, which we define by A 
, 28 l i 
= ss: > a 45 
rae | (as) 


in which S represents the area and U the circumference of the cross-section... 
In the case of a circle the hydraulic radius is then equal to the actual radius 
(therefore it is allowed to use the same symbol r); with a square it is half 
the length of the side, and with a rectangle so-extensive that two sides - 
- may be looked upon as infinite, r is equal to the distance b of the two . 
infinitely long sides of the rectangle (so in the case of parallel plates r is ` 
equal to b). The quantity r is defined by (45) for each shape of cross- 
section. It appears that the forced flow in every cylinder can be described 

by the formula: : 
V - Re = constant, 


` in which the constant depends exclusively on the shape of the cross-section, 
but not on its absolute size. We shall denote the value of this constant 


by [W- Re]. For an equilateral triangle [/- Re] = 134, 12) and, as already _ 


pointed out, [¥- Re] = 16 for a circular cylinder. Boussinesq 3) calcul- 
ated [Y- Re] for rectangular cross-sections with varying ratios of the 


- , sides. The results of these calculations are shown in the graph of fig. 16. 


It appears that the dissipation of heat by the natural cooling of the inner 
surface of vertical cylinders having cross-sections of arbitrary shape, can 
be described by the equation !?): 

i r -rR (ey) : 
Nag aan doe h-e | (Tre, o (46) 

This equation must also include two cases previously dealt with, viz. ` 
the free vertical plate [r = co] and the parallel plate [Y - Re] = 24; see 
fig. 16). With r — co, (46) is in fact converted into the equation (25), 
and with [WY + Re] = 24, (46) is converted ‘into (39), as in this case r = b. 
So these two special cases are satisfactorily described by (46). 

According to (46) Nur, is a function of (Gr-Pr)r,, r/h with (7 - Re] 
as a parameter. This function is drawn for different values of [Y - Re] 
in fig. 17. With high values of (Gr- Pr), w 7/h the curves all come together 
, in the curve applying to the free vertical plate. i 
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. With the aid of (46) it can be calculated at what value of r- the 
disipadon of heat for a given cross-section is largest. This appears to 
be so for the value r = ropt satisfying the equation 


k 


: k (CrP = 0-72 [P Re]^. . EO 


Fig. 16. The value of [V/- Re] according to Boussinesq ™) as a function of a,/a,, for the 
laminar flow in tubes having a rectangular cross-section with the sides a, and a. 


With this value of ropt, we obtain from (46) ; 
(Nu;,w)opt = 039 [V Re]^. — (48) 


For the relation between Das opt and [(Gr- Pret /bope we deduce `. 
: irm (47) and (48): 


, M Pork 
(Nuz,u)opr = 0°42 k (Gr “Pedru . (49) 
iE Ah opt Ro 
In fig. 17 the straight dash line represents the relation 


Nuus = 042 [(Gr- Pr) us rh]. - 


The points of intersection of this line and the six curves which are drawn 
in accordance with the relation (46), for the different values of [V - Re], 
give the values of (Nur,w)opt and [(Gr - Pr)rwr/h]opt. At these points the 
. cooling is consequently largest for each of the cross-sectional shapes. 

Since according to (47) rop: is proportional to [V/- Re]^ (r figures in 
Gr; to the third power) and ['7- Re] = 24 for the parallel plates, the 


E 


Ln E =“ 


7 


optimum value of r follows from the value of bopt» as given in figs 14 and 
15, by multiplying it by j[V/- Re]/24t^. For square cross-sections the 

_ optimum length 2r of a side is therefore 2 (14:22/24)'^ = 1:68 as large as 
the optimum spacing of parallel plates of the same height and excess 
temperature. ' : : l E 


To find out which form yields the most efficient cooling, we calculate 
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for each form the dissipation of energy per cm? of the cross-section for the . 


dimension at which the optimum cooling occurs. This gives: 


Bn (S = (RO) (Aon =240,(%) . 
P" S opt - S. opt S opt. T/ opt 


in which we availed ourselves of (45) for the last conversion. If we now . 


substitute im this equation dopr from (48) and ropt from (47), we obtain: 
(2) s Kh 1, Ons" gh ou, B^ Beh 
S/opt m Ml F: Re] f 


(50). 


cod" 


Mose D42 | Br e), 


Fig. 17. Nu,» as a function of (Gr - Pr), r[h for the cooling of the inner surface of 
vertical tubes according to (46) for different values of [F - Re]. For infinitely long parallel 
plates (case b) [F - Re] = 24 (curve 6). For rectangular cross-sections with the following 


ett 


i Se 


E 


ee E S r. 
` 


, 


proportions of the sides of the rectangles 1 : 5, 1: 2 and 1 : 1, [+ Re] is 19°05, 15:55 and. . 


14:22 respectively (curves 2, 3 and 5). For circular cross-sections [VW + Re] is 16 (curve 4), 
and for cross-sections in the shape of an equilateral triangle [¥ - Re] = 131/, (curve 1). 
The points of intersection with the dash line drawn in accordance with (49) indicate’ the 
points where the cooling per cm? of the horizontal cross-section is a maximum. 


- 
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Consequently that shape of the cross-section which has the smallest value 
of [V - Re] yields the largest optimum cooling. Of the shapes figuring in 
fig. 17 this is the equilateral triangle. The proportion to the cooling with 
square cross-sections amounts to (14:22/13:33)'* = 1:02, so that the trian- 
gular cross-section has practically no advantage over the square cross- 
section. Both shapes of cross-section yield an approximately, 20% larger 
cooling as compared with the parallel plates, eae the optimum dimen- 
sion is chosen for all cases. " 

The optimum dissipation of heat per cm? of the base is, according to (50), 
proportional to the square-root of the height and to the (3/2)th power 
of the excess temperature. ' 

With the aid of the formulae (60), (47), and (45) we find for the value ' 
of à at the optimum point: r 

He ghi g, tls B Me ppl 
dopt = ER uH = 0422 a aM Pu pum 
h Ow wl opt Nw h ph 


(51) 


which equation can be more conveniently deduced directly from (49). - 
^ Thus Appr does not depend on [V - Re]. Consequently the mean dissipation 
‘of heat per cm? of the heat-dissipating surface at the dimension yielding the 
optimum of heat dissipation does not depend on the shape ofi the cross-section. 
If in the cases b) and c) the plates or the cylinders are not in a vertical, 
position, but under an angle of y to the vertical, the preceding formulae 
< can be used up to a value of y of about 70°, if g is substituted by g cos y. 
This is because in the present càse the component g(0,, — o) cos y causes 
the flow of the medium, if g is the density of the latter. Grashof’s number 
decreases owing to this and consequently the Nusselt’s number and the 
cooling. This no longer holds for parallel plates the spacings of which are 
so ample that the plates practically do, not aHect one another; neither 
does it apply to short, wide cylinders. . 
fy 0, the values of bopt in figs 14 and 15: must be divided by (cos y^. ‘h, 


à d) The Morini flat plate i 


; Considering exclusively square or circular plates, we are inclined to 
look upon them.as bodies characterized by one linear dimension. only. 
- However the dissipation of heat appears to be affected by the thickness of 
_ the plate, so that we have to use equation d The shape of the function 

fy is not known for this case, however. 

Hencky 14) found with thin square plates in a horizontal position a 20% 
larger dissipation of heat than with plates of the same size in a vertical 
position. Weise !5), on the other hand, found with thick plates (1616-1 cm? 
and 242414 cm?) in a horizontal position an approximately 20% smaller 


~ 
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dissipation. Measurements by Weise 15) and Kraus !6) of the temperature 


‘field and the velocity field, showed that this discrepancy may probably be `` 
'. due to the vertical flow prevailing at the edge of the thick horizontal plates. ` 


This impedes the lateral onflow of cold air, owing to which the border 
sections are cooled on a smaller scale than the central part. This vertical 
flow does not present itself with the thin plates, so that cold air can flow on 
from all sides. Hence the cooling is more efficient here than with the 
. vertical piate, where cold air flows in n from the bottom only: 


+ E -— 


8. Cóncluding: remarks | 


In the foregoing we have given a number of formulae that Sai 
` possible to calculate the dissipation of heat at natural ‘cooling. From the ' 
deduction it appears that none of them is exact. In air, deviations up to 
about 10% present themselves. Few measurements have been made in 
other media. In addition, it should always be borne in mind that these 
` formulae only hold if the medium is exclusively set moving by the-heat-, 
dissipating body. If the medium is set moving by other agents as well, for 
instance, by draught, the dissipation of heat is s larger. An increase of 10% 7 
is soon reached. , 
In the case of cooling in — air the height of the barometer 
. plays'a part, because ọ figures in Gr. Owing-to this the dissipation of heat 
' is smaller at great heights over the surface of the earth.. , : 
We have only considered bodies of simple shapes and found the formulae 
to be of a pretty complicated nature. It is clear that calculations are well- 
„~ nigh impracticable for all sorts of different shapes occuring, in practice. 
‘In such cases we have to resort to measurements made at the body itself. 
'or at a reduced model, choosing the same value of Gr - Pr (for instane, by 3 
nereasing the density of the gas). With the aid of the laws of similarity 
it is possible to calculate the dissipation of heat of the original fróm the : 
; measurements made at the model. In general, a reduced model will only be- 
- used if the manufacture of thè body of the actual size is expensive. 
. If a body is composed of parts the heat-dissipation coefficients of which 
. are known, we can caleulate the total dissipation of heat by addition, if the 


- component parts are cooled by parallel flows which do not affect one .. 


another. For instance, the cooling of a.vertical hollow cylinder that is open. 
- on top and'at bottom, is the sum of the cooling of the outer surface (equa- 
tion (38)) and the inner surface (equation (46)). However, in case several 
parts are cooled in series the total dissipation of heat is smaller than the 
sum of the losses of the component parts if the latter were separated. This is: 
because the medium has already been pentane the lower parts before ' 
‘passing along the higher parts. 

Up to now we have invariably spoken of SEINE of heat, occurring 
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if the temperature of the body is higher than that of the medium at a great 
distance. If we exchange the temperature of the,body for that of the me- 


-dium, we may ask whether the body will now absorb as large.a quantity 


of heat as was dissipated in the former case. In general this is not so. Also 
the formulae deduced give other values: because the wall temperature is 
different now. It is only the values of quantities at the average temperature 


which remain the same. However, the wall temperature figures in all the 


formulae. Seeing that in the case of gaseous media both 4 and 7 increase . 


‘with the temperature, the difference between the dissipation and the 
absorption of heat is not very great. With liquids, on the other hand, 7 
decreases with increasing temperature, so that Gr-Pr increases. So with 
. dissipation of heat by the body (Gr: Pr),, is larger and consequently 
- Nuj,» too, and as A, is also larger, a is larger in the case of dissipation of 
heat by the body than of absorption of heat in case the temperatures have 
been exchanged. 

Thus this effect is due to the fact that the | constants of the — a are 
dependent on the temperature. If this was not so, an exchange of the tem- 
peratures of wall and medium would only result in an inversion of the 
` direction of the heat flow, the amount of the latter remaining the same. 


(, Even without the above consideration it is perfectly clear that if a body 
is cooled in a thick oil, the dissipation of heat will be larger than in the case - ~ 


- of heating, because in the former case the high temperature causes the oil to 


: flow more readily close to the body than in the latter case. In the latter 


case the flow is easier farther away,'it is true, but this does not increase 
the dissipation of heat appreciably. ^ 

The -following table specifies some properties of air r and water "expressed 
in C.G.S. units. When calculating Gr, g must be expressed in em/sec?. 


, The value of a will then be expressed in calories per cm? per sec. 


WT B . . Eindhoven, April 1948 . 
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ANTICAUSTICS — A CORD CONSTRUCTION 
‘AND A GENERAL FORMULA 


by C. ZWIKKER 513.61:535.31 


Summary 


- The author describes a method for constructing anticaustics — if the 
` caustic is given — by generalizing the well-known cord construction 
for the ellipse. An analytical method of calculation of the anticaustics 

is developed by means of the geometry of the complex plane. 


Résumé 


L'auteur décrit une méthode de construction d'anticaustiques — si 
la caustique est. donnée — en généralisant la construction bien con- 
nue de l'ellipse au moyen de la corde. Une méthode ahalytique de 
calcul des anticaustiques est développée au moyen de la géométrie 
du plan. complexe. 


l. From a constructional and geometrical point of view the design of 
reflecting surfaces producing a certain desired caustic pattern seems to 
present considerable difficulties. The aim of this article is to offer a simple 


_drawing-board method that will help i in many cases, and to give a general 


formula that will be of use for more accurate constructions. As this problem 
in mathematical analysis is known as the problem of the anticaustic 


we will denote the reflecting surface that we are looking for by this name. . 


2. Suppose a cord is wrapped round part of a polygon c (fig. 1) and the 
cord kept stretched by a pencil. Now move the pencil in such a way that 
the cord is permanently kept straight. The line a that is described by the 
pencil will consist of parts of ellipses, two vertices of the polygon acting. 
temporarily as the foci of the ellipse. The curve a therefore shows the 


., property that its tangent always makes equal angles with the two parts 
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of the cord leading to the pencil. When we let the number of sides of the | 
polygon c increase this. equal-angle property of the pencil curve a will 
remain, and in the limit we find that, if we wrap the cord round a closed 
contour c of arbitrary form, the pencil curve a will be such that the tangent 
at any point will make equal angles with the two tangents drawn from 
this point of a to the contour c; the curve a may in this case be considered 
as: the envelope of a set of ellipses. Now place the cord round a closed 
contour c and a point S lying outside this contour, and execute the — 
same construction, again leading to a curve a (fig. 2). Again the equal- ` 
angle property will occur. Any light ray coming from the source S will . 
be reflected by the curve a (anticaustic) in such a way that the reflected 
ray will be tangent to the contour c, c therefore acting as the caustic. 
The length of the cord may be varied leading to different anticaustics 
for a single choice of source S and caustic c. 


54758 
Fig. 2 
In practice a light source is never ʻa mathematical point. In fig. 3 we 
represent the light source by a contour s. If we wish to prevent reflected 
light from entering the contour c the cord is now bent round c and s with 
a twist. Cases like this occur during the design of incandescent lamps and 


^. 
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fittings where one is anxious to keep light from certain lamp parts that are 
not allowed to reach high tempertures. 

Other variations of the cord construction may ja aic dnd: dependent 
on the problem at hand. 

- 8. In order to find an analytical formula for the curve a we shall treat , 
the plane as a complex plane, = the place of a point with respect to a 
certain origin by a. vector z: 


z= x+ jy; Ge e). 


The contour c is given by the dependence of x and y on a parameter c, 
written as z = f(w). We choose the arc length, s, measured along the 
curve, as parameter; s contains an arbitrary constant and we shall fix 
this constant so that s is the length of the cord CAS (fig. 4). Now reflect 
the point S with respect to the tangent applied to the point A of the 
anticaustic. The image is E. CAE is straight and of length s; E obviously 
describes an involute of the contour c if. 4 is moved with the pencil as _ 


described. 


Fig. 4 


-The “velocity” of point C along the contour c is the vector dz/ds; it has 
anit value and is directed along the tangent. The place of i xs E is there- 
fore represented by the vector (fig. 4) 


dz. 
. dg = =z— s — ds 
and for point A, situated somewhere on. the tangent, we have 
‘dz 
Z4 z—t ds (1) 


where t is a real factor still to be determined. 

On the other hand A is situated on the bisector of the line SE. For 5 as 
the origin of coordinates, the vector SE is zg. Point M is represented by 
Zu = zg|[2. The bisector is orthogonal to zm, and point A on it may be 
represented by the formula " 

poe z4 = (@ + jå) zm» 2) 


i ` 


S 
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where A is a parameter, j indicating the orthogonal direction of MA with 
respect to SE. Now t and A follow from equating (1) and (2): 


dz dz 
z= = = (b+ jd) ag; Ege hou: 
` Thus: 
| -— 
s 
a $ Ju ME": 
san 


f dz* 
diea m " - 
. s 
b—ja= — >. 


Addition of thesë two equations eliminates À and gives an equation for t, 
the solution of which i is: 


Now zz* is the square of the absolute value of the vector z (CS in fig. 4); 
. we denote it by g?. As furthermore the denominator of t is the derivative 
of the numerator, one has f 
» so? : 
t= T . : B (3) 
aem 

Plotting the distance t on the tangent of the caustic c will give us the 

anticaustic, and thus the geometrical problem has been solved. 
Example: Let c be the unit circle and S on the circle. If we let s start 
at the point S (fig. 5), s is the arc length SC; the straight distance SC = 
e — 2 sin(s/2); hence l l - 
f s? — 4 sin? (s/2) 
.2s—2sins | 


i= 


and this has to be pene on the tangent at C for all values of s (fig. 6, 
curve a). 

- We may make’s deed for example starting the s-scale at it fhe bottom 
point of the circle (fig. 5b); in this case . 
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g? == 2 (1 — sin s), 
s? — 2 (L —- sin s) 
2s-+2 cos s ` 


. The corresponding curve is shown in fig. 6, curve b. i 

The anticaustics have a spiral character; by mirroring an arc of the 
spiral with respect to the horizontal axis of the circle we may obtain 
symmetrical shapes. 


5476! 


Fig. 5 


. 54762 
Fig. 6 


4. The formola (3) ici t is simplified if the light source S moves towards 
the right to infinity. For this purpose we write: 


d d d 
—— 2-9?) = —] —In (s — p). 
lft uo e?) 3 (eg) e n (s — o) 


Now s and o become infinitely large together and as the derivative of a 
. logarithm tends to zero for infinite value of its argument, d/ds iln (s+ of 
goes to zero. In the second term we may in the limit substitute --x for o, 
so that t becomes: 


d : 
Er 


` s 
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‘and this introduced into (1) will give anticaustics for parallel rays. We. 
may shift back the origin from infinity, leaving (s + x) constant, and as 
there is an arbitrary constant in s the choice of the origin does not even 
interfere; it is only the differences in x for the various points of the caustic 
that influence the shape of the anticaustic. 

Example: Let again c be the unit circle and let us again take the two 
choices of,s that we made in the last section. We take the origin at the 
centre of the circle. For s starting in the horizontal axis, x — cos s. Thus 


* 
s+ cos s 
t = —————.. (fig. 7, curve a) 
.l—sins: 


For s starting at the bottom of the circle, 
& = sins, 
s+ sins 


euet (fig. 7, curve h) 


g Fig. 7 
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The anticausties are spirals that run through the point at infinity of 
the horizontal axis. Again symmetrical curves may bé obtained by mir- - 
' roring of a branch of the anticaustic with respect to the horizontal axis. 

5. The general case is that the caustic is known as z = f (w), where w 
is different from s. Take for instance the: classical case of caustics: the 
cardioid. This is the trajectory of a point of a circle (say, of unit radius) 
- rolling over an equally big stationary circle. Taking the centre of the 
stationary circle as origin (fig. 8) the centre M of the rolling circle may be 
represented Ed zy = 2 exp (jw) and the point C of the cardioid by 


z = 2 exp (jo) + exp (2 jo); 


this formula would be much less simple if we tried to transform w into 
the arc length s. . 


Fig. 8 


dz do 
= z — ft — — 4 
` in do ds (4) 
. with z 
' aget 
ds. d ] 
Uo gee) 


and the -diffücultios encountered are not greater than before. — 
Let u$ work out the case of the cardioid; we take the light source S on the 
cardioid where it cuts the horizontal axis (zs = 3). The cord o is found by 


eg? = (z— 3) (z* —3) = 20— 8 cos w — 12 cos? œ 


The arc-length element is: 


` 
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a 


and the total are length: d 


: s = f ds = 8 sin (w/2) 
Thus, ` . TE $ 
l mE s? = 32 (1 — cos œ), 
. s? — gi = 12 (1 — cos œ)?; 
and hence: i . 
do  1—coso 


ds -— 2 sin w ' 


This introduced into (4) gives z4 = 3 e”, and this is the circle of radius 


3 (point 4 in fig. 8). 


Bindhoidn, March 1948 
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17192: M. Gevers en F. K. du Pré: Power factor and temperature 
coefficient of solid (amorphous) dielectrics (Trans. Farady Soc. . 
42A, 47-53, 1946). : 

For the contents of this paper, see Philips tech. Rev. 9, 91-96, 1947, 

and these abstracts, Nr 1726. 

The subject treated in this paper has been dealt with extensively in 
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1719b: E. J. W. Verwey and J. Th. G. Overbeek: Long distance 
forces acting between colloidal particles (Trans. Faraday Soc. 
42B, 117-123, 1946). 

The writers have made an extensive investigation on the theory of the 

' long-distance forces acting between the particles in a colloidal solution, in 

the case where the particles are surrounded by an electrical double layer. 

The paper gives a summary of these investigations preceded by a critical 

discussion of the work of previous authors. 

` For more information, see these abstracts, Nr 1769*. 


L757: C. J. Bouwkamp: On spheroidal wave functions of order zero 
(J. Math. Phys. 26, 79-92, 1947). : 
A survey is given of some of the results arrived at by the author in his 
dissertation (Groningen 1941; dealing with the diffraction of-sound:by a 
“circular aperture and related problems): calculation of characteristic 
values and characteristic functions occurring in the separation of the wave. 
equation in spheroidal coordinates; tables of numerical values. 


1758: D. Polder: Nature of the hydrogen bond in potassium hydrogen 
fluoride (Nature, London, 160, 870, 1947). , 


The doublet 1450, 1222 cm™ in the infrared absorption of KHF, is 
ascribed by Ketelaar to a doubling of the fundamental asymmetric 
frequency Vas belonging to the vibration of a proton between two F-ions, 
due to a double minimum of the potential energy (analogous to what 
happens in the NH, molecule). The validity of this conjecture is checked 
by measuring the temperature coefficient of the dielectric constant 
(£3 de[d T). A value 2.107* is found between T = 80 °K and T = 300 ^K, 
whereas Ketelaar's data would yield a negative temperature coefficient 
between 0°01 and 0:001. E 
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1759: C. J. Bouwkamp: A study of Bessel functions in connection 
with the problem of two mutually attracting circular discs (Proc. 
Kon. Ned. Akad. Wetenschappen, Amsterdam; 50, 1071-1083, 19477). 


Calculation of the potential energy of two coplanar, circular, homoge- - 

neous dises for an arbitrary law of force, in terms of integrals containing l 
Bessel functions. 
. Special attention is paid to the case where the potential energy between 
two point masses varies with the distance r as r”. The integrals so obtained 
are evaluated in terms of elementary functions, complete elliptic integrals 
of the first and second kinds, and hypergeometric functions. - 


p 1760: C..J. Bouwkamp: On the construction of simple perfect squares 
(Proc. Kon. Ned. Akad. Wetenschappen, Amsterdam, 50, 1296- ' 
1299, 1947). 


- Correction to a previous paper (these abstracts 1719- 1721). Construc- 


'.tion of a simple, perfect square of 55 elements. 


1761: Balth. van der Pol: An electro-mechanical investigation. of the ` 
Riemann zeta function in the critical strip (Bull. Am. Math. Soc. 
53, 976-981, 1947). 


A known representation of Riemann’s zeta function ¢(s), valid for 
Re s > 1, is analytically continued in the strip 0 < Re s < 1. For s = 
1|, + it this representation may be written as the Fourier integral of 
a certain saw-tooth function. The zeros and maxima of this integral are 
obtained by an electro-optical method, the Fourier integral being ap- 
proximated by a Fourier series. A disc carrying the saw-tooth function 
on its circumference rotates in front of a photo-electric cell. The ampli- 
tudes of the harmonics of the resulting periodic time function are plotted 
as a function of their number. i 3 


1762: A. Cramwinckel: The sensitivity of various phototubes as a 
function of the color temperature of the light source (J. Soc. Mot. 
Pict. Engrs 49, 523-529, 1947). 


A method is described for measuring the sensitivity of various types of 
.phototube (Cs,0 vacuum and gas-filled, Cs-Sb vacuum, Se) as a function 
of the temperature of the light source (tungsten ribbon lamp). The results 
are compared with the function giving the brightness of a complete radiator 
as a function of temperature. For light sources with high colour temperature 
(3000 °K) the Cs-Sb cell is at least two times as sensitive as the Cs,0 
~ vacuum cell, 
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